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LINEAR TIME QUADRATIC OPTIMAL CONTROL SYSTEMS

ABSTRACT

In this project, we discussed both linear time invariance and time varying optimal control
problems with quadratic performance index, and approximated control variable, state
variable and performance index using Legendre scaling function and Chebyshev scaling
function methods with unknown coefficients. The linear time invariant and time varying
problems were parameterized based on control-state parameterization technique such that the
objective function and the constraints are casted in terms of state variable and control
variable. These two methods were converting the linear time quadratic optimal control
problems into quadratic programming problems and the converted problems were solved
using MATLAB. Finally, some different illustrative examples were solved to show the
applicability and effectiveness of the presented methods. Then these two methods were
examined on the same examples and when we increase the order of polynomial (M), then the
computational results of the proposed methods gave better results but when we compare these
two methods, Legendre scaling function was better than Chebyshev scaling function with
regard to optimal value. Hence, the Legendre scaling function method is more suitable for
solving the linear time quadratic optimal control systems. This project can be extending to
solve nonlinear time quadratic optimal control problems with inequality constraints using

these two methods.

Keywords: Optimal control problems, state-control parameterization, Legendre scaling

function, Chebyshev scaling function, operational matrix integration.
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1. INTRODUCTION
1.1. Background of the Study

The optimal control systems developed by Pontryagin and his coworkers, is among the biggest
successes in optimal control systems and published “On the theory of optimal processes” as
the first paper on theory of optimal processes in late 1956. The optimal control can be deriving
using Pontryagin’s maximum principle (a necessary condition also known as Pontryagin’s
minimum principle or simply Pontryagin’s Principle). This principle used in optimal control
theory to find the best possible control for taking a dynamical system from one state to
another, especially in the presence of constraints for the state and/or input (controls)
(Chachuat, 2007). Optimal control is a science that deals with linear and nonlinear optimal
control problems (OCPs) and the main objective of optimal control is to determine control
function that will the cause of a systems (plant) to satisfy the physical constraints and at the
same time extremize (maximize or minimize) a performance criterion (performance index or
cost function) (Wadi 2011).

Optimal control problem we mean a physical (or economic, or else) system whose behavior is
described by a state variable and that can be controlled from outside by an input (or control)
variable. The state variable (or function) is the set of variables (functions) used to describe the
mathematical state of the system at a time t but according to Behroozifar et al. (2014) the
value of state variable decreases when the time interval increases. The control variable (or
function) is an operation that controls the recording, processing, or transmission of data at a
time t but according to Fatihi et al. (2012) the value of control variable increases when the
time interval increases in the case of linear time invariant OCPs. These two functions drive
how the system works and how the desired control was founded (Rose, 2015). OCPs can be
formulated discrete- time OCPs and continuous- time OCPs. Generally, the state variable and
control variable are required to satisfy an ordinary differential equation (ODE) in the

continuous time case or a difference equation (DE) in the discrete time case.



Definition of some key terms in optimal control problems:

e Phases: It is the position of an event in time. A problem may contain several phases,
each with its own set of variables and equations.

e Independent: Variables that are independent (normally time).

e State variable: is one of the set of variablesthat are used to describe the
mathematical of a dynamical system. States are continuous functions at time
(independent) variables.

e Final states: Some of the states that are not eventually specifies at final time through
which it is possible to modify the cost function.

e Control variable: It is a quantity or condition that is measured and controlled the
systems.

e Scalars: A problem may also contain unknown scalar variables that are solve for at
the same time as the control variable and state variable.

e Parameters: A constant numbers that are used to define a problem.

From a general perspective, an optimal control problem is an optimization problem. In optimal
control theory, the optimizer is a function, not just a single value. The function that optimizes

the performance index is called the optimal control (Rose, 2015).

Linear optimal control is a special sort of optimal control where the system that is controlled
was assumed linear and the controller, the device that generates the optimal control is also
constraints to be linear (Hans, 2007). Linear optimal control provides a framework for the
unified study of the control problems studied via classical methods. It vastly extends the class

of systems for which control designs are achieved (Anderson and Moore, 2007).

Polyaka and Tempob (2001) to study robust design of uncertain systems in a probabilistic
setting applied linear quadratic optimal control. Systems affected by random bounded
nonlinear uncertainty were considered so that classical optimization methods based on linear
matrix inequalities. Bemporad et al. (2002) presented a technique to compute the explicit
state-feedback solution to both the finite and infinite horizon linear quadratic optimal control
problems subject to state and control (input) constraints. They succeeded in showing that the

control law is piece-wise linear and continuous for both the finite horizon problem (model



predictive control) and the usual infinite time measure (constrained linear quadratic optimal

control).

Analytical solutions of OCPs are not always available, thus finding an approximate solution is
at least the most logical way to solve them. By contrast, linear OCPs have readily computable
solutions rather than nonlinear OCPs. OCPs with LTV systems are much more difficult to
solve in comparison with LTI systems (Jain and Mittal, 2014). LTV systems have been
frequently used to model systems that have non-stationary properties and undergo small
magnitude there is vibration (Liu, 1997). The study of numerical methods has provided an
attractive field for researchers of mathematical sciences which have rise to the appearance of
different numerical computational methods and efficient algorithms to solve the OCPs (Kafash
et al., 2014). Numerical methods were applying many practical real world OCPs such as
flight, water level in a tank, manufacturing systems, transportation etc., there are rigid
requirements to be satisfied at every time point in the planning horizon. Such requirements are

often express as continuous inequality constraints on the state and/or control (Li, 2011).

Generally, methods for solving OCPs can be classified as direct methods and indirect methods.
Direct methods the dynamic OCPs converted into a QP problem and indirect methods are
based on converting OCPs into a set of algebraic equations, then solving by ELE or HIBE
(Abu Haya, 2011). Direct methods can be implemented using either discretization or
parameterization techniques of the state and/or the control variables. Parameterization is the
method that using polynomials in order to get the performance index and the constraints with
the polynomials and the coefficients that make this representation valid (Wadi, 2011). The
direct methods can be employed by using the parameterization technique which could be
applied in three different ways: control parameterization, state parameterization and state-
control parameterization (Jaddu, 2002). Here, we choose state-control parameterization
technique in this project because there is no need to integrate the system of state equations as
in control parameterization. In addition, the approximated optimal solutions of state variables

and control variables are obtained at the same time.

We described state- control parameterization technique of the state variable, control variable at
the same time and performance index using Legendre scaling function and Chebyshev scaling

function methods with unknown coefficients. By these two methods, the control variable, state



variable and performance index have obtained approximately and compared these two
methods with regard to optimal value.

Razzaghi and Yousefi (2002) defined functions which they called Legendre wavelet-based
method to solve the linear time-varying quadratic OCPs. However, these functions are not
wavelets but scaling functions. The work of Jaddu (2006) presented the proof of multiplication
of LSF as well as the multiplication operational matrix which was used in the development of
a computational method to the linear time-varying quadratic OCPs. The method also
developed by Wadi (2011) depends on state-control parameterization via Legendre scaling
function and the iterative technique in which the nonlinear state equations were replacing by a
sequence of LTV state equations. Ahmed (2017) has developed Legendre scaling function for
solving OCPs converted into QP problem and the nonlinear optimal control problem into
sequence of quadratic OCPs.

Shahrezaee (2016) was introduced numerical method for solving the OCPs. This method was
used to a state parameterization technique which consider the state parameters of Chebyshev
polynomials with unknown coefficients. In the work of Nagurka et al. (1991) Chebyshev-
based representation of the state variable has been proposed for designing optimal control
variables of unconstrained, linear, dynamic systems with quadratic performance indices.
However, in this project including constrained, linear time optimal control problems with

quadratic performance index has been considered.

The basic idea for solving linear time quadratic optimal control systems by using Legendre
scaling function and Chebyshev scaling function methods are firstly, the systems changed into
quadratic programming problems using these two methods, then the quadratic programming
problems were solved by using MATLAB. To demonstrate applicability and effectiveness of

the proposed methods, and various numerical examples were solved.

1.2. Statement of the Problems

Optimal control problem is an optimization problems finite-dimensional spaces (like in the
case of discrete-time OCPs), or infinite-dimensional spaces (like in the case of a broad class of

continuous-time OCPs).



The OMI and the Gauss method were utilized to reduce the optimal control problems to the
algebraic equations (Razzaghi and Yousefi, 2002). Abu Haya (2011) discussed and solved LTI
quadratic optimal control problems using Chebyshev wavelet. Elaydi and Abu Haya (2012)
were solving both LTI and LTV optimal control problems using Chebyshev wavelet. Fatihi et
al. (2012) finding the approximate solution of the optimal control of LTI systems using the
Legendre wavelets and the operational matrix of stretch is derived and together with the OMI
has been used to change the system of state equations into a set of algebraic equations. Fahroo
and Ross (2002) presented the Chebyshev pseudospectral method for solving the OCPs with
the state and control constraints. Jaddu (1998) has presented numerical methods to solve
unconstrained and constrained linear OCPs and later, extended his ideas to solve nonlinear
OCPs with terminal state constraints, control inequality constraints and simple bounds on state
variables (Jaddu, 2002). Biswas et al. (2012) proposed a new algorithm to find the solution of

optimal control for linear systems using Haar wavelet transformation.

In this project, we focused on special class of linear time invariant and time-varying OCPs,
with quadratic objective functions and the constraints is linear. To find numerical solutions of
linear time quadratic OCPs, how LSF and CSF with polynomial of degree three can be
adapted and applied to these optimization problems but these two methods defined on the time
interval t € [0,1]. The general formulation of LTI quadratic optimal control problem as
follows (Jaddu and Shimemura, 1999)

Find an optimal controller u*(t) and state variable x*(t) which minimizes the quadratic

performance index.

min (W) = J " (©Qx(D) + u” ORu(®)dt (L1)
Subject to
X' (t) = Ax(t) + Bu(t), x(ty) = Xo, (1.2)

where t € [t,, t¢], x, € R?, x(t) € R" is state variable, u(t) € R™ is control variable, the
vector, X' (t) is the time derivative of the state of the system at time t. A,Baren X nand n X m
time invariant matrix representation respectively. Q is an n X n positive semi definite matrix

and R is an m X m positive definite matrix.



The general formulation of linear time varying quadratic optimal control problem as follows
(Elaydi and Abu Haya, 2013)
Find an optimal controller u*(t) and state variable x*(t) that minimizes the following

quadratic performance inde.

min (J(w)) = fttof(xT(t)Qx(t) + uT()Ru())dt (1.3)
Subject to
x'(t) = A()x(t) + B(Hu(t), x(ty) = X, (1.4)

where t € [to, tg], X, € R®, x(t) € R" is state variable u(t) € R™ is control variable, x'(t) is
the time derivative of the state of the system at time t, A(t), B(t) are n X n and n X m time
varying matrix representation respectively.
To perform this, it was tried to answer the project questions:
= How do we find the numerical solution of linear time quadratic optimal control
problems?
»  Which method is best (effective) from Legendre and Chebyshev scaling function for

linear time quadratic optimal control systems with regard to optimal value?
1.3. Objectives

The general objective of this project was to solve linear time quadratic optimal control

systems.

The study explored the following specific objectives:

= To use Legendre scaling function to approximate the state, control variables
and performance index of both linear time invariant and time-varying quadratic
OCPs.

= To use Chebyshev scaling function to approximate the state, control variables
and performance index of both linear time invariant and time-varying quadratic
OCPs.

= To compare Legendre scaling function and Chebyshev scaling function with

regard to optimal value.



2. LITERATURE REVIEW

2.1. Optimal Control Problems

Optimal control is described the behavior of the system and maximizing or minimizing a given
performance index (objective function) on the state variables and the control variables (Dolgy
et al., 2017). The control variable represents the possibility of intervening in order to change
the behavior of the system so that its performance index is optimized. A constraint on the state
variable is the satisfaction of these constraints affect the evolution of the system, and restricts
the admissible controls (Da Silva et al., 2013). Swigart and Lall (2010) were developing
controller synthesis algorithms for decentralized control problems, where individual
subsystems were connecting over each other. Their work was focusing on the simplest
information structure, consisting of two interconnected linear systems, and they constructed
the optimal controller subject to a decentralization constraint via a spectral factorization
approach. The state and/or control involved in the equation were approximating by finite terms
of orthogonal series and using an OMI to eliminate the integral operations. The form of the
OMI depends on the choice of the orthogonal functions like Legendry polynomials,

Chebyshev polynomials and Wavelet functions (Tavallaei and Tousi, 2008).

Direct methods has been employed by direct substitution of the state variables and control
variables into the performance index without constructing the Hamiltonian of the system as in
indirect methods, the direct methods has been described as first parameterize then optimize
objective function (Abu Haya, 2011). To solve OCPs using direct numerical methods for
linear inequality constraints and equality constraints were depending on Legendre wavelets
and Chebyshev wavelets (Razzaghi and Yousefi, 2002). Saberi et al. (2012) discussed
analytical and approximate solution for the HJBE arising in OCPs using homotopy
perturbation method (HPM). Kafash et al. (2014) presented a computational method based on

state parameterization of state variable by using Boubaker polynomials for solving OCPs.

In solving QP problem, one approach is to treat the initial state conditions as constraints that
are included in the performance index using a Lagrange multiplier technique. In this,
approaches the necessary condition of optimality is derive as a system of linear algebraic
equations from which near to control variable can be designed (Nagurka et al., 1991).

Lamperski and Cowan (2013) gave a solution to the linear quadratic regulator (control)



problem in which the state is perfectly known, but the controller’s measure of time is a
stochastic process derived from a strictly increasing the process. They concluded that the
optimal controller is linear and can be compute from a generalization of the classical Riccati
differential equation.

Jaddu (2006) discussed the Chebyshev wavelet to solve the linear quadratic optimal control
problem with terminal constraints. The method is based on converting the OCPs into
mathematical programming and he used the operational matrix of differentiation. Babolian and
Fattahzadeh (2007) extended this work to study the presented OMI of Chebyshev wavelets
basis and the product of operational matrix. Here we presented a scaling function based
numerical methods to solve a linear time quadratic OCPs. The methods are LSF and CSF to
approximate the state variables, control variables and performance index. Therefore, using
these methods the OCPs were transforming into a QP problem. In the proposed methods, the
main object is to reduce the system of dimensions to achieve a robust and easy to approximate

the solution.

Razzaghi and Yousefi (2002) studied the numerical method for solving linear OCPs with
inequality constraints. The method consists of reducing the OCPs to a set of algebraic
equations by expanding the state variable x(t) and control variable u(t) using Legendre
wavelets with unknown coefficients. Elaydi and Abu Haya (2012) also studied the systems of
state variables and control variables using a finite length Chebyshev wavelet. The aim of this
method is the determination of the optimal control and state variables by a direct method of
solution based on Chebyshev wavelet. Ghasemi and Tavassoli (2011) presented a solution of

time-varying systems by using Chebyshev wavelets.

Balachandran and Murugesan (1992) studied a single-term Walsh series (STWS) method
applied on linear optimal control of singular systems. Park et al. (2004) used RK-Butcher
algorithm to compute numerical solution of LTI optimal control of singular systems.
Behroozifar et al. (2014) extended this work to constrained OCPs of time-varying singular
systems with a quadratic cost function using Bernstein polynomials. The minimization of the
cost function for a predicted time invariant and time varying systems are achieved by
considering the prediction horizon as a combination of infinite and finite horizon parts. The

number of future prediction steps depends upon the problem and fixed variable chosen during



the controller design (Dutka and Grimble, 2004). Wadi (2011) investigated OCPs with LTI,
LTV systems, and nonlinear systems. LTI and LTV systems are the class of dynamic systems
exploited in both theory and practice. Since the most of real processes record some of LTI and
LTV systems usually serve as an approximation of the processes encountered in real life.

2.2. Linear Quadratic Optimal Control Systems

Linear quadratic optimal control systems is a special type of optimal control that deals with
linear systems (in state and in control) and minimization of objective or cost function that are
quadratic performance index (Hans, 2007). In Rantzer and Johansson (2000) the use of
piecewise quadratic cost functions was extended from stability analysis of piecewise linear
systems to performance analysis and the optimal control cost are obtained by semidefinite
programming based on the Bellman inequality and gave an approximation of optimal control
variable. By approximating each state variable by a finite-term, shifted Chebyshev series, the
linear quadratic OCPs could be casted as a QP problem (Nagurka et al., 1991). Zeid and
Yousefi (2016) developed the Adomian decomposition method (ADM) to approximate the
solution of fractional optimal control problems (FOCPs) where the dynamic of system is a
linear control system with constant coefficient and the cost function is defined in a quadratic

form.

Jaddu and Shimemura (1999) proposed a method to solve the linear-quadratic and the
nonlinear OCPs by using Chebyshev polynomials to parameterize some of the state variables,
and then the remaining state variables and the control variables are determined from the state
equations. Yen and Nagurka (1992) proposed a method based on the state parameterization
using Fourier series, to solve the linear-quadratic OCPs (with equal number of state variables
and control variables) subject to state and control inequality constraints. In addition, Razzaghi
and Elnagar (1994) proposed a method to solve the unconstrained linear-quadratic optimal
control problem with equal number of state variables and control variables. Their approaches
are based on using the shifted Legendre polynomials to parameterize the derivative of each of

the state variables.

Continuous LTI or LTV systems is one which deals with continuous time signals (function)
and satisfies both the principles of linearity time invariance or time varying. For continuous-

time systems, the minimum-time problem is generally addressed by applying the minimum or



10

maximum principle of Pontryagin (Bako et al., 2011). The Pontryagin's Minimum Principle
is applied to find optimal switching level applying minimum-time optimal control rules
(Shariatmadar and Jafarian, 2017). Jiang, Y. and Jiang, Z. (2012) presented an iteration policy
approach for finding the approximate optimal controllers for continuous-time linear systems
with completely unknown dynamic system. Continuous-time (CT) signals (function) are
defined for every value of time on an interval (possibly, an infinite interval) and take on values

in an interval.

Discrete-Time (DT) signals (functions) are defined only at integer values of time. Borrelli et
al. (2005) study the solution of OCPs for constrained discrete-time linear systems based on
quadratic performance index. Huang et al. (2008) has been studied infinite horizon discrete-
time linear quadratic optimal control with both state variable and control variable. For
discrete-time uncertain linear systems with constraints on inputs (control) and states, this
develop an approach to determine state feedback controllers based on a min—max for both
open-loop and closed-loop control formulation (Bemporad et al., 2003). In fact, discrete-time
problems are more general than typical continuous-time problems in one respect the
dimensionality of the state vectors and control vectors can vary with time (Rockafellar and
Wets, 1990). Teo et al. (1990) discussed a discrete time OCPs can be solved as a mathematical
programming problem by regarding all the states variables and the control variables as

decision variables and the difference equations as algebraic constraints.
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3. MATERIALS AND METHODS

Sources in the web site and libraries were used to collect all the pieces of information about

both linear time invariant and time varying quadratic optimal control systems and recorded

subsequently.

Specifically,

>

Books, Relevant journals, published articles, related studies from internet services
and any available material that support the study were consulted to gather
information about the linear time quadratic optimal control systems.

The collected information was analyzed and arranged keeping coherence.
Important concepts, definitions, and examples were discussed to make ideas clear.
Using Legendre scaling function both linear time invariant and time varying
quadratic optimal control problems were converted into quadratic programming
problems.

Using Chebyshev scaling function both linear time invariant and time varying
quadratic optimal control problems were converted into quadratic programming
problems.

The converted quadratic programming problems were solved using MATLAB.
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4. PRELIMINARIES

In this chapter, we deal with definitions and concepts which are important for the study of both

solving linear time invariance and time varying quadratic optimal control systems.

4.1. Control Systems

Control system is the system that includes at least the plant (system) and its controller. It may
include other subsystems and components (e.g., sensors, signal conditioning and
modification). Controlling a system or an object means to influence the behavior of the system
or an object to achieve a desired goal. Controlled variable is the quantity or condition that is
measured and controlled the systems (De Silva, 2009).
The essential components of a control system are:

1. The plant (system) which is to be controlled;

2. One or more sensors, which give information about the plant (system); and

3. The controller, the "heart™ of the control system, which compares the measured values to
their desired values and adjusts the input variables to the plant (system).
Basically, there are two types of control systems: the open loop control system and the closed
loop control system. They can be both represented by block diagrams. A block diagram used
to represent processes, while arrows are used to connect different input, process and output

parts.

4.1.1. Open Loop Control System

Definition 4.1. (Open-Loop). If the optimal control law is determined as a function of time
for a specified initial state value, that is, u*(t) = w (t,x(ty)) then the optimal control is said
to be in open-loop form. The input and output of an open loop system are unrelated. An open-
loop control system does not measure the output to determine the control action; its accuracy
depends on its calibration, and thus it is only used when there are no perturbations and the
system is perfectly known. The drawback of an open loop control system is that it is incapable
of making automatic adjustments. Even when the magnitude of the output is too big or too
small, the system will not make the appropriate adjustments. For this reason, an open loop
control system is not suitable for use as a complex control system. For example, when a

washing machine finishes cleaning the clothes, the user will need to check whether the clothes
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are clean or not; if they are not, they have to be put back into the machine and washed again
(Chachuat, 2007).

Controller u*(t) process x(t)

‘ '?@s at t,

Figure 1. Open loop control system

4.1.2. Closed Loop Control System

Definition 4.2. (Closed-Loop). If a functional relation of the form u*(t) = w (t,x(t)) can
be found for the optimal control at time t, then w is called a closed-loop optimal control for the
problem. The terms optimal feedback control or optimal control law are also often used.
Sometimes, we may use the output of the control system to adjust the input signal is called
feedback. Feedback control is a central to managing computing systems and networks. A
closed loop control system compares the output with the expected result or command status,
and then it takes appropriate control actions to adjust the input signal. The output signal is
feedback to the input to produce a new output. A well-designed feedback system can often

increase the accuracy of the output (Chachuat, 2007).

One advantage of using the closed loop control system is able to adjust its output
automatically by feeding the output signal back to the input. When the load changes, the error
signals generated by the system will adjust the output. However, closed loop control systems

are generally more complicated and thus more expensive to make.

Controller u'(t process x(t)

T

Figure 2. Closed Loop Control Systems
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First-order Necessary conditions: Consider equation (1.1) and (1.2) with fixed endpoints
to <ty where the objective function (l) is quadratic function and the constraint (f) is linear
function in (t, x, u) and have continuous first partial derivatives with respect to x and u.
Suppose that u* is a local minimizer for the problem, and let x* denote the corresponding
response. Then, there is a function u*, x* and A* those satisfy the system

ODE: x' = H; , x(ty) = X, (Given condition)

(ADJ): A'=—H,
(M): H(u™) = miny H(t,x*, u, A*) (u* minimizes H with respect to u at x* and A*)
(T):A(tp) =0

where H(t,x, u, A) =14 Af is Hamiltonian function
I= objective function, f= constraint
These equations are known collectively as the Euler-Lagrange equations (ELE).

4.2. Methods for Solving the Optimal Control Problems

4.2.1. Direct Methods

The direct methods are based on obtaining the solution through a direct minimization of the
performance index, subject to constraints, of the OCPs (Ahmed, 2017). Direct methods are
based on transforming the optimal control problems into mathematical programming
problems. Direct methods can be implemented by using either discretization or
parameterization methods (Abu Haya, 2011). In this project, we focused parameterization
technique to parameterize state variable, control variable, and then linear time quadratic
optimal control problems converted into QP problems, which are much easier than the original

problems or in order to solve QP problems using MATLAB code.

4.2.1.1. Discretization

Discretization is a process in which the time interval t € [t,, t¢] is to be divided into an equal
time segments,

ty<t; <t, <ty <<ty =t (4.1)
As a result, depending on the discretization technique, the variable(s) is (are) sampled at each
time point in (4.1). Basically, there are two discretization technique used in optimal control

problem: Control-state discretization and control discretization (Abu Haya, 2011).
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1. Control-State discretization

Apply this method to discretize both control variables u(t) and state variables x(t). As a
result, the vector which contains a sequence of unknown state variables and control variables,
will be produced.

2. Control discretization

This approach is to discretize the control variables u(t) only. In order to get the state
variables x(t), it is necessary to integrate the system of state equations. This would produce
state variables that are a function of the control variables. An advantage of this technique over
control-state discretization is that the resulted system is lower in dimension.

4.2.1.2. Parameterization

Parameterization technique is an essential part of this project; it is a process in which a
functions or variables are approximated using known functions with unknown coefficient.
Parameterization can be employed by one of the three forms: Control parameterization,
control-state parameterization and state parameterization. In this project, we used control-state
parameterization technique.

1. Control Parameterization

In this technique, only the control variables u(t) are approximated by a finite length series of
known function with unknown coefficient.

2. State Parameterization

In this technique, only the state variables x(t) are approximated by a finite length series of
known functions with unknown coefficient.

3. Control-State Parameterization

Using this technique, both control variables u(t) and state variables x(t) are approximated by

a finite length series of known function with unknown coefficient.

4.2.2. Indirect Methods

Indirect method transforms the problem into another form before solving it. The indirect
method is sometimes described as first optimize then discretize. This is because optimality
conditions are found before numerical techniques are introduced. Indirect methods are based
on solutions that satisfy the HIBE or on solutions that convert the optimal control problem into

a TPBVP. This approach is based on finding an approximate solution to the HIBE or the
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nonlinear TPBVP by using ELE. The approximated feedback control law obtained by this

technique is solved successively (Ahmed, 2017).

Optimal control problem
methods

Direct

Indirect

> l

Parameterization Discretization
Stat Control-
ate State
Control L Control
Control-State

Figure 3. Computation procedures of optimal control problems

4.3. Kronecker Product

In mathematics, the Kronecker product, denoted by ®, is an operation on two matrices of
arbitrary size resulting in a block matrix. It is a generalization of the outer product (which is
denoted by the same symbol) from vectors to matrices, and gives the matrix of the product
with respect to a standard choice of basis. The Kronecker product should not be confused with
the usual matrix multiplication, which is an entirely different operation (Langville et al.,
2004).

Definition 4.3: If Aisam X n matrix and B is a p X q matrix, then the Kronecker product

A ® Bisthe mp X nq block matrix:
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a;;1B a;,B a;nB
A®B = a,,B : a,,B . aZ?B
amlB amZB amnB

4.4. Legendre Scaling Function

In this section, we will introduce the definition, basis of Legendre scaling function. This basis
will be the basic of this project in the following section. Legendre scaling function is used to
approximate both state variables and control variables because the optimal solutions of state
variables and control variables are a function of time so it is better to use this function for
quadratic optimal control problems. Legendre scaling function can be defined as follows

LoKhp 2%t —2n+1), for 2 2h
Py () = { [M T2 (2Tt =20 4 1), for < t< oy (42)

0, Otherwise

where P,, is the Legendre polynomial of order m; n refers to the section of time interval,
n=1,2,.., 271 Kis the scaling parameter and can assume any positive integer and

t € [0,1]. From this the Legendre polynomial can be given

dm
P,(t) = ﬁdt_m (t2 —1m (4.2a)
P(t)=1

P(t) =t

B0 =5 (3~ 1)

P(x) = %(St3 —3t)

Now by using equations (4.2) and (4.2a) and by choosing M = 3 and K = 2, the four basis

Legendre scaling functions can be given
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forn=1
Dy0(t) =V2 )
@y (1) = V6(4t— 1)
5
P4, (0 = £[3(4t— D?2-1] to<t< % (4.2b)
d5(t) = \];[5(4'[ —1)3 —3(4t—1)]
J
forn= 2
Dy (D) = V2 )
®,, () = V6(4t - 3)
5
D5, (1) = J;[3(4t -3)?-1 %s t<1 (4.2¢)
D,5 (1) = \/;[S(M —3)3-3(4t—3)]
J

4.4.1. Operational Matrix of Integration (OMI) for Legendre Scaling Function

Definition 4.4 Let P be an operational matrix of integration which is obtained from the
integral of Legendre scaling function from 0 to t and these matrices play an important role to
modeling the problems. According to Razzaghi and Yousefi (2002) this is used to change the
system of state equations into a set of algebraic equations which can be solved using software.

This is represented as follows:

t

f ®()dr = P (t)

0
Where cD(t) = [(Dlo (t) (Dll(t) aee CI)lM (t) CDZO (t) e q)zM q)ZK—lo e q)ZK—lM(t)]T.
and P is called the cofficent matrix of ®(t)

-3 Y

where P is a (2X1(M + 1) x 2K"1(M + 1)) operational matrix of integration and 0,D, U

(4.3)

are (M + 1) x (M + 1) matrices and given by
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2 0 0 0
U:??O:::O
00 00 0
L 0 0 0 0 0
V3
oy Lo 0 0 0
V3 V15
o L o 1 0 0 0
V15 V35
D= -1
0 0 — 0 0
V35
-1
> 0 o r
\/4M—36M+15 \/4M2——8M-|-3
-1
0 0 0 0 0 S — 0
V4M? — 8M + 3

O is matrix that all entire elements are zeros.

Note: The integration of multiplication of Legendre scaling function and its transpose in the
interval t € [0,1] is equal to identity matrix since Legendre scaling functions are orthonormal

is as follows.

1

f OO dt = Iy (4.4)
0

where Iy, is identity matrix of dimension N, (N = 2K-1(M + 1)).
4.4.2. Continuity Test of Legendre Scaling Function

Scaling functions are not supported on whole interval a < x < b; so these functions divide the
interval of interest to number of sections depending on the value of scaling parameter K; for
this reasons we have to add additional constraints to ensure the continuity of the state variables
between different sections. There are 2X-1 — 1 points at which the continuity of state

variables.
tt=— ,i=1,2,..,2K1-1 (4.5)

In addition, there is dimension of equality constraintsis (2%~ — 1)s can be given as

follows
(,®D)a = ox-1_yy_ (4.6)
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where ®’ is continuity matrix

However, the dimension of matrix of continuity ensured constraints is (2K°1 —1) x
2K1(M + 1)).

4.4.3. Quadratic Programming Problem for Legendre Scaling Function

Quadratic programs are a family of problems solved in optimization applications. The goal is
to find an optimal solution minimum or maximum of an objective function with quadratic,
linear and constant terms.

In this section, we try to construct the quadratic form of optimal control problem can be easily
solved using MATLAB code.

From the integration of state equation (1.2) can be rewritten using operational matrix of

integration and unknown coefficients in the following form.

a
[(A®PT) —Iys  (B®PM] || = —&,3 (4.7)
where 6= \F/ A is an nx n matrix and B is an nx m are the coefficient matrices of state

variable and control variable from the equation (1.2) respectively, & isthe initial column

vector with the dimension of 2K-1(M + 1), P is operational matrix of integration, Iy is
identity matrix with the dimension of 2X=*(M + 1) and a, b are unknown coefficients.

By combining equations (4.6) and (4.7), we get the following form of equality constraints.

(AQPT) —1 (B®PT)
LD NEIS (4.8)
s ()(ZK'l—l)S><Nr (2 1)s><1
Then compact quadratic form is as follows:
; T
min, z' Hz }
Subject to Fz=h (49)

where, z = [g]

H= [Q®IN ONstr]
ONr><Ns R®IN

_[a®PT) -1y, (B®PT)
o I (IS®(D’) O(ZK—1 l

_1)s><Nr
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_ S0
h= lO(ZK_l_l)snl

4.5. Chebyshev Scaling Function

We will introduce the definition, basis of Chebyshev scaling function. This basis will be the
basic of this project in the following section. Chebyshev scaling function is used to for
approximate both state variables and control variables because the optimal solution of state
variables and control variables are a function of time so it is better to use this function for

quadratic optimal control problems and Chebyshev scaling function can be defined is as

follows
amZ(k_l)/Z n—1 n
¥om (D) = TTm(Zkt — 204+ 1) o St <o (4.10)
0, otherwise
where o, = {\/2_ rrrr11==01,2,3,...
Here, T,,, (t) are the Chebyshev polynomials of order m,
To() =1,
T (t) =t
T,(t) =2t> — 1
T;(t) = 4t3 — 3t
Tpe1 (D) = 2tT,, () — T4 (£), m=1,2,3, ... (4.11a)

Now by using equations (4.10) and (4.11a) and by choosing M = 3 and K = 2, then the four

basis Chebyshev scaling functions can be given Forn = 1

2
Pio() = ﬁ )
Py (0 = %ﬁw— D 1
23 § 0 t< > (4.11b)
Y () = ﬁ(2(4t— D=1
242 5
Y5 = ﬁ (4(4t—1)° - 3(4t - 1)))
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For n=2
2

Yyo(t) = ﬁ )

P (0) = ?m— 3 1
: L —<t<1 (4.11¢)
¥ (t)=&(2(4t—3)2—1) :
22 \/T_E
s (t) = %?(4(% —3)3 —3(4t— 3))}

4.5.1. Operational Matrix of Integration (OMI) for Chebyshev Scaling Function

Definition 4.5 Let P be an operational matrix of integration which is obtained from the
integral of Chebyshev scaling function from 0 to t and these matrices play an important role to
modeling the problems. According to Ghasemi and Tavassoli (2011), this matrix is used to
change the system of state equations into a set of algebraic equations which can be solved

using software. This is represented as follows:
t
f P(@)dt = P¥()
0

\P(t) = [‘le (t), ‘PZm (t), ‘PBm (t): s \sz‘lm (t)]T
So the matrix P is the cofficent of ¥ (t)

c S
0O C

where P is a (2X71(M + 1) x 2K71(M + 1)) operational matrix of integration and O,C,S are

P=| (4.12)

(M +1) x(M+ 1) matrices and give

1 —
= 00 0
0 0 0 0
‘?1 0 0 0
s=21 0 0 o0 0
2 -1
2 00 0
15
Py 0
-1
LM(M-2) 0 0_
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1 Lo o 0 0 0
2 242
1 o 1 0 0 0
42 8
1 1 1y 0 0 0
C= T 342 4 12
z S ST, 0
1 0 0 0 1 0 1
2V2(M —1)(M - 3) 4(M - 3) 4M—-1)
1 0 0 0 0 1 0
2v2M(M — 2) 4(M - 2)

O is matrix that all entire elements are zeros
Note: The integration of the product of two Chebyshev scaling function vectors is obtained as
fork=1,2,3,... and for M=3

f Y(OWPYT(H)dt =RR (4.13)

G 0

where, RR=|: ]
0 G
[2 o 22]
e,
I R
[— 0.549

4.5.2. Continuity Test of Chebyshev Scaling Function

To insure the continuity of the state variables between the different sections so we must add
constraints. There are 2K~ — 1 points at which the continuity of the state variables has to

ensure. These points are
i : _
ti:F ,1:1,2,...,2K 1—1 (414)
In addition, there is (2X~1 — 1)s equality constraints can be given as follows

([;®@P")a = 0(,x-1 (4.15)

_1)s><1

However, the dimension of continuity matrix &’ or ensured constraints is (2= — 1) x
2K-1(M + 1).
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4.5.3. Quadratic Programming Problem for Chebyshev Scaling Function

In this section, we try to construct the quadratic form of optimal control problem can be easily
solved using MATLAB code.
From the integration of state equation (1.2) can be rewritten using operational matrix of

integration and unknown coefficients in the following form.
a
[(A®PT) — Iy, (B®PT] [}] = —go8 (4.16)

where Szg , Ais an nx n matrix and B is an nx m are the coefficient matrices of state

variable and control variable from the equation (1.2) respectively, g, is the initial column
vector, P is operational matrix of integration with the dimension of 2X=*(M + 1), Iy is
identity matrix with the dimension of 2X¥=1(M + 1) and a, b are unknown coefficients.

By combining equations (4.15) and (4.16), we get the following form of equality constraints

(A®PT) —1Iys  (B®PT) [a] B [ —go8 ] 417
IS®CD, O(ZK_l_l)str b a O(ZK_l_l)sxl )
Then compact quadratic form is as follows:
: T
min, z Hz }
Subjectto  Fz=h (4.19)

a

where, z = [b]
H= [RR®Q 0Ns><Nr
ONr><Ns RR®R

o [A®PD) — 1y, (B@PT)
| ®9)  opx-:

_1)S><Nr

h:[o —go0 l
(25 -1)
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5. LINEAR TIME QUADRATIC OPTIMAL CONTROL PROBLEMS

5.1. LTI Quadratic Optimal Control Problem

Before approximating the states variable and control variable, it is necessary to transform the
time in the optimal control problem t € [ty, t¢] into the interval T € [0,1]; because Legendre
scaling function (Elaydi et al., 2012) and Chebyshev scaling function (Fatihi et al., 2012) are
defined on the interval T € [0,1].

Then we can obtain by using

T=1 S0 dt = tedt
te

Then the transformed optimal control problem is

min | = tff(XT(t)Qx(t) + uT()Ru(t))dt (5.1)
0
subject to % = tr(Ax(t) + Bu(t))

5.1.1. Approximation of State and Control Variable Using Legendre Scaling Function

The approximation of state variables and control variables for the problem of linear time
invariance quadratic optimal control problems or equation (1.1) with linear constraint or
equation (1.2) using Legendre scaling function is as follows

2k-1

x;(t) = Z Z al,, ®,m(t) , where i=1,2,3,..,s

n=1 m=0
2k-1 M

u;(t) = Z z bl @m0 where i=1,2,3,..,r

n=1 m=0

These equations can be expanding to
x(t) = a;9 Pro(D+ay; P(0) + - +agy Pym(t) .o + -+ ayx-17Dok-14 (1)
+ - FaK-1y Por-1y (1)
u(t) = byg P1o(t)+byy P11(t) + - +byy Py () ... + - byr-1,D, k-1, (t)
+ -+ k-1 Por-1) (1)

These equations can be written in compact form are



26

x(®) = (1L,®2T(®))a
u® = (1,®2T(®))b
where [ and [ are s X s and r X r identity matrices respectively and ®(t)is N x 1,
N =2K1(M+1)
Vector of Legendre scaling function and unknown coefficients are given by:
D(t) = [D1o(t) P11 (1) .. Dy (D) DPpp(L) . Popyp oo P14 (L) oo Por-1p (D)]7
a=[ayg @y A1y - AN Az - AM e ApK-1g w. ApK-1p ]!

and b = [b10 b11 b12 blM bzo bZM bZK—lo bZK—lM]T

(5.2)

where a and b are vectors of unknown coefficients of dimension sN X 1 and rN X 1.

5.1.2. Approximation of State and Control Variable Using Chebyshev Scaling Function

The basic idea of Chebyshev scaling function is to approximate the state and control variables
for the equation (1.1) by using a finite series is as follows.

2k-1 M

x;(t) = Z Z al ) Wom (0 i=1,23,..,s

n=1 m=0
2k-1 M

u;(t) = Z Z bl Wam () i=1,273,..,r

n=1 m=0
These equations can be expanding to
x(t) = a9 Wyo(D+a; Wi () + - +ayy Um0 .. + - ayk-1oWok-14 (1)
+ - Fagk-1y Wok-1 ()
u(t) = by Wio()+byy W11 (1) + - +byy Wim(®) .. + -+ bok-14W,k-14 (1)
+ -+ b1y WPok-1) (1)

We can write these two equations in compact form as:
x(t) = (L,®¥T(1))a
u(®) = (L&YT(® )b

where I;and I, are s X sand r X r identity matrices and W(t)is N X 1,N = 2k=1(M + 1).

(5.3)

Vector of chebyshev scaling functions and unknown coefficints are given by:
l.IJ(t) = [l'plo(t) l'pll(t) s l'le (t) l'pzo(t) e leM e lIJZK—lo(t) ...lPZK—lM(t)]T
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— T
a = [alo all 312 alM azo aZM aZK—lo a21<—1M]
— T
and b - [b10 b11 b12 blM bzo bZM bZK—lo bZK—lM]

where a and b are vectors of unknown coefficients of dimension sN X 1 and rN X 1.

5.2. Approximation of performance index via LSF and CSF

5.2.1. Approximation of Performance Index via Legendre Scaling Function

We can approximate the performance index of linear time quadratic optimal control problems

using Legendre scaling function, substitute equations (5.2) into the objective function. We get
1

= % j a"(@(HB1)QUB®PT() Ja + bT(P(OBIIRABPT (D) )bt (5.4)
0

By applying equation (4.4), we get the equation (5.4) and we can simplify this equation. We

get
J =2 @"(IN®Q)a + bT(Iy®R)b) (5.4a)
Moreover, equation (5.4a) can be written in quadratic form is as follows
IN®Q ONstr] a
= [4T T
j=la b7 [n®2 e 5] (5.4b)

5.2.2. Approximation of Performance Index via Chebyshev Scaling Function

We can approximate the performance index of linear time quadratic optimal control problems
using Chebyshev scaling function, substitute equations (5.3) into the objective function. We

get

1

] = % f a"(W(OBL)QU®¥T() )a + bT(¥(O®LIRAB¥T() )bdt (5.5)

0
It can be simplify as

1

J= % f aT(PO@TMO®Qa +b (WO (PT(D®R)bdt (5.6)

0
By using equation (4.13), we get
1
then | = > (a"(RR®Q)a + bT(RR®R)b)

It can be write in a quadratic form
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bT] RR®Q ONSXNr] [;1] 5.7

F=la" b0, RRE®R
The general form of the linear time invariance quadratic optimal control problems are equation
(1.1) with linear constraints equation (1.2). Then the general steps to approximate state,
control variable and performance indices using Legendre and Chebyshev scaling function with
unknown coefficients of a and b.
Step (1): Define the unknown coefficients of state and control variables according to K and
M. The unknown coefficients will be as follows.

a = [a1 @1 - AqyM Azg Ay« Agp - ApK—1g - ApK-1py ||
b =[byy byy -.bym bag bag oo boy oo bok-1 oo byx-1py 7

Step (2): Generate the scaling function depending on K and M.

T
cb(t) = [¢10(t) (Dll(t) d)lM(t) d)zo(t) ¢)21(t) CDZM(t) CDZK—lo(t) (DZK—lM(t)]
Step (3): Approximate the state and control variables.

2K-1 M
X(t) = Z Z anm Pnm
n=1 m=0
2K1 M
WO =D > bun®um
n=1 m=0
Step (4): Find the vector of initial condition
N It
2 2
§=— and § = ———, = [x:(0)00..0]x:(0)00...0]T
2}(/2 Z(K_l)/z EO [ i ) 1( ]

Step (5): Find the points of ensured continuity and the continuity matrix.

P = [D1p(t) .. Pam(t) Poo(t) oo Pom(ty) oo Pox-1g(ty) o o1y (8]

where t; = ZK—I_l ,i=1,2,3,...,2K1 -1

Step (6): Determine the quadratic programming problems or equation (4.9) and (4.19).

Step (7): Solve for the equation (4.9) and (4.19) or quadratic programming problem using
MATLAB.

Step (8): Substitute the unknown coefficient value from step (7) into step (3) we get the

control variable and state variable.
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Step (9): Substitute the unknown coefficient value from step (7) into the objective function,
and we get the approximate value.
Example 5.1 (Abu Haya, 2012)

Find the optimal control u*(t) and state variable x*(t) which minimize the performance index.

min | = %f(xz(t) + u?(t))dt
0

Subject to x'(t) = —x(t) + u(t), x(0) =1

Solution: To solve example (5.1) by using Legendre scaling function in details and step by
step is as follows for K=2. For M=1
Step (1): Define the unknown coefficients of state and control variables according to K and
M. The unknown coefficients will be as follows

a=[ajg ayy az Az 1"

b =[byg b1 byg byy ]T
Step (2): Generate the Legendre scaling function depending on K and M.

D(t) = [P1o(1) P14 (1) Pyo(t) Do (D]”

Where @,,(t), ®4,(t), ®,,(t) and ®,, (t) are in equation (4.2b) and (4.2c)

Step (3): Approximate the state and control variables using unknown coefficients a and b.

2 1
x(t) = Z Z AnmPnm = 219 P1o + a1 P11 +aze DPyp + a3, Py

n=1m

2 1
u(t) = Z Z bpm Pnm = b1oP10+b11 P11 + byg Pop+byy Doy
n=1 0

m=
Step (4): Find the vector of initial condition

Szg; & = [x,(0) 0%,(0)0]"=[1010]"

Step (5): Find the points of ensured continuity and the continuity matrix.
—1_
t; =2=0.5
@' = [D,,(0.5) ®,,(0.5) — P,,(0.5) —D,,(0.5)] =[1.4142 2.4494 -1.4142 2.4494]
Step (6): Determine the quadratic programming problems or equation (4.9).

Then the equivalent quadratic programming problem is

Min ~(a%,+a%, + a3, + a3, +b%, + b; + b3+b3,)
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lb -1

—=aqq + b10 W 11=ﬁ

. -5
Subject to — ant 4(

-1 1
—=ayp — a1 +—=
443 10 t 43

1 1
az1+ byo + = bzo —by; =—
43 V2

by =0

_71310 +_75a20 4\/—
-1 1

43 43

1.4142a,, +2.4494a,,-1.4142a,, +2.4494a,,=0
Step (7): Solve the quadratic programming problem using MATLAB.

dzp —az t+ byo =0

Step (8): Substitute the unknown coefficient value from step (7) into step (3) we get the
control variable and state variable in table (1).
Step (9): Substitute the unknown coefficient value from step (7) into the objective function,
and we get the approximate value is below in table (2).
For M=2
Step (1): Define the unknown coefficients of state and control variables according to K and
M. The unknown coefficients will be as follows

a =[ajp a1 a1z Az A1 azz]"

b =[bio bis b1z by byy bzp]"
Step (2): Generate the Legendre scaling function depending on K and M.

D) = [P1o(t) Dyy(1) Pyp(t) Do () P21 (1) P2z (D)]"

Step (3): Approximate the state and control variables.
2

x(t) = Z Z AnmPrm = a19 P1o + 211 P11 + a3y Prptagy Dyp + a1 Py + a3,P;

n=1m=0

2 2
U(t = Z z bnm(bnm = b10¢10+b11q)11+ b12 q)12 + bZO q)20-{_b21q)21 + bZZ q)22
n=1m=0
Step (4): Find the vector of initial condition

N/
6=——=—, =[100100]"
ZK/Z \/E EO [ ]

Step (5): Find the points of ensured continuity and the continuity matrix.

=1-05
2

tl = 2K—1

Q' =[D1((0.5) @11(0.5) D1,(0.5) —=P,,(0.5) —P,;(0.5) —P,,(0.5)]
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®' =[1.4142 2.4494 3.1622 — 1.4142 2.4494 — 3.1622]
Step (6): Determine the quadratic programming problems or using equation (4.9).
Then the equivalent quadratic programming problem is

Min - (a%+a%, +a3, + a%, + a3, + ad,+b%, + b?; + bZ, + b3o+bd, +b%,)

- -5 1 -1 -1
SUbjECt to e Ao t+ ﬁan NE NG

ﬁs—,aw —an +ﬁa12 + 4\1/§b10 + 4 -
-1 -1
4—\/Ean + Talz +
_71310 +_Tsazo +% % i %
-1 1 1 -1
mazo +4\/E322 +4\/—§b20 +—=
-1 1
Vis T TS
1.4142a,, +2.4494a,, + 3.1622a,, —1.4142a,, +2.4494a,, — 3.1622a,,=0

Step (7): Solve the quadratic programming problem using MATLAB.

+ib10 + by, =

b21=0

Step (8): Substitute the unknown coefficient value from step (7) into step (3) we get the
control variable and state variable in table (1).
Step (9): Substitute the unknown coefficient value from step (7) into the objective function,
and we get the approximate value is below in table (2).
For M=3
Step (1): Define the unknown coefficients of state and control variables according to K and
M. The unknown coefficients will be as follows
a=[ajo a;; a1 13 Az Az1 A2z Az3 |”
b =[byo byy bys bz byg byy by bzs]T
Step (2): Generate the Legendre scaling function depending on K and M.
P(1) = [P1p() P11 () Ppp(t) Py3() Py(t) Doy (B) P (D P23 (D)]"
Step (3): Approximate the state and control variables.
x(t) = ajo P1o + a1 Py + g Piptags Piztaz Pop + ayPoy + a3,P; + a23P23
u(t) = byg®@1o+by; P11+ bz Pip+ byz @i3 + byg Poptby oy + by oy + by ®os

Step (4): Find the vector of initial condition
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8=2T\/i=%, & =[10001000]"
Step (5): Find the points of ensured continuity and the continuity matrix.
oo 11
PT2K-1

D' = [010(0.5) 11(0.5) P15(0.5) P13(0.5) —D0(0.5) = P55 (0.5) =, (0.5)— P13 (0.5)]
' =[1.4142 2.4494 3.1622 3.7416 — 1.4142 2.4494 —3.1622 3.7416]

Step (6): Determine the quadratic programming problems or equation (4.9).

Then the equivalent quadratic programming problem is

Min ~(a%g+a}, +al, + a2y +ady +ad; +al, +ady+bZ, + b2, + b2, + bl +

b5o+b3, +b3, + b33)

Subject to _75310 +4—\1/§a11 +ib10 4\1/§b11 _7;
-1 1 1
maw 11 +4\/Ea12 4\/§b10 4\/Eb12 =0
-1 1 1 1
4_\/Ea11 —ap +4_\/£a13 +4_\/Eb11 —4_@1313 =0
-1 1
4_@312 — a3 +4_\/£b12 =0
_71310 _Zazo +4_\1/§az1+%b10 +ib20 _%bm = _T;
-1 1 1 1
mazo —ay +ﬁazz +4\/§b20 _4\/Eb22 =0
-1 1 1 1
4—\/Ea21 —ap +ﬁazs +4—\/Eb21 - ﬁbm =
1 1
_4—@322 — dz3 +ﬁb22 =

1.4142a,, +2.4494a,, + 3.1622a;, + 3.7416 a,5 -1.4142a,, +2.4494a,, — 3.1622a,, +
3.7416a,3=0
Step (7): Solve the quadratic programming problem using MATLAB.
Step (8): Substitute the unknown coefficient value from step (7) into step (3) we get the

control variable and state variable in table (1).
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Step (9): Substitute the unknown coefficient value from step (7) into the objective function,
and we get the approximate value is below in table (2).
To solve example (5.1) by using Chebyshev scaling function in details and step by step is as
follows for K=2. For M=1
Step (1): Define the unknown coefficients of state and control variables according to K and
M. The unknown coefficients will be as follows

a=[ajg aj; az ap; |”

b =[byy biy by bz ]T
Step (2): Generate the Chebyshev scaling function depending on K and M.

W) = [Wo() Wi(1) Wro() W (O 17

where W,,(t), W;;1(t), W,o(t) and W,, (t) are in equation (4.11b) and (4.11c)

Step (3): Approximate the state and control variables using unknown coefficients a and b.

x(t) = ZZ:

n=

anm¥Pnm = a0 Y10 + 21111 +ayy Wy + a2, Woy

MH

5
o

2

u(t) = Z Z bnmWnm = b1oWio+b11 W11 + by Wao+Dbag Wy

n=1m=0

[

Step (4): Find the vector of initial condition

§=—, go=[x(000x,(0)0]T=[1010]T

olg g

Step (5): Find the points of ensured continuity and the continuity matrix.
—1_
t; =3=0.5
Y = [¥,,(0.5) ¥;,(0.5) —¥,,(0.5) —¥,,(0.5)] =[1.1284 1.5958 -1.1284 1.5958]

Step (6): Determine the quadratic programming problems or equation (4.19).

Then the equivalent quadratic programming problem is

Min —(2a2,+Za3, + 2a%, + - a3, +2b%, + Zb?; + 2b3,+2b3,)

. -5 1 -1 —Jn
Subject to — A0 tgza +] b10 s5bn = Tﬂ
— by =0
——a;p—a — =
4\/§ 10 11 4\/7 10
-1 5 1 1 1 1 —m
- A0 730 T ﬁ321+5b10 + 7 bao __Sﬁbu = _Zn
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-1
Az —4dAzq +_2b20 =0

8v2 8v2
1.1284310 +15958311 - 1.1284320 +1.5958a21:0

Step (7): Solve the quadratic programming problem using MATLAB.
Step (8): Substitute the unknown coefficient value from step (7) into step (3) we get the
control variable and state variable in table (1).
Step (9): Substitute the unknown coefficient value from step (7) into the objective function,
and we get the approximate value is below in table (2).
For M=2
Step (1): Define the unknown coefficients of state and control variables according to K and
M. The unknown coefficients will be as follows
a=[ajg ajy a1z Az Az1 Az2]"
b = [byy by; biy byo byy bzz]T
Step (2): Generate the Chebyshev scaling function depending on K and M.
Yt) = [Wio(t) Wi () Wip(t) Wholt) Wpu() W]
where W;,(t), W;1 (1), W1, (1), Wpo (1) , W5, (t) and W,,(t) are in equation (4.11b) and (4.11c)

Step (3): Approximate the state and control variables using unknown coefficients a and b.

i
2 2
u(t) = Z Z bnmWhm = b1oW10+b11W11 + by Wip + by Wao+bay oy + by Wy

n=1m=0
Step (4): Find the vector of initial condition
6:?' go = [x1(0) 0%, (0)0]" =[100100]"

Step (5): Find the points of ensured continuity and the continuity matrix.

t; = =05

Y = [W10(0.5) ¥11(0.5) W15(0.5) —Wp(0.5) —¥5,(0.5) —¥,(0.5)]
P'=[1.1284 1.5958 1.5958 -1.1284 1.5958 -1.5958 ]

Step (6): Determine the quadratic programming problems or equation (4.19).

Then the equivalent quadratic programming problem is
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Mln i (23%0 \/—aloalz + - an-l-O 5941‘[312 + 2320 4\/5 azoazz + %a%l + 0594‘1‘[3%2
42 4\/5 4
+2b%0 3 b10b12 + - 3 b + 0594‘1Tb%2 + Zb%O_TbZObZZ + §b%1+0594’l‘[b%2)
Subjectto =y +—=ay; + —=ag; + by — —=byy — —=by, = T
upj 2 d10 8ﬁ311 Gﬁan 2010 T g5 011 T 55012 =
1 T AR A
—=ajp — a1 +5a;p +—=byg —5biy =
4\/210 11 T gd1z 4\/§1o g P12
-1
1_6311 —dip +1_6b11 =0
-1 V2 5 1 1 1 1 1 —n
— 410 +?a12_zazo 8\/—321"'6\/—322 2b10 b12+zb20_ﬁb21_ﬁb TT[
! F e, + by —=by, = 0
——a,; —a —a — - — =
4\/220 21 T gaz2 4\/220 g P22
-1

1_6321 —dzy +1_6b21 =0

1.1284a,, +1.5958a,; + 1.5958a,, —1.1284a,, +1.5958a,; — 1.5958a,,=0
Step (7): Solve the quadratic programming problem using MATLAB.
Step (8): Substitute the unknown coefficient value from step (7) into step (3) we get the
control variable and state variable in table (1).
Step (9): Substitute the unknown coefficient value from step (7) into the objective function,
and we get the approximate value is below in table (2).
For M=3
Step (1): Define the unknown coefficients of state and control variables according to K and
M. The unknown coefficients will be as follows
a=[ajo ay; a1z A1z Apg Azg Az Azz |”
b ={[byjy bys bz byz by bay bay by ]T
Step (2): Generate the Chebyshev scaling function depending on K and M.
W) = [Wo(t) Wi() Wip(D) Wis(t) Wao(t) Wpu(t) Worlt) Wrs(®]”
where W, (t), W, (t), W1, (t), W15, P,o (1) , Wy, (1) ,¥,,(t) and W,5(t)are in equation
(4.11b) and (4.11c)
Step (3): Approximate the state and control variables using unknown coefficients a and b.
x(t) = ajg Wio + a1 Wir +aWip +a33Wis +aze Wao + a1 War + a5 Wes +az3Ws3

U(t) = b10l'IJlO-I_b11l'pll + blZLIJIZ + b13Lpl3 + b20 lIJZO-I_b21lIJZl + bZZLIJZZ + b23lP23
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Step (4): Find the vector of initial condition

8=§, go=[x,(0)0 x,(0)0]T=[10001000]"
Step (5): Find the points of ensured continuity and the continuity matrix.

t1 = % :05

Y’ = [W10(0.5) ¥;1(0.5) ¥;,(0.5) W;5(0.5) —W5((0.5) —¥,1(0.5) —W¥,,(0.5) —¥»5(0.5)]
Y'=[1.1284 1.5958 1.5958 1.5958 -1.1284 1.5958 -1.5958 -1.5958]

Step (6): Determine the quadratic programming problems or equation (4.19).

Then the equivalent quadratic programming problem is

. 1 2 42 4 5 28 5 8 68 5 2 42
Min ;(2310_ 5 410312 +§311+Ea12+ 5911413 +_a13 + 2az,— 3 920922 +

4 68
3 21+ azz"‘ a21a23 +£a%3+2b%0 b1ob12+ b%1+ b + b11b13+ b

2b§0 b20b22+ b§1+ b + b21b23+ b

1 1 1 —n
SUbjECttO 310 +ﬁa11 6\/_ 12+32\/._al3+ b10 Sﬁb b12 ﬁblg, 21-[

! e by — by, = 0

——a g —a —a — - — =

4\/710 11 T ga12 4\/510 g P12
-1
Eau app + 16b11_0
-1
ﬁa12—a13 24b12 =0

-1 V2 5 1 1 1 1 V2 1 1
- 10 T2 — ;32 +ﬁaz1+ﬁazz+mazs+gb1o—?blz +szo—ﬁb21

ib __r _-Vm
6vz 021 32\/5323— >

! PP SN S

—a,p —a —a o - — =

4\/220 21 T gd22 4\/720 g P22
-1 1
Eam_azz 16b21—0
-1 1
ﬁazz_am 24b22—0

1.1284a10 +1.5958311 + 1.5958312 + 1.5958812 —1.1284320 +1.5958a21 - 1.5958a22 -
1.5958a,3=0
Step (7): Solve the quadratic programming problem using MATLAB.
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Step (8): Substitute the unknown coefficient value from step (7) into step (3) we get the
control variable and state variable in table (1).
Step (9): Substitute the unknown coefficient value from step (7) into the objective function,

and we get the approximate value is below in table (2).

approximation of state and control variable
2 L L L L L L L

X(t) |
u()
15F -

X(t) &u(t)
o
(&)

_1 r r r r r r r

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time (t)

Figure 4. The approximation of state and control variable using Legendre scaling function
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approximation of state and control variable
5 L L L L L L L

X(t) |
4 —— u(t);

x(t) &u(t)

-4 . r r r r r r r

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time (t)

Figure 5. The approximation of state and control variable using Chebyshev scaling function

The approximation value of state variable and control variable in the linear time invariant
system, were presented in Figure 4 and Figure 5 using Legendre scaling function and
Chebyshev scaling function respectively. We have considered parameter values K=2, with
polynomial of degree three. We observed that as the time interval, t € (0, 1) the value of state
variable decreases and control variable increases. MATLAB is used to plot the graphs to show
the best result of problems. The graphs represent the best approximation at each system and
the best value of state and control variable by the run considering numerical results of the

solutions are shown in Figure 4 and Figure 5.
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Table 1. A comparison between Legendre and Chebyshev scaling function with the

approximations of performance index of example 5.1.

Optimal value (Zeid and Yousefi, 2016) 0.1929092981
Order of poly Performance index (J)
Legendre Error Chebyshev Error
M=1 0.194179279497372 1.27x 1073 0.196333244960920 3.42x 1073
M=2 0.192998674286855  8.94x 10~5  0.193000989090520 9.17x 1075
M=3 0.192909322011399  2.39x 10~® 0.192934130143056 2.48x 1075

Example (5.1) solved by Legendre scaling function and Chebyshev scaling function. As M=1
to M=3 the approximation value is approaching to the optimal value obtained by Zeid and
Yousefi (2016). From this table we conclude that Legendre scaling function is better than
Chebyshev scaling function.

Example 5.2 (Kafash and Delavarkhalafi, 2015)

Find the optimal control u*(t) and state variable x*(t) which minimize the performance index.
1
1
min | = f(xz(t) + Euz(t))dt
0

Subjectto  x'(t) = zx(t) +u(t), x(0) =1
Solution:
This optimal control problem transform into quadratic programming problem is similar steps
to the above example 5.1 with the same scaling parameter (K=2).
Using Legendre scaling function for M=1

The equivalent quadratic programming problem is

Min ~(2a%,+2a%, + 2a%, + 2a3, +b, + b?; +b3e+b%,)

. -7 1 1 -1 -1
Subject to B d10 TgFan Tt Jbio t 4_\/§b11 =5
! + b 0
—=ajp —a —=Dby =
8\/§ 10 11 4\/§ 10

1 7 1 1 1 -1 -1
—a —=4a ——a,+-b +—b +—b ==
4 10 8 20 83 21 2 10 4 20 43 21 NG
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1 1

—=ay —ay t—=
83 0 ' 43
1.4142a,, +2.4494a,; —1.4142a,, +2.4494a,,=0

For M=2 the equivalent quadratic programming problem is

by =0

Min - (2a%,+2a3,+2a3, + 2a%, + 2a%; + 2a3,+b, + b?, + b, + bl+b2, +b,)

Subject to _;7310 —%an +- b10 4}b %
1 1 1 -1
Wgaw —an +ﬁa12 + 4\/§b10 +4\/Eb12 =0
1 1
8—\/Ean —aiz +4_\/Eb11 =0
iam +_?7azo 8\/—321 2b10 +- bzo \/—b _f;
1 1 1 -1
Wgazo —dz1 _ﬁazz +4\/—3—,b20 +4\/Eb22 =0
1 1
8\/Ea21 +4\/Eb21 =0

1.4142a,, +2.4494a,, + 3.1622a,, —1.4142a,, +2.4494a,, — 3.1622a,,=0

For M=3 the equivalent quadratic programming problem is
Min > (2a%,+2a},+2a}, + 2al; + 2a3, + 2a3, + 23, + 2a%;+b; + b2, + b2, +

bi; + b3o+b3;+b3, + b33)

Subject to _;7310 - 8—\1/§a11 + %bm - %bu = —F;
1 1 1 1
Wgalo —a —man + 4\/§b1o - 4\/Eb12 =0
1 1 1 1
8—\/Eall — a1z _ﬁ313 +4-—\/Eb11 _ﬁbm =
1 1
8—\/ﬁalz — a3 +4—\/Eb12 =0
iam _gazo _8\1/—321 T bzo 4\1/§b21 = _f;
1 1 1 1
Wgazo —d21 _ﬁazz +4\/§b20 _4\/Eb22 =0
1 1 1 1

—a —a — ——4a +—b ———5Db =
8\/E21 22 8@23 4\/E21 4\/g23
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1 1

—F——=ay; — A t+t——

835 27 435

1.4142a,4 +2.4494a,, + 3.1622a;, + 3.7416 a,3 -1.4142a,, +2.4494a,, — 3.1622a,, +
3.7416a,3=0

by, =0

Using Chebyshev scaling function
For M=1 the equivalent quadratic programming problem is

Min —(4a2+ 2 a%, + 4a3, +2a%; +2b% + b, + 2b3e+3b%,)

Subject to _;7310 — ﬁan +- b10 B}b ?
1 1
Wiaw — a1 +mb1o =0
iam _gazo _@321 %bm +ibzo_$bz1=_z_ﬁ
1 1
Wiazo —dz1 +W§bzo =0

1.1284310 +15958311 — 1.1284820 +1.5958321:O

For M=2 the equivalent quadratic programming problem is

Min i (4a3,— gsﬁaloalz + §a§1+1.188na§2 + 4a3, — 8T\Eazoazz + gagl + 1.188ma3,
42 4 42 4
+2b%0 - Tbloblz + §b%1 + 0594‘1Tb%2 + 2b%0_ szobzz + §b%1 +0594‘T[b%2)
. -7 1 1 1 _—Vm
SUbjeCt tO ?alo - ﬁall 12\/_812 + blo S\Ebll - Eblz _ 2
1 1 4 1 b 1b 0
—ay g —ayq ——a — - — =
1 1
5311_312 16b11—0
1 V2 7 1 1 1 N3 1 1 1 -
2310 77312 Tgd T md217 mazz"';blo - ?b12 + szo _ﬁbu - ﬁbu = TT[
1 1 4 1 b 1b 0
——a,y—a,; ——a o - = =
8v2 20 21 7 1g 322 42 20 ~ g P22
1 1

5321 —az t 16
1.1284310 +1.5958311 + 1.5958812 _1.1284a20 +1.5958a21 - 1.5958322:0

For M=3 the equivalent quadratic programming problem is
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\/—

. 136 2 82
Min - (4 — d10d12 T3 a11+ 15 a%, + = a115113 + 35 913 + 4?’120_T51205122 +

8 56 16 136 8
53%1+Ea%2 + 7 421423 +—a%3 + Zb%o b10b12 +z b%1+ b + gb11b13 +

68
gb%3 + Zb%O b20b22 + b%l‘l' b + b21b23 + b

SUbjECttogaw_ﬁall_ﬁalz_ﬁam‘* by — 8\1/—b11_$b12 ‘FﬁbB:_z_\/E
1 1 1 1
Wiaw —an _1_6312 +mb1o _§b12 =0
%311_312 +1_6b11 =0
418312_313 +ﬁb12 =0
iam _gau_zazo _ﬁam_ﬁazz 641\/—823 2b10 b12 +%b20—$b21
R N S .
ovz 221 T 355923 5
1 1 1 1
Wiazo ~ A1 T 732 +mbzo _§b22 =0
1 1
5321—322 16b21=0
1 1
—b,, =0

Eazz —az t+ 24
1.1284a,, +1.5958a;; + 1.5958a,, + 1.5958a;, —1.1284a,, +1.5958a,; — 1.5958a,, —
1.5958a,5=0



X(t) &u(t)

Figure 6.

approximation of state and control variable
3 o L L L L L L L

X(t) |
u(t) y

_4' r r r r r r r

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time (t)

The approximation of state and control variable using Legendre scaling function
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approximation of state and control variable
25 L L L L L L L

x(t) '-
u(t) |

1

20

15

I
1

10

]
1

x(t) &u(t)
(&)

-10

]
1

-15 - r r r r r r r t
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

time (t)

Figure 7. The approximation of state and control variable using Chebyshev scaling function

The approximations of state variables and control variables with polynomial of degree three
are shown in Figures 6 and Figure 7 using Legendre scaling function and Chebyshev scaling
function respectively. Since the system is linear time invariant; so the control variables
increases with the time interval, t € (0,1). But the value of state variables almost constant

because the coefficient of the sate variable is half of the normal state variable.

Table 2. A comparison between Legendre and Chebyshev scaling function with the

approximations of performance index of example 5.2.

Optimal value (Kafash and Delavarkhalafi, 2015) 0.8641644978
Order of poly Performance index (J)
Legendre Error Chebyshev Error
M=1 0.864473960577410  3.09 x 10~*  0.859873111505597 4.29 x 1073
M=2 0.864198662433090  3.42x 1075 0.864217766347930 5.33 x 107°

M=3 0.864164508655142 1.09 x 108  0.864123208655142 4.12 x 107>
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The results obtained for the linear time invariance optimal control systems with quadratic
performance index shows that the Legendre and Chebyshev scaling functions works for
finding the approximation values of performance index. Table (2) shows that, for the
polynomial of scaling function with degree three and the time interval t € [0,1], the absolute
error is less (almost zero) with the Legendre scaling functions than with the Chebyshev scaling
functions method, which yields a small error compared with the optimal solutions of the
problem. Hence, the Legendre scaling function method is more suitable for solving the linear

time invariance optimal control systems.

5.3. Linear Time Varying Quadratic Optimal Control Problems

5.3.1. Parameterization A(t) and B(t) of Legendre Scaling Function

The parameterization of time varying matrices A(t) and B(t) from the problem of equation

(1.4) can be expressed in terms of Legendre scaling function is as follows

2K-1 M

A(D) = Z Z Ay

i=0 j=0
Equation (5.8) can be written in vector form as follows.

At) = [Arg Arg oAy Agk1g o Agi-1py | O () (5.8)
where Aj; is s X s constant matrix of the coefficients of Legendre scaling function &;;(t).

These matrices can be found by the following formula
2i
2K

2i-2
2K

In similar manner, B(t) can be expand in terms of Legendre scaling function is as follows.

2K-1 M

B(D) = Z ZBi]-CIDi]-

i=0 j=0
also equation (5. 10) can be written in vector form as follows

B(t) = [Byo By - Bim Byk-1g - Byx-1y | @(1) (5.10)
where Bj; is s x r constant matrix of the coefficients of Legendre scaling function &;;(t).

These matrices can be found by the following formula
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2i—-2
2K

5.3.2. Parameterization A(t) and B(t) of Chebyshev Scaling Function

The parameterization of time varying matrices A(t)and B(t) from the problem of equation
(1.4) can be expressed in terms of Chebyshev scaling functions. The approximation of can be
given by

2K-1 M

Al = Z ZAijlpij
j=0

i=0
where Aj; is s X s constant matrix of the coefficients of Legendre scaling function.

W;; (D). These matrices can be found by the following formula

A(t) = [A10 Ai1 A Ay ...AZK—lM]qJ(t) (5.14)
it1
2K-1

In similar manner, B(t) can be expand in terms of Chebyshev scaling functions as follows

2K-1 M
i=0 j=0

also equation (5.16) can be written in vector form as follows
B(t) = [Byo Biy - Bim Byx-1q - Boyxo1py ¥ (1) (5.16)
where Bj; is s x r constant matrix of the coefficients of Chebyshev scaling functions

W;; (). These matrices can be found by the following formula

i
2K—1

i-1
2K—1

We can construct the quadratic form of linear time varying optimal problems from the

integration of state equation (1.4), equation (1.3) can be rewritten using Legendre and
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Chebyshev scaling function with operational matrix of integration, and unknown coefficients
to be easily solved using MATLAB in the following form.

Now to express the state equations in terms of the unknown parameters of the state variables
and the control variables, equation (1.4) can be integrated as

A(t)x(r)dr+f B(t)u(t)dt (5.18)

0

x(6) — x(0) = j

0
By substituting equation (5.2), (5.8), (5.10) and initial vector into (5.18)

(1L@0"®)a - (1,80 () sa"
= f t[A10 Ayp Ay Agx1g o Agk-1y | O (1) (15®®T(t)) adt
0

t
+f [Bio Biq - Bim Byk-tg ... Bykerpy | () (Ir®d)T(t)) bdt (5.19)
0

But

[A1p Arq o Apy Agk1g o Ag-1y |O(DDT (1) = T (DA } (5.20)
[B1o Bi1 - Bim Byk-1g - Byx-1y |O(D)DT(t) = T (1)B '
where A and Bare sN x sN and sN x rN constant matrices respectively. substituting equation

(5.20) into equation (5.19)
(L@0"®)a - (1,@0" (1) sa"

t t
= f @7 (t)Aadt + f @™ (9)Bbdt (5.21)
0 0

Now using the integration operational matrix P of Legendre and Chebyshev scaling function.
We get
(1L®0"(H)a - (180" (1)3a° = d"()(PTI)Aa + ®" (1) (P"®1,)Bb
Using the Kronecker product properties and equating the coefficient of I, @®T (t)
Insa — 3a° = (PT®I)Aa + (PT®I,)Bb
[(PT®I)A— Iy, (PT®I)B][}] = —5a° (5.22)
Combining the equality constraints (5.22) with (4.6) and (4.15) we get

PTRINA-1Iys  (PT®I)B |ra .
[] = s

(Y'®I) 0(K-1 (5:23)

_1)s><Nr
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Then compact quadratic form using approximation of performance index and (5.23) as
follows:

- T
min, z' Hz } (5.24)

Subjectto Fz=h
where, z = [g]

H=[RR®Q ONs><Nr
Onrxns  RR®R

F = (PT@IS)K - INs (PT®IS)§
| (@l 0gK-1

_1)s><Nr

—g,6
= [o _go l
(ZK 1_1)s><1

where A and B are the approximation of A(t) and B(t) from equation (5.14) and (5.16)
respectively.
The general form of the linear time varying optimal control problems are equation (1.3) with
quadratic performance indices and linear constraints. Then the general steps to approximate
state variables, control variables and performance indices using Legendre and Chebyshev
scaling function with unknown coefficients.
Step (1): Define the unknown coefficients of state and control variables according to K and
M. The unknown coefficients will be as follows
a = [a1g @11 - Aqy A Agq w Agp - ApK—1( we ApK-1py |T
b = [byg byy .. bym bag bag e boy o bok-1g o byk-1y]"
Step (2): Generate the scaling function depending on K and M.
D(t) = [P1o(t) Py (1) ... Pym(t) Ppp(t) Doy (1) . Pop (D) . Pox-1y(t) ... Pox-1py (D]
Step (3): Approximate the state and control variables.

2K-1 M

X©= " > Ao

n=1 m=0

2K-1 M

WO =D > bunPum

n=1 m=0
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Step (4): Find the vector of initial condition

5= @ & = [x(0)00..0]x;(0)00...0]T
22

Step (5): Find the points of ensured continuity and the continuity matrix.

D' = [Do(t) . Pyp(ty) Doty o Doy (ty) oo Poxco1g(t) oo Dox-1p (8]
Step (6): Find the approximation of A(t) using equation (5.9) and (5.15) and B(t) using
(5.11) and (5.17). We get the equivalent quadratic programming problem.
Step (7): Solve for the quadratic programming problem using MATLAB.
Step (8): Substitute the unknown coefficient value from step (7) into step (3) we get the
control variable and state variable.
Step (9): Substitute the unknown coefficient value from step (7) into the objective function,
and we get the approximate value.
Example 5.3 (Jaddu, 2006)

Find the optimal control u*(t) and state variable x*(t) which minimize the performance index.

min | = %f(xz (t) + u?(t))dt
0

Subject to x'(t) = tx(t) + u(t) , x(0) =1

Solution:
This optimal control problem transform into quadratic programming problem is similar steps
to the above example 5.1 with the same scaling parameter (K=2).
Using Legendre scaling function for M=1
First, we approximate matrix A and matrix B using equation (5.9) and (5.11) respectively.
Then the equivalent quadratic programming problem is

Min ~(a%,+a%, + a3, + a3, +b%, + b; + b3+b3,)

-23 1 -1

Subject to 5 a0t %blo — 4—\/§b11 =5
V3 47 1
an _Eall +W§b10 =0
1 V3 5 V3 1 1 1 -1

g d10 +ﬁa11 T 20 THdn +§b10 +szo_mb21 :ﬁ
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V3 47 1
16320 48321 43 20 =

1.4142a,, +2.4494a,; —1.4142a,, +2.4494a,,=0
For M=2 the equivalent quadratic programming problem is

Min 2 (a2, +a2,+a2, + a2, + a2, + a%,+b?, + b?, + b2, + b2, +b%, +b%,)

Subject to ialo 12\/_ 11+w_.a111+ b10 4‘1/§b11 =%
1 1 1 —
maw —an +ﬁa12 +4\/§b10 +4\/Eb12 =0
1 1
48\/§a11+4\/Eb11 =0
%310 +§a11 +§a12 +%azo_ﬁaz1 12\/—5122 2b10+ bzo 4\/1§b21=_?;
3 3 3 1 —
16\/—320 16Vis a1 — 16vis ax + \/—b20+4\/ﬁb22=0

! & 21+ ! 22+ ! b,; =0

415 21

—a
485 20+ 16V15
1.4142a,, +2.4494a,, + 3.1622a,, —1.4142a,, +2.4494a,, — 3.1622a,,=0

For M=3 the equivalent quadratic programming problem is
Min 2 (a%,+a%,+a2, + a2, +ad, +ad, +ad, +a;+b%, +b%, +b%, +b

b3, +b3,+b3, + b33)

-1

Subject to ialo _#312 _ﬁals +3b10 _ %bn -2
-1 1 1 1
malo + 12\/—311 8\/_ a;p + \/—bm —ﬁb12 =
1 1 27 6 1 1
W—aw 16\/_ d12 14\/ﬁ312 _280\/5313 +4\/Eb11 —4—\/§b13 =
1 V3 27 3 1
W—aw 12\/— a2 —112\/ﬁ312 +ma13 +4—\/ﬁb12 =
%am +\§a11 ++/3ay, +ia20 +Z—§a21 6\/1_a22 2b10
1 1 -1
szo _mbm -2
3 1 3 3 1 1
e B2 T Vs 2 T3 R T gygs e L

——ay, +
12v3 2% " 4vy8 2t 16V15
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ﬁ—azo 6V1E az + 1;0322 + 4\/11—5b21 _4—\/1%b23 =
V3 3 3 1
210772 T 16v3s 2 T 140v35 2 T avs
1.4142a,, +2.4494a,, + 3.1622a,, + 3.7416 a5 -1.4142a,, +2.4494a,, — 3.1622a,, +
3.7416a,3=0
Using Chebyshev scaling function For M=1

b22=0

First, we approximate matrix A and matrix B using equation (5.15) and (5.17) respectively
Then the equivalent quadratic programming problem is

Min —(2a%+7a%, + 2a%, + > a3, +2b%, + b, + 2b3,+3b%,)

Subject to ﬁaw + $a11 +- b10 B}bu = _Z—ﬁ
1 1 1
Tcnal" +—24ﬂ\/§a11 + mbm =0
gaw +— - a11+48 1\/—320 +iaz1+ib1o +ibzo_$bz1 =_2_ﬁ
1 1 1
gazo 24m2 a + \/_b20=0

1.1284a,, +1.5958a,, — 1.1284a,, +1.5958a,,=0

For M=2 the equivalent quadratic programming problem is

Min i (Zaio—%ﬁaloalz + §a§1+0.594na§2 + 2a3, — %azoazz + %a%l + 0.594ma3,
42 4 42 4
+2b%0 - Tbloblz + §b%1 + 0.594‘T[b%2 + 2b%0_ szobzz + §b%1 +0.594T[b%2)
. 5 1 1 23 -V
Subject to 28myz 410 T g s A T o s T b10 \/—bll — ——=by; = TT[
1L, V5 V2 w128
121_[310 241_[\/2311 241_[312 81v2 10 4y 11T P12 =
7 1 1 11v2 3 _
9er 410 +m311 +ﬁ311 ?blo Ton \/—b11 o \/gblz =0
11v2 \/’ 5 1 7 172 1 _—Vm
Zen 410 +— — 2920 ++6—ﬁazz - ;blo o \/—b11 Tom ——by, — ﬁbm =7
11 + 1 > + 1 b,o + ! b, + > b 0
a A, — a =
1om 220 24120 21 42 22 2412 20 P 21 T 5 P2
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1 . 1 1 V2 _— 3v2 b V2
a a ———a —
12n°%° " 22 3mV10 32m 2% " 4mf5 2t w5

1.1284310 +15958311 + 1.5958312 _1.1284320 +15958a21 - 1.5958322:0
For M=3 the equivalent quadratic programming problem is

i 2 4\/— 68 2 2 42
Min 2_71', (2310 ——4dqpdq2 + - 311+ 312 + 311313 + _313 + ZaZO—TaZOaZZ +

b22=0

_321+ 322 + 321323 + @a% + Zb%O b10b12 + - b%l'l' b + b11b13 + b

2b§0 b20b22+ b§1+ b + b21b23+ b

] 1 7 1 1 1
SubjeCt tO ﬁalo - F‘man _7_2n312 - Eal3 + mblo - ;bll - mblz +
1 b o —/r
128 B 2
1 1 1 N 1 b 5 b 0
a0 — a4 ———a — -
127 210 4872 11 242 12 T 3 Db10 122 12
! 1 + \/E ! V2 b + ! b V2 b 0
961 " gy M M2 T 96n ™3 T Ton 11 T 16n 12 48m B
1 P b1 b1 LIR \/Eb 0
—a ——a —a Az — =
112 1 1 27 7 9 1 72 2
o d10 T prdin Tz To-dizt o T og-d T oo —dgg "'Ebm —;blz +
5 1 1 1 _ —Vn
mbzo—;bm +—8m/§b22—gb23 ==
5 1 5 1 1 5

—ayo + az; — az, — ay;t+-—b
41_[ 20 481'[\/? 21 4‘1'[\/5 22 4‘01_[\/2 23 31_[ 20 — 12 \/—
1 V2 V2 W2 V2 1 «/i

_— il — b, +—0Db
96m 220 T 35821 T 195322 T ga 823 T g P20 T g 022 T

-3 1 +\/§ N V2 L +\/§
81 20 " a4y 2t T 48n 22 T 288n 2% T 36m 20

1.1284a10 +1.5958311 + 1.5958312 + 1.5958313 _1.1284320 +1.5958a21 - 1.5958322 -
1.5958a,5=0
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approximation of state and control variable
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The approximation of the state and control variable using Legendre scaling function
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approximation of state and control variable
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Figure 9. The approximation of state and control variable using Chebyshev scaling function

These Figure 8 and 9 are shows the approximation value of the state variable x(t) and the
control variable u(t) at a time t, t€ (0,1). The results were obtained increase the degree of
Legendre and Chebyshev scaling function it is noted that the control variable and state
variable is not monotonic (i.e. neither increases nor decreases) when we increase time interval.
Such behavior indicates that an increases time does not necessarily improve the estimate

accuracy value of state variable and control variable.
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Table 3. A comparison between Legendre and Chebyshev scaling function with the

approximation of performance index of example 5.3.

optimal value (Elnagar, 1997) 0.484290813333
Order of poly Performance index (J)
Legendre Error Chebyshev Error
M=1 0.473005235031115 1.13 x 107% 0.421225626818946  6.30 x 1072
M=2 0.485846388354424 1.55x 1073 0.474117777216600 2.01 x 1073
M=3 0.484919052338766 6.28x 10™*  0.484944922800065 6.54 x 10~*

In Table (3), shows that the approximation value of performance index for the linear time

varying quadratic OCP using Legendre scaling function and Chebyshev scaling function;

when we applied theses methods at example (5.3) we see that the effectiveness of the

Legendre scaling function method from Chebyshev scaling function. This shows that

increasing the degree of polynomial (M), the performance index (J) moves closer to the

optimal value. The programming was performed using MATLAB 8.1 to execute the program.

5.4. Advantages and Disadvantages of Legendre and Chebyshev scaling

Function Methods

Legendre and Chebyshev scaling function Methods have several advantages such as:

Easy approximation of state variable and control variable,
No integration of the state equations,

. No need to use co-state variables (adjoint function),

. Small quadratic programming problems were to be solved.

1
2
3
4. Explicit formula was derive to approximate the quadratic performance index and
5
6

. To their disadvantage, Legendre and Chebyshev scaling function methods defined

only the time interval between zero and one (i.e t € [0,1] ).
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6. SUMMARY, CONCLUSION AND RECOMMENDATION

6.1. Summary

Optimal control problem is the process of determining control variables and state variables for
a dynamic system as a function of time to minimize (maximize) the performance indices.
Linear quadratic optimal control problem is a special type of optimal control problem that
deals with linear system and minimization of cost or objective functions that are quadratic in
state and in control (subject to some constraints) with performance index determination. This
project works depends on state-control parameterization technique via Legendre scaling
function and Chebyshev scaling function in which the linear state equations are replaced by a
sequence of both LTI and LTV algebraic equations. The aims of the proposed methods are to
approximate the control variables, state variables and performance index. In order to solve
linear time quadratic optimal control systems by using Legendre scaling function and
Chebyshev scaling function methods are firstly changed the linear time quadratic OCPs into
QP problem, then the QP problems was solved using MATLAB code.

In addition, we choose Legendre scaling function and Chebyshev scaling function, which have
many advantages over the other orthogonal polynomials, and functions. These two methods
have several advantages such as easy approximation, no integration of the state equations, no
need to use co-state variables (Lagrange multiplier), explicit formula was derive to
approximate the quadratic performance index, and small quadratic programming problems
were to be solved. These scaling functions approximate the control and/or state by finite terms
and employing an OMI to eliminate the integral operations. The proposed methods are suitable

for solving both LTI and LTV quadratic optimal control systems.

6.2. Conclusion

In this project, we proposed numerical methods to solve different types of optimal control
problems such as both LTI and LTV quadratic optimal control systems by using Legendre
scaling function and Chebyshev scaling function methods. These two methods were based on
parameterizing the system of state variables and control variables using a finite length of
scaling functions. Applying these methods, the linear time quadratic OCPs was converted into

QP problems with in unknown coefficients and known scaling function and it has solved the
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QP problems using MATLAB. Furthermore, the proposed methods could be -easily
implemented in a MATLAB. The results obtained for the linear time optimal control systems
with quadratic performance index using Legendre and Chebyshev scaling functions works for
finding the approximation values of the state variable x(t), the control variable u(t) and
performance indices. It was also deduced that the polynomial of scaling function with degree
three and the time interval t € [0,1], the absolute error is less (almost zero) with the Legendre
scaling functions than with the Chebyshev scaling functions method. Hence, the Legendre
scaling function method is more suitable for solving the linear time quadratic optimal control

systems.

6.3. Recommendation

Based on linear time quadratic optimal control systems the following basic recommendations
are suggested:

» In control-state parameterization with large number of unknown coefficients, which
have to be determined a; and b;; the system state equations have to be replace by a
large number of equality constraints; so control parameterization can be use instead of
control-state parameterization.

» Solve nonlinear time quadratic optimal control problems with inequality constraints
using these two methods.

» Use operational matrix of differentiation instead of operational matrix of integration
and solve the problem using Legendre scaling function and Chebyshev scaling
function.

» Solve linear time quadratic optimal control problems using these two methods with the
time interval t out of this range i.e. t ¢ [0,1] and the degree of polynomial is greater

than three.
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8. APPENDIX

%%%%%%%MATLAB code to compute the quadratic programming problems using
Legendre scaling function and Chebyshev scaling function.
%%%%%% For example 5.1

%% write the Legendre scaling functions in function. m
function [L10 ] = L10(t)

t=0.15:0.15:1;

L10=sqrt(2);

end

function [ L11 ] =L11(t)

t=[0.15:0.15:1];

L11=sqrt(6)*(4*t-1);

end

function [ L12 ] = L12(t)

t=[0.15:0.15:1];

L12=sqrt(5/2)*(3*(4*t-1)."2-1);

end

function [ L13] = L13(t)

t=[0.15:0.15:1];
L13=sqrt(7/2)*(5*(4*t-1)."3-3*(4*t-1));

end

function [ L21 ] =L21(t)

t=[0.15:0.15:1];

L21=sqrt(6)*(4*t-3);

end

function [ L22 ] = L22(t)

t=[0.15:0.15:1];

L22=sqrt(5/2)*(3*(4*t-3)."2-1);

end

function [ L23] = L23(t)

t=[0.15:0.15:1];



L23=sqrt(7/2)*(5*(4*t-3)."3-3*(4*t-3));

end

%%%%Legendre scaling functions

%%% END

%% write the coefficient matrices of quadratic programming problem in m. file
clear all % clears previously declared symbols.

clc % Clear command window

%% Now calling Legendre scaling functions

format long

z=[16,1];
U=zeros(4,4);
U(1,1)=2;

diag= zeros(4,4);

diag(1,2)=1/sqrt(3);

diag(2,1)=(-1)/sqrt(3);

diag(2,3)=1/sqrt(15);

diag(3,2)=(-1)/sqrt(15);

diag(3,4)=1/sqrt(35);

diag(4,3)=(-1)/sqrt(35);

diag(1,1)=1;

H=eye(16); % 16 by 16 identity matrix (hessian matrix)

O=zeros(4,4); % 4 by 4 zero matrix

I=eye(8,8); % 8 by 8 identity matrix

P=(1/4)*[diag U; O diag]; % the operational matrix of integration
tranP=transpose(P); % the transpose of operational matrix of integration
d=(-1)*tranP;

0=zeros(1,8); % 1 by 8 matrix

f=d-1;

c=[1.4142 2.4494 3.1622 3.7417 -1.4142 2.4494 -3.1622 3.7417];% continuity matrix
F=[f tranP; c 0]; % Matrix in linear equality constraints F*z = h

h=[(-1)*sqrt(2)/2 0 0 0 (-1)*sqrt(2)/2 0 0 0 0]'; %vector for linear equality constraints

a =zeros(1,16); % Vectors in linear term a*x
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Fineg=[]; % Matrix in linear inequality constraints F*z = h

hineg=[]; % Vector in linear inequality constraints F*z = h

lb=[1]; % Vector of lower bounds

ub=[1; % Vector of lower bounds

x0=1; % Initial point of x
opts=optimoptions('quadprog’,'Algorithm’,'interior-point-convex',' Display’,'off"); % minimizes
with the default optimization parameters replaced by values in options, an argument created
with the optimoptions function.

[z ,J]=quadprog (H, a, F, h, Fineq, hineq, Ib, ub, x0, opts);

display(z)

display(J)

al0=z(1);al1=z(2);a12=z(3);a13=z(4);a20=2(5);a21=2(6);a22=2(7);a23=2(8);
b10=2(9);b11=2(10);b12=2(11);b13=2(12);b20=2(13);b21=2(14);b22=2(15);b23=2(16);
X=al0*L10+all*L11+al2*L.12+al13*L13+a20*L10+a21*L21+a22*L22+a23*L.23
U=b10*L10+b11*L11+b12*L12+b13*L13+b20*L10+b21*L21+b22*L22+b23*L23
%%% %% % %% % %% %% % %% % % %% %% %% % %% %% % %% %% % %% % %% % %% %%
%%% %% % %% % %% %% % %% % %%

%%%%MATLAB code using Chebyshev scaling function

%%%write the Chebyshev scaling function in function.m

function[ C10] = C10(t)

t=[0.15:0.15:1];

C10=2/sqrt(pi);

end

function [C11] =C11(t)

t=0.15:0.15:1;

Cl11=(2*sqrt(2)/sqrt(pi))*(4*t-1);

end

function [ C12] = C12(t)

t=0.15:0.15:1;

C12=(2*sqrt(2)/sqrt(pi))*(2*(4*t-1)./2-1);

end
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function [ C13] = C13(t)

t=0.15:0.15:1;
C13=(2*sqrt(2)/sqrt(pi))*(4*(4*t-1)./3-3*(4*t-1));
end

function [ C21] = C21(t)

t=0.15:0.15:1;

C21=(2*sqrt(2)/sqrt(pi))*(4*t-3);

end

function [ C22 ] =C22(t)

t=0.15:0.15:1;
C22=(2*sqrt(2)/sqrt(pi))*(2*(4*t-3)."2-1);

end

function [ C23]=C23(t)

t=0.15:0.15:1;
C23=(2*sqrt(2)/sqrt(pi))*(4*(4*t-3)./3-3*(4*t-3));
end

%%%% Chebyshev scaling functions

%%END

%% write the coefficient matrices of quadratic programming problem in m. file
clear all % clears previously declared symbols.

clc % Clear command window

%%%% Now calling the Chebyshev scaling functions
format long

z=[16,1];

diag= zeros(4,4);

diag(1,1)=1/4;

diag(1,2)=1/(4*sqrt(2));

diag(2,1)=(-1)/(8*sqrt(2));

diag(3,1)=(-1)/(6*sqrt(2));

diag(2,3)=1/24;

diag(3,2)=(-1)/8;



diag(3,4)=1/24;

diag(4,1)=(-1)/(32*sqrt(2));

C=diag;

S=zeros(4,4);

S(1,1)=1/2;

S(3,1)=(-1)*sqrt(2)/6;

O=zeros(4,4);

P=[CS; O C];

tranP=transpose(P);

RR=[2/pi 0 (-2)*sqrt(2)/(3*pi) 0 0 0 0 0; O 4/(3*pi) 0 -4/(5*pi) 00 0 O;
(-2)*sqrt(2)/(3*pi) 0 28/(15*pi) 0000 O; 0 -4/(5*pi) 0 68/(35*pi) 00 0 0;
0000 2/pi 0 (-2)*sqrt(2)/(3*pi) 0;0 0 0 0 0 4/(3*pi) 0 -4/(5*pi);

0000 (-2)*sqrt(2)/(3*pi) 0 28/(15*pi) 0;0 0 0 0 0 -4/(5*pi) 0 68/(35*pi)];

O1=zeros(8);

H=[RR 01;01 RR];

I=eye(8,8);

d=(-1)*tranP;

0=zeros(1,8);

f=d-I;

c=[1.1284 1.5958 1.5958 1.5958 -1.1284 1.5958 -1.5958 -1.5958];% continuity matrix

F=[f tranP; ¢ 0]; % Matrix in linear equality constraints F*z = h

h=[(-1)*sqrt(pi)/2 0 0 0 (-1)*sqrt(pi)/2 0 0 0 0]'; Y%vector for linear equality constraints

a =zeros(1,16); %Vector in linear term a™*x

Fineq=[]; % Matrix in linear inequality constraints F*z = h

hineg=[]; %Vector in linear inequality constraints F*z = h

lb=[]; %Vector of lower bounds

ub=[1; %Vector of lower bounds

X0 =1; %lnitial point of X
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opts=optimoptions('quadprog’,'Algorithm’,'interior-point-convex',' Display’,'off"); % minimizes

with the default optimization parameters replaced by values in options, an argument created

with the optimoptions function.
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[z ,J]=quadprog(H, a, F, h, Fineq, hineq, Ib, ub, x0, opts);

display(z)

display(J)

al0=z(1);al1=z(2);a12=z(3);al3=z(4);a20=z(5);a21=z(6);a22=2(7);a23=z(8);

b10=2(9);b11=2(10);b12=2(11);b13=2(12);b20=2(13);b21=2(14);b22=2(15);b23=2(16);

X=al0*C10+al1*Cl1+al2*C12+al3*C13+a20*C10+a21*C21+a22*C22+a23*C23

U= b10*C10+b11*C11+b12*C12+b13*C13+bh20*C10+b21*C21+bh22*C22+h23*C23

%%% %% %% %% %% %% % %% % %% % %% %% % %% %% % %% %% % %% % %% %% % %%

%%%%%%%% %% %% %% %% % % %% %%

%%%%%%%%%%For example 5.2

%%%% MATLAB code using Legendre scaling function

%% write the coefficient matrices of quadratic programming problem in m. file

clear all % clears previously declared symbols.

clc % Clear command window

%% %% Now calling Legendre scaling functions

format long

z=[16,1];

U=zeros(4,4);

U(1,1)=2;

diag= zeros(4,4);

diag(1,2)=1/sqrt(3);

diag(2,1)=(-1)/sqrt(3);

diag(2,3)=1/sqrt(15);

diag(3,2)=(-1)/sqrt(15);

diag(3,4)=1/sqrt(35);

diag(4,3)=(-1)/sqrt(35);

diag(1,1)=1;

Q=[20000000;02000000;00200000;00020000;
00002000;00000200;00000020;00000002];

I1=eye(8); % 8 by 8 identity matrix

O1=zeros(8); % 8 by 8 zero matrix or all element are zeros
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H=[Q O1;01 I1]; % the Hessian matrix

O=zeros(4,4); % 4 by 4 zero matrix or all element are zeros

I=eye(8,8); % 4 by 4 identity matrix

P=(1/4)*[diag U; O diag]; % the operational matrix of integration

tranP=transpose(P); % the transpose of operational matrix of integration

d=(1/2)*tranP;

0=zeros(1,8); % 1 by 8 row matrix

f=d-I;

c=[1.4142 2.4494 3.1622 3.7417 -1.4142 2.4494 -3.1622 3.7417];% continuity matrix
F=[f tranP; ¢ 0]; % Matrix in linear equality constraints F*z = h

h=[(-1)*sqrt(2)/2 0 0 0 (-1)*sqrt(2)/2 0 0 0 0]'; % vector for linear equality constraints

a =zeros(1,16); %Vector in linear term a™x

Fineg=[]; % Matrix in linear inequality constraints F*z = h

hineg=[]; %Vector in linear inequality constraints F*z = h

lb=[]; %Vector of lower bounds

ub=[1; %Vector of lower bounds

X0 =1; %lnitial point of X
opts=optimoptions(‘quadprog’,’Algorithm’,'interior-point-convex',' Display’,'off"); % minimizes
with the default optimization parameters replaced by values in options, an argument created
with the optimoptions function.

[z ,J]=quadprog(H, a, F, h, Fineq, hineq, Ib, ub, X0, opts);

display(z)

display(J)

al0=z(1);al1=z(2);al2=z(3);a13=z(4);a20=z(5);a21=2(6);a22=2(7);a23=2(8);
b10=z(9);b11=2(10);b12=2(11);b13=2(12);b20=2(13);b21=2(14);b22=2(15);b23=2(16);
X=al0*L10+all*L11+al2*L12+al3*L13+a20*L10+a21*L21+a22* 22+a23*L.23
U=b10*L10+b11*L11+b12*L12+b13*L13+b20*L10+b21*L21+b22*L22+b23*L23
%%% %% % %% % %% %% % %% % %% % %% %% % %% %% % %% %% % %% % %% % %% %%
% %%%MATLAB code using Chebyshev scaling function

%% write the coefficient matrices of quadratic programming problem in m. file

clear all % clears previously declared symbols.



clc % Clear command window
%%%%% Now calling the Chebyshev scaling functions
format long

z=[16,1];

diag= zeros(4,4);
diag(1,1)=1/4;
diag(1,2)=1/(4*sqrt(2));
diag(2,1)=(-1)/(8*sqrt(2));
diag(3,1)=-1/(6*sqrt(2));
diag(2,3)=1/16;
diag(3,2)=-1/8;

diag(2,2)=0;

C=diag;

S=zeros(3,3);
S(3,1)=-sqrt(2)/6;

S(1,1)=1/2;

O=zeros(3,3);

P=[CS; O C];

tranP=transpose(P);

RR1=[4/pi O (-4)*sqrt(2)/(3*pi) 00 0;08/(3*pi) 000 O;
(-4)*sqrt(2) /(3*pi) 0 1.188000;0 00 4/pi 0 (-4)*sqrt(2)/(3*pi) ;
0000 8/(3*pi) 0;00 0O (-4)*sqrt(2) /(3*pi) 0 1.188];

RR2=[2/pi 0 (-2)*sqrt(2)/(3*pi) 00 0;04/(3*pi) 00 0 O;
(-2)*sqrt(2) /(3*pi) 0 0.594000;000 2/pi 0 (-2)*sqrt(2)/(3*pi) ;
0000 4/(3*pi) 0;00 0 (-2)*sqrt(2) /(3*pi) 0 0.594];

O1=zeros(6);

H=[RR1 01,01 RR2];
I=eye(6,6);
d=1/2*tranP;
0=zeros(1,6);
f=d-I;
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c=[1.1284 1.5958 1.5958 -1.1284 1.5958 -1.5958];% continuity matrix

F=[f tranP; c 0]; % Matrix in linear equality constraints F*z = h

h=[(-1)*sqrt(pi)/2 0 0 (-1)*sqrt(pi)/2 0 0 O]'; %vector for linear equality constraints

a =zeros(1,12); %Vector in linear term a*x

Fineg=[]; % Matrix in linear inequality constraints F*z = h

hineg=[]; %Vector in linear inequality constraints F*z = h

lb=[]; %Vector of lower bounds

ub=[1]; %Vector of lower bounds

X0 =1; %lInitial point of x
opts=optimoptions('quadprog’,’Algorithm’,'interior-point-convex',' Display’,'off"); % minimizes
with the default optimization parameters replaced by values in options, an argument created
with the optimoptions function.

[z ,J]=quadprog(H, a, F, h, Fineq, hineq, Ib, ub, X0, opts);

display(z)

display(J)

al0=z(1);al1=z(2);al2=z(3);a13=z(4);a20=z(5);a21=z(6);a22=2(7);a23=z(8);
b10=z(9);b11=2(10);b12=2(11);b13=2(12);b20=2(13);b21=2(14);b22=2(15);b23=2(16);
X=al0*C10+al1*Cl1+al2*C12+al3*C13+a20*C10+a21*C21+a22*C22+a23*C23

U= b10*C10+b11*C11+b12*C12+b13*C13+b20*C10+b21*C21+b22*C22+h23*C23
%%% %% % %% % %% %% % %% %% %% %% %% %% %% % % %% %% % %% % %% %% % %%
%%% %% % %% % %% %% % %% %% %% %% %% %%
%9%%%%%%%%%%%%%%%MATLAB code to compute the Legendre and Chebyshev
scaling function for the LTV quadratic optimal control problem.

%9%%%%%%%%%%% For example 5.3

%%%% MATLAB code using Legendre scaling function

%% write the coefficient matrices of quadratic programming problem in m. file

clear all % clears previously declared symbols.

clc % Clear command window

%% %% Now calling Legendre scaling functions

format long

z=[16,1];



U=zeros(4,4);
u(1,1)=2;

diag= zeros(4,4);
diag(1,2)=1/sqrt(3);
diag(2,1)=(-1)/sqrt(3);
diag(2,3)=1/sqrt(15);
diag(3,2)=(-1)/sqrt(15);
diag(3,4)=1/sqrt(35);
diag(4,3)=(-1)/sqrt(35);
diag(1,1)=1,
H=eye(16);
O=zeros(4,4);
I=eye(8,8);
P=(1/4)*[diag U; O diag];
tranP=transpose(P);
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Al=[1/4 sqrt(3)/12 sqrt(5)/2 0 0 0 0 0;sqrt(3)/12 1/4 sqrt(3)/3*sqrt(20) 3*sqrt(15)/70000 0;
sqrt(5)/2 sqrt(3)/3*sqrt(20) 27/28 3/140 00 0 0;0 3*sqrt(15)/70 3/140 3*sqrt(5)/7 000 0;

0000 3/4 sqrt(3)/1200; 0000 sqgrt(3)/12 (36+sqrt(60))/60 sqrt(3)/3*sqrt(20) O;
00000 sqrt(3)/3*sqrt(20) 3/4 3/140;0 00 00 0 3/140 0];

%%%the coefficient matrix of equality constraint

Bl=eye(8);

d=tranP*Al;

dl=tranP*B1,

0=zeros(1,8);

f=d-I;

c=[1.4142 2.4494 3.1622 3.7417 -1.4142 2.4494 -3.1622 3.7417];% continuity matrix

F=[f d1;c o]; % Matrix in linear equality constraints F*z = h

h=[(-1)*sqrt(2)/2 0 0 0 (-1)*sqrt(2)/2 0 0 0 0]'; %vector for linear equality constraints

a =zeros(1,16); %Vector in linear term a'*x

Fineq=[]; % Matrix in linear inequality constraints F*z = h

hineg=[]; %Vector in linear inequality constraints F*z = h
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lb=[1; %Vector of lower bounds

ub=[1]; %Vector of lower bounds

X0 =1; %lInitial point of X
opts=optimoptions('quadprog’,’Algorithm’,'interior-point-convex','Display’,'off"); % minimizes
with the default optimization parameters replaced by values in options, an argument created
with the optimoptions function.

[z J]=quadprog(H, a, F, h, Fineq, hineq, Ib, ub, X0, opts);

display(z)

display(J)
al0=z(1);al1=z(2);a12=z(3);a13=z(4);a20=2(5);a21=z(6);a22=2(7);a23=2(8);
b10=2(9);b11=2(10);b12=2(11);b13=2(12);b20=2(13);b21=2(14);b22=2(15);b23=2(16);
X=al0*L10+all*L11+al12*L.12+al13*L13+a20*L10+a21*L21+a22*L22+a23*L.23
U=b10*L10+b11*L11+b12*L12+b13*L13+b20*L10+b21*L21+b22* 22+b23*L23
%%% %% % %% %% %% %% %% %% %% %% %% % %% %% % %% %% % %% % %% % %% %%
% %%%MATLAB code using Chebyshev scaling function

%% write the coefficient matrices of quadratic programming problem in m. file

clear all % clears previously declared symbols.

clc % Clear command window

%%%%% Now calling the Chebyshev scaling functions

format long

z=[16,1];

diag= zeros(4,4);

diag(1,1)=1/4;

diag(1,2)=1/(4*sqrt(2));

diag(2,1)=(-1)/(8*sqrt(2));

diag(3,1)=-1/(6*sqrt(2));

diag(2,3)=1/16;

diag(3,2)=-1/8;

diag(3,4)=1/24;

diag(4,1)=(-1)/(24*sqrt(2));

C=diag;



S=zeros(4,4);
S(1,1)=1/2;
S(3,1)=(-1)*sqrt(2)/6;
O=zeros(4,4);
P=[CS; OC];
tranP=transpose(P);
RR1=[4/pi 0 (-4)*sqrt(2)/3*pi 00000; 0 8/3*pi 0 -8/5*pi 00 0 O;
(-4)*sqrt(2)/3*pi 0 1.188 00000;0 -8/5*pi 0 136/35*pi 0000;
0000 4/pi 0 (-4)*sqrt(2)/3*pi0;00000 8/3*pi 0 -8/5*pi;
0000 (-4)*sqrt(2)/3*pi 0 1.188 0;00000 -8/5*pi 0 136/35*pi];
RR2=[2/pi 0 (-2)*sqrt(2)/(3*pi)00000;0 4/(3*pi) 0 -4/(5*pi) 00 0 O;
(-2)*sqrt(2)/(3*pi) 0 0.594 0000 0; 0 -4/(5*pi) 0 68/(35*pi) 000O0;
0000 2/pi 0 (-2)*sqrt(2)/(3*pi) 0;00000 4/(3*pi) 0 -4/(5*pi);
0000 (-2)*sqrt(2)/(3*pi) 0 0.5940;00000 -4/(5*pi) 0 68/(35*pi)];
O1= zeros (8);
H=[RR1 O1; O1 RR2];
Al=[sqrt(2)/(4*pi) 1/(6*pi) -1/(6*pi) -1/(10*pi) 0 00 0;1/(6*pi) (sqrt(2)/(4*pi))-
sqrt(2)/(12*pi) (sqrt(2)/(12*pi))-(sqrt(2)/(20*pi)) -sqrt(2)/(12*pi) 0 0 0 O;
-1/6*pi (sqrt(2)/12*pi)-(sqrt(2)/20*pi) (sqrt(2)/4*pi) sqrt(2)/12*pi 000 O;
-1/10*pi  -sqrt(2)/12*pi sqrt(2)/12*pi sqrt(2)/4*pi 000 O;
0000 sqrt(2)/2*pi 1/6*pi -9/(2*pi) -1/10*pi;0 0 0 0 1/6*pi
(sqrt(2)/(2*pi))-9*sqrt(2)/(4*pi) (sqrt(2)/(12*pi))-sqrt(2)/20*pi -9*sqrt(2)/4*pi;
0000 -9/2*pi (sqrt(2)/12*pi)-sqrt(2)/(20*pi) (sqrt(2)/2*pi) (sqrt(2)/12*pi);
0000-1/10*pi -9*sqrt(2)/4*pi (sqrt(2)/12*pi) (sqrt(2)/2*pi)];
bl=[sqrt(2)/pi 0 -2/3*pi 0;0 sqrt(2)/pi-sqrt(2)/3*pi 1/pi -sqrt(2)/pi;
-2/3*pi 0 sqgrt(2)/pi 0 ;0 sqrt(2)/3*pi 0 sqrt(2)/pi];
01= zeros (4);
B1=[bl o1; 01 b1];
d=tranP*Al,;
11=eye (8);

0= zeros (1, 8);
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f=d-I11;

dl=tranP*B1;

c=[1.1284 1.5958 1.5958 1.5958 -1.1284 1.5958 -1.5958 -1.5958];% continuity matrix
F=[f d1;c o]; % A Matrix in linear equality constraints F*z = h

h=[(-1)*sqrt(pi)/2 0 0 0 (-1)*sqrt(pi)/2 0 0 0 O]; %vector for linear equality constraints

a =zeros(1,16); %Vector in linear term a*x

Fineg=[]; % Matrix in linear inequality constraints F*z = h

hineg=[]; %Vector in linear inequality constraints F*z = h

lb=[]; %Vector of lower bounds

ub=[1]; %Vector of lower bounds

X0 =1; %lInitial point of x
opts=optimoptions('quadprog’,’Algorithm’,'interior-point-convex',' Display’,'off"); % minimizes
with the default optimization parameters replaced by values in options, an argument created
with the optimoptions function.

[z ,J]=quadprog(H, a, Fineq, hineq, F, h, Ib, ub, X0, opts);

display(z)

display(J)

al0=z(1);al1=z(2);al2=z(3);a13=z(4);a20=z(5);a21=2(6);a22=2(7);a23=z(8);
b10=z(9);b11=2(10);b12=2(11);b13=2(12);b20=2(13);b21=2(14);b22=2(15);b23=2(16);
X=al0*C10+all1*Cl1+al2*C12+al3*C13+a20*C10+a21*C21+a22*C22+a23*C23

U= b10*C10+b11*C11+b12*C12+b13*C13+b20*C10+b21*C21+b22*C22+h23*C23
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Table 4. Approximations of state and control variable using Legendre and Chebyshev scaling

functions of example 5.1.

Time (t) Order poly x(t) u(t)
LSF CSF LSF CSF

m=1 1.9653 1.4847 -0.7327 -0.6680

0.15 m=2 1.5957 1.5947 -0.4479 -0.3556
m=3 1.6182 1.6453 -0.6198 -3.8619

m=1 1.6333 1.2684 -0.6162 -0.5796

0.3 m=2 1.3152 1.3144 -0.4220 -0.3420
m=3 1.3238 1.3306 -0.4688 -1.8163

m=1 1.3013 1.0521 -0.4996 -0.4913

0.45 m=2 1.0842 1.0836 -0.3227 -0.2789
m=3 1.0855 1.0773 -0.3439 -0.6590

m=1 0.9693 0.8358 -0.3831 -0.4029

0.6 m=2 0.9028 0.9022 -0.1500 -0.1664
m=3 0.8935 0.8705 -0.2400 0.2847

m=1 0.6373 0.6195 -0.2665 -0.3145

075 m=2 0.7709 0.7701 0.0962 -0.0045
m=3 0.7383 0.6952 -0.1518 1.6894

m=1 0.3053 0.4033 -0.1500 -0.1672

0.9 m=2 0.6885 0.6875 0.4157 0.2069
m=3 0.6104 0.5365 -0.0744 4.2298
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Table 5. Approximations of state and control variable using Legendre and Chebyshev scaling
functions of example 5.2.

Time Order poly x(t) u(t)
(® LSF CSF LSF CSF
m=1 1.4531 1.5532 -2.6802 -2.1678
0.15 m=2 1.6671 1.6662 -2.4147 -2.4922
m=3 1.6652 1.7678 -2.6770 -14.3976
m=1 1.3364 1.4977 -2.0592 -1.7808
0.3 m=2 1.4404 1.4395 -1.9165 -1.9584
m=3 1.4399 1.4689 -2.0376 -6.8221
m=1 1.2197 1.4087 -1.5405 -1.3938
0.45 m=2 1.2820 1.2811 -1.4437 -1.4589
m=3 1.2814 1.2833 -1.4973 -2.4359
m=1 1.1030 1.3720 -1.0218 -1.0068
0.6 m=2 1.1919 1.1909 -0.9961 -0.9936
m=3 1.1837 1.2033 -1.0335 1.8781
m=1 0.9863 1.3198 -0.5032 -0.6198
0.75 m=2 1.1701 1.1689 -0.5738 -0.5626
m=3 1.1410 1.2216 -0.6202 9.2372
m=1 0.8696 1.2309 0.0155 -0.2328
0.9 m=2 1.1166 1.0940 -0.1768 -0.1658

m=3 1.0475 1.1306 -0.2314 22.7585
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Table 6. Approximations of state and control variable using Legendre and Chebyshev scaling

Functions of example 5.3.

Time  Order poly x(t) u(t)
(t) LSF CSF LSF CSF
m=1 1.2784 1.6492 -3.0390 -1.2336
0.15 m=2 1.8931 2.6095 -2.7084 -6.9679
m=3 1.5152 0.4999 -7.5219 20.8443
m=1 1.2271 1.5683 -2.1874 -1.0441
0.3 m=2 1.6627 1.1326 -1.8851 -4.7175
m=3 1.4647 0.6109 -3.4344 7.9199
m=1 1.1758 1.4874 -1.3359 -0.8545
0.45 m=2 1.5245 0.9572 -1.3470 -2.6952
m=3 1.4453 0.5353 -1.4903 2.4527
m=1 1.1245 1.4065 -0.4843 -0.6649
0.6 m=2 1.4785 2.0833 -1.0941 -0.9011
m=3 1.7409 0.1791 -1.5326 -0.1960
m=1 1.0732 1.3256 0.3672 -0.4753
0.75 m=2 1.5247 4.5110 -1.1264 0.6648
m=3 2.6350 -0.5514 -3.4040 -4.6649
m=1 1.0219 1.2447 1.2187 -0.2857
0.9 m=2 1.6632 8.2402 -1.4438 2.0025
m=3 4.4114 -1.7500 -6.9474 -15.5926




