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Functional Identities on Semiprime Rings with Multiplicative
(Generalized)-Derivations

ABSTRACT

The main purpose of this project was to study some functional identities on semiprime rings
with multiplicative (generalized)-derivations. This is because, which facilitate semiprime ring
Is essential in multiplicative (generalized)-derivation. The important preliminary concepts,
examples, lemmas and theorems were presented to make the concept of functional identities on
semiprime rings with multiplicative (generalized)-derivations more clear. In order to study
functional identities on semiprime rings with multiplicative (generalized)-derivations used
many methods such as commuting map, derivation, multiplicative derivation, left ideal,
multiplicative left centralizer and multiplicative (generalized)-derivation were presented. The
results show that semiprime ring is essential in all theorems and multiplicative (generalized)-
derivations is commuting map on left ideal. Finally, results of some examples shows that

essentiality semiprimeness.

Key words: Commuting map, Derivation, left ideal, multiplicative (generalized)-derivation

multiplicative left centralizer, semiprime ring.



1. INTRODUCTION

1.1. Background of the Study

The study of rings originated from the theory of polynomial rings and the theory of algebraic
integers. A ring is an abelian group with first binary operation and with second binary
operation that is associative, is distributive over the abelian group operation, and has an
identity element. By extension from the integers, the abelian group operation is called addition

and the second binary operation is called multiplication.

Aring R is called prime ring if for any a, b € R,aRb = {0} implies that eithera = 0 orb = 0

and is called semiprime if aRa = {0} implies that a = 0.

Posner (1957) defined derivation in ring as follows An additive mapping d: R — R is called a

derivation of R if d(xy) = d(x)y + xd(y) holds for all x, y element of a ring R.

Following above definition, Bresar (1991) introduced the concept of generalized derivations in
rings as follows:- An additive mapping F: R — R is called a generalized derivation if there
exists a derivation d on a ring R such that F(xy) = F(x)y + xd(y) for all x,y € R.
Thereafter Hvala (1998) has introduced the notion of generalized derivations in prime rings.

Motivated by above definitions, Daif (1991) introduced the concept of multiplicatve derivation
as follows a mapping d:R - R such that d(xy) = d(x)y + xd(y), but mapping is not
additive for all x,y in R and was motivated by the work of (Martindalelll,1969). Therefore

complete description of those maps was given (Goldmann and semrl, 1996).

Based by above concepts, Daif and Bell (1992) proved that if R is a semiprime ring with a
nonzero ideal I and d is a derivation of R such that d([x,y]) = +[x,y] forall x,y € I, then I is

a central ideal. In particular, if I = R then R is commutative.

Ashraf and Rehman (2001) proved that if R is a prime ring with a nonzero ideal I of R and d is
a derivation of R such that either d(xy) — xy € Z(R) forall x,y € I or d(xy) + xy € Z(R) for all

x,y € I,then R is commutative.


https://en.wikipedia.org/wiki/Polynomial_ring
https://en.wikipedia.org/wiki/Algebraic_integer
https://en.wikipedia.org/wiki/Algebraic_integer
https://en.wikipedia.org/wiki/Abelian_group
https://en.wikipedia.org/wiki/Binary_operation
https://en.wikipedia.org/wiki/Binary_operation
https://en.wikipedia.org/wiki/Distributive_property
https://en.wikipedia.org/wiki/Identity_element
https://en.wikipedia.org/wiki/Integer

Recently Ashraf et al. (2007) have studied the situations when derivation d is replaced with a
generalized derivation F. More precisely, they proved that a prime ring R must be
commutative, if R satisfies any one of the following conditions for all x,y € I:
(i) F(xy) —xy € Z(R)
(ii) F(xy) +xy € Z(R)
(iii) F(xy) —yx € Z(R)
(iv) F(xy) + yx € Z(R)
(v) F(x)F(y) + yx € Z(R) and
(i) FOOF(y) —yx € Z(R)
where F is a generalized derivation of a ring R associated with a nonzero derivation d , Z(R)

is a center of aring R and I is a nonzero two-sided ideal of R.

Daif and Sayiad (2007) Motivated by the definition of multiplicative derivation extended the
notion of multiplicative derivation to multiplicative generalized derivation as follows a
mapping F: R = R such that F(xy) = F(x)y + xd(y) for all x,y € R, where d is a derivation

from R into R.

Based by above definition, Dhara and Ali (2013) make a slight generalization of Daif
derivation d as any map, defined that a mapping F: R — R (not necessarily additive) is said to
be a multiplicative (generalized)-derivations if F(xy) = F(x)y + xd(y) holds for all x,y €
R, where d is any map (not necessarily a derivation nor additive map) and they proved some

functional identities on semiprime ring involving multiplicative (generalized)-derivations.

Thereafter Ali et al. (2015) proved some functional identities of semiprime ring involving
multiplicative (generalized)- derivation in rings. In the same year Tiwari et al. (2015) proved
the study of commutativity of semiprime rings and nature of mapping with multiplicative

(generalized)-derivation in rings.

Recently Alhazmi (2016) proved some funcional identities involving two multiplicative
(generalized)-derivation in prime rings. In the same year Deepak and Gurninder (2016) Proved

some functional identities on semiprime ring with multiplicative (generalized)-derivation.



Very recently Camci and Aydin (2017) proved some functional identities with multiplicative
(generalized)-derivation and multiplicative left centralizer.

In this project we discussed in detail different functional identities on semiprime rings with
multiplicative (generalized)-derivations.



1.2. Statement of Problem

Daif (1991) introduced the concept of multiplicative derivation and Daif and Sayiad (2007)
extended multiplicative derivation to multiplicative generalized derivations, thereafter
multiplicative generalized derivation has been extended to multiplicative (generalized)-
derivations by Dhara and Ali (2013).

To state and prove theorems that deal with essentiality of semiprime ring R in multiplicative
(generalized)-derivation. In a connection with this many results have been stated proved in the
last five years.

Dhara and Ali (2013) stated and proved some theorem about functional identities on
semiprime ring R involving multiplicative (generalized)-derivations under the following

conditions for all x,y € I:
(D) Fxy) £xy =0
(i) F(xy) yx =0
(iti) F(xy) £ yx € Z(R)
(iv) F(xy) £ xy € Z(R)
() FOF(y) txy =0
(vi) F(x)F(y) £ xy € Z(R) and
(vii) F(x)F(y) £ yx € Z(R).

where F is a multiplicative (generalized)-derivations of a ring R associated with any map d

(not necessarily derivations) and I is a nonzero two- sided ideal of a ring R.

Camci and Aydin (2017) stated and proved some identities with multiplicative (generalized)-
derivations F and multiplicative left centralizer H under the following conditions:

() F)F(y) xH(xy)=0

(i) Fxy) £ H(yx) =0



(i) Fxy) £ H(xy) =0

(iv) F(xy) £ H(xy) € Z(R)

(v) F(xy) = H(yx) € Z(R) and

(wi) F(x)F(y) £ H(xy) € Z(R)
forall x,y € R.

In this project we tried to:

(1) Provide all the necessary preliminary concepts and ideas on multiplicative
(generalized)-derivations in semiprime rings.

(i) Elaborate the ideas and concepts on functional identities on semiprime rings with
multiplicative (generalized) derivations presented in Dhara and Ali (2013) and
Camci and Aydin (2017).

(iii)  Provide more detailed proof of the theorems stated and proved by Dhara and Ali
(2013) and Camci and Aydin (2017).



1.3. Objective

Then main objective of this project was to study some functional identities on semiprime rings

with multiplicative (generalized)-derivations.

The study explored the following specific objective
» To discuss the condition of multiplicative (generalized)-derivations to be commuting
map on left ideal L.
» To discuss about essentiality of semiprimeness ring R in multiplicative (generalized)-
derivations.
» To prove some theorems in the multiplicative (generalized)-derivations in semiprime

rings with functional identities.



2. LITERATURE REVIEW

Ali et al. (2015) proved some functional identities of rings involving multiplicative
(generalized)-derivations in rings and they studied the following identities:

(D) FGIF(y) £ [x,y] € Z(R)

() F)F(y) £ xoy € Z(R)

(i) F([x, y]) £ [x, y] € Z(R)

(iv) F(xey) £ (xoy) € Z(R)

() F([x, yD) £ [F(x),y] € Z(R)
(vi) F(x o y) £ (F(x) o y) € Z(R) and
(wid) [F(), y] £ [G(y), x] € Z(R)

for all x,yin some appropriate subset of a ring R, where F and G are multiplicative
(generalized)-derivations and Z(R) is a center of a ring R.

Base on above results, Tiwari et al. (2015) proved the study of commutativity of semiprime
rings and nature of mapping with multiplicative (generalized)-derivations in rings and they
studied the following functional identities for all x,y € I:

(D) Glxy) £ FCOF (y) £ [a(x),y] =0
(i) Gxy) £ F(OF(y) £ [x,a(y)] = 0
({t)) F(xoy) £ d(x) ey =0

(iv) G(xy) £ [F(x),y] £yx =0

(v) G(xy)  [x,F(y)] + yx = 0 and

(i) Gxy) £ F)F(y) £xey =0



where I is a non-zero ideal in primering R and a : R = R is any mapping, G and F are two

multiplicative (generalized)-derivations associated with the mappings d on R.

Motivated by above results, Alhazmi (2016) proved some functional identities involving two
multiplicative (generalized)-derivations in rings and studied the commutativity of prime rings
involving multiplicative (generalized)-derivations with annihilating conditions. More
precisely, he studied the identities that a(G(xy) + F(x)F(y) + yx) = 0, for all x,y € I, where

I isanon zero ideal of R and F, G are multiplicative (generalized)-derivations of prime ring R.

Following above results, Deepak and Gurninder (2016) proved some identity of multiplicative
(generalized)-derivations of rings in the setting of left ideals of rings and studied the following

situations:
() Flx,yl£xy =0
(i) Flx,y] £ yx = 0
(iii) F(xoy) £ xy =0
(iv) F(xoy) £yx =0
() d(x)F(y) £xy =0
(vi) d(x)F(y) £ yx = 0and

Wi)[F(x),yl £xoG(y) =0

for all x,y in some appropriate subsets of R, where F, G are multiplicative (generalized)-

derivations and d is any map (note necessarily a derivation nor additive).



3. METERIAL AND METHODS

This chapter outlines the methods and materials that was used to study functional identities on
semiprime rings with multiplicative (generalized)-derivations and materials used in the study.
Sources of relevant information collected on functional identities on semiprime rings with
multiplicative (generalized)-derivations from internets, related updated journals, library, and
web recorded subsequently. Specifically:
» The important preliminary concepts, definition, lemmas, semiprimeness, ideal,
nilpotent ideal, examples and theorem was discussed to make the concept clear.
» The collected information was analyzed.
» Relevant journals were consulted to gather information about functional
identities on semiprime rings with multiplicative (generalized)-derivations.
» Proved some theorem on functional identities on semiprime rings with

multiplicative (generalized)-derivations to make the concept clear.
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4. PRELIMINARY

This chapter contains basic definitions and examples in which we shall need for the

development of the subject in the subsequent chapter of the present project.
4.1. Some ring theoretic notions

Definition 4.1.1. A non-empty set of R with two binary operation addition (+) and
multiplication (-), then < R, +,-> is said to be a ring R, if satisfying the following properties:

(1) (R,+) isan Abelian group

(2) (R, -)isasemigroup.

(3) Distributive laws hold
0] a-(b+c)=a-b+a-cforalla,b,c €R, (Left distributive laws)
(i) (a+b)-c=a-c+b-cforalla,b,c eR, (Rightdistributive laws)

Example 4.1.1. < 7Z,+,-> is set of integer ,< Q, +,-> is set of a rational numbers and
< R,+,.> is a set of real numbers are examples of a ring R, under addition (+) and

multiplication (-).

Definition 4.1.2. For any pair of elements x,y in a ring R, the multiplicative commutator

denoted by [x, y] = xy — yx.
Properties commutator on rings

(i) [xy, z] = x[y,z] + [x,z]y forall x,y,z € R.
(i) [x,vz] = ylx,z] + [x,y]z forall x,y,z € R.
(i) [x+y,z]=[xz]+][yz] forall x,y,z €R.
(iv) [x,y +z] = [x,y] + [x, 2] forallx,y,z €R.

(V) [x,x] = 0, since by definition 4.1.2. we get xx — xx = 0 forall x € R.
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Definition 4.1.3. A ring R is said to be prime if for any a ,b € R,aRb = {0} implies either
a=0orb=0.

Definition 4.1.4. A ring R is said to be semiprime if for anya € R such that aRa = {0}

implies a = 0.

Definition 4.1.5. Let R be a ring, then center of a ring R is defined as the collection of all
those members of R which commutes with every members of R and denoted by Z(R). i.e.
Z(R) ={a € Rlax = xa V x € R}.

Definition 4.1.6. A non-empty subset Iof aring R is called a right ideal of R if:

(i) a,b € limpliesa—b €l

(i) a€l,r € Rimpliesar € 1

and a left ideal of R if ra € I and I is called a two sided ideal of R if it is both left and right
ideal of R.

Example 4.1.6. Even integer is both sided ideal of integer Z.

Definition 4.1.7. Let R be a ring. An ideal A is said to be nilpotent if A™ = 0 for any natural

number n, where n is the index of A.

Example 4.1.7. Zero ideal always nilpotent ideal as 01 = 0.
4.2. Multiplicative (generalized)-derivation in rings

Definition 4.2.1. Let R be aring and d is mapping from R to R, then d said to be derivation
onRif:

(i) d is additive on ring R, that means d(x + y) = d(x) + d(y) forall x,y € R.
(i) d(xy) = d(x)y + xd(y), forall x,y € R.

Example 4.2.1. Let S be any ring, next, letR = {(8 Z

. .4(0 a\y _ (0 a . ..
d: R - R as follows: d (0 b) = (0 0). Then d is derivation.

) |a, b€ S}, and define the map
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Verification:

) 0 o 0 a\\ _ ,(0 a 0 a,
(i) d ((0 bl) + (0 bz)) =d (0 bl) +d (0 bz) that means d is additive on R.

@ a3 36 5)=¢C 2@ 8)+6 ) 5)

Then d is derivation on R.

Definition 4.2.2. An additive mapping F:R — R is called a generalized derivation of R,

associated with a derivation d: R — R, such that F(xy) = F(x)y + xd(y), forall x,y € R.

0 a

Example 4.2.2. let S be any ring, next, letR = {(0 b

) |a, b€ S}, and define the maps

d,F:R — R as follows:

d (O a) = (O a) and F (O a) = (O O). Then F is generalized derivation.

0 b 0 0 0 b 0 b
Verification:
) 0 oy 0 a\\ _ /(0 a 0 az) . -
(i) F ((0 b1> + (O b2)> =F (0 b1) +F (O b, that means F is additive on R.

O (I [ g R R [ R H S KL )

Then F is generalized derivation on R.

o

Definition 4.2.3. A multiplicative derivation of R is a map d: R — R which satisfies d(xy) =

d(x)y + xd(y), for all x,y € R of course these maps are not additive.
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0 a b
Example 4.2.3. let S be any ring, next, letR = {(0 0 c> |a,b,c € S}, and define the
0 0 O

0 a b 0 0 a?
maps d: R - R as follows: d{0 0 ¢ |= <0 0 0 ).Then d is multiplicative derivation
0 0 0 0 0 O

of R.

Definition 4.2.4. Let H: R — R be a map. If H(xy) = H(x)y holds for all x,y € R, then H is

called a multiplicative left centralizer.

0 a b
Example 4.2.4. LetR = {(O 0 c) |a,b,c € Z } where Z is the set of all integers and
0 0 O

0 a b 0 Aa Ab
the maps H:R — R defined by H(O 0 c> = (0 0 /1c>, where A € Z, then H is
0 00 0 0 O

multiplicative left centralizer.

Verification:

H <0 0 ¢ <0 0 ¢ | |=H <O 0 /161> 0 O c2>.
0O 0 0/\0 O O 0 0 0 0 0 O

Then H is multiplicative left centralizer.

Definition 4.2.5. Let S be a non-empty subset of R. A map F: R — R is called centralizing on
Sif[F(x),x] € Z(R) forall x € S and is called commuting on S if [F(x),x] = 0 forall x € S.

Definition 4.2.6. A map F: R — R is called multiplicative generalized derivation of R, if there
exists a derivation d such that F(xy) = F(x)y + xd(y) forall x,y € R.
0 a b

Example 4.2.6. Let S be any ring, next, letR = {(0 0 c) |a,b,c € S } and define the
0 0 O

maps d and F: R — R as follows:

0 a b 0 0 a? 0 a b 0 0 bc
dlo 0 cl=lo o oJandF[O O c]={0 O 0 )
0 0 O 0O 0 O 0 0 O 0 0 O
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Then F is not multiplicative generalized derivation of R.

Definition 4.2.7. A map F:R = R (not necessarily additive) is said to be a multiplicative
(generalized)-derivation associated to a map d:R = R if F(xy) = F(x)y + xd(y) holds for
all x,y € R, where d is multiplicative derivation on R (not necessarily a derivation nor
additive map).

0 x y
Example 4.2.7. Let S be any ring, next, letR = {(O 0 z> | x,y,z € § } and define the
0 0 O

maps d and F: R — R as follows:

0 x vy 0 0 x? 0 x vy 0 0 xz

dlo 0 z| =10 0 O0]andF{0 0 z|=|0 0 O | Then F multiplicative
0 0 O 0 0 O 0 0 O 0 0 O

(generalized)-derivation of R.

Verification

(i) d(x+y) #d(x) +d(y)

(i) F(x+y)#F(x)+F(y)

@iii) F(xy)=Fx)y+xd(y) forall x,y,z € S.
Since

0 x1 »n 0 x; ¥, 0 x1 ¥ 0 x;
(@ dl1o 0 z |+{(0 0 =z )]|#d|l0 0 2z |+d[{0 0 2z |Vxyz€S
0O 0 O 0O 0 O 0O 0 O 0O 0 O
This means d is not additive
y 0 x; ¥ 0 x; ¥, 0 x3 »n 0 x; ¥
(i) FI{o 0 2z |+!10 0 2z #F|l0 0 2z |+F|{0 0 =z |forall
0O 0 O 0O 0 O 0O 0 O 0O 0 O

x,y,z € S.Then F is not additive

0 x1 »1\/0 x, ¥y, 0O 0 O
(i) F{{o 0o =z |[o 0 =z ]]={0 0 o0]and
0O 0 O 0O 0 O 0 0 O



0 x; »m\/0 x2 ¥, 0 x1 »m 0 x;
FIo 0 z|]{0 0 2z |+{({0 0 2z |d{0 O
0O 0 O O 0 O 0O 0 O 0 0

x,y,z € S.Then F is multiplicative (generalized)-derivation.

V2
Zy
0

)|

0
0
0

0
0
0

0
0
0

) for all

15
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5. Multiplicative (Generalized)-Derivation on Semiprime Rings satisfying

some Functional Identities

Dhara and Ali (2013) proved some functional identities of semiprime rings involving

multiplicative (generalized)-derivations. We deals with their results by incorporating further

explanatory steps in their proof.

The following theorems (Theorem 5.1, Theorem 5.2, and Theorem 5.3) gives the concepts on

commuting map on left ideal L of semiprime ring with multiplicative (generalized)-derivation.

Theorem 5.1 (Dhara and Ali, 2013) Let R be a semiprime ring, L be a nonzero left ideal of R

and F: R — R be a multiplicative (generalized)-derivation associated with the map d: R — R.

If F(xy) +xy =0 forall x,y € L, then Ld(L) = {0}, F(xy) = F(x)y forall x,y € L and F

Is commuting map on left ideal L.

Proof. By the first hypothesis, we have
F(xy) —xy=0forall x,y € L.
Replacing y with yz, z € L in (5.1) we get
F(xyz) —xyz = 0forall x,y,z € L.
Since F(xy) = F(x)y + xd(y) for all x,y € R, it follows that,

0=F(xy)z+ xyd(z) —xyz = (F(xy) — xy)z + xyd(z) forall x,y,z € L.

Application of (5.1) yields that
xyd(z) =0 forall x,y,z € L.

Replacing y with d(z)ry, in (5.3) where r € R, we get

xd(z)ryd(z) = 0.
In particular y = x, it follows that

xd(z)Rxd(z) = {0} forallx,z € L.
Since R, is a semiprime ring, the last expression give that

xd(z) = 0forall x,z € L.
That is,
Ld(L) = {0}.

(5.1)

(5.2)

(5.3)



Thus, forany x,y € L,
F(xy) = F(x)y + xd(y) = F(x)y, since Ld(L) = 0.
Then (5.1) implies that
0= F(xy) —xy
= F(x)y — xy
= (F(x) —x)yforallx,y € L.
This implies that
y(F(x) —x)Ry(F(x) —x) = {0} forall x,y € L.
Since R is semiprime, we get
y(F(x) —x) =0 forallx,y € L.

Thus for any x, y € L, from above equation we get

(F(x) —x)y=0and y(F(x) —x) = 0,sincexy =0, yx =0 forall x,y € L.

Together implies
0 =F()y—yF(x)— (xy —yx)
= [F(x),y]l —[x,y] forall x,y € L.
Replacing y with x in above equation we obtain
[F(x),x] —[x,x] = 0 since [x,x] =0 forall x € L.

Then, we obtain [F(x),x] = 0 for all x € L. Then F is commuting on L.

By the second hypothesis, we have

F(xy)+xy =0forallx,y € L.
Replacing y with yz,z € L in (5.4) we get
F(xyz) + xyz =0 forall x,y,z € L.
Since F(xy) = F(x)y + xd(y) for all x,y € R, it follows that,

0=F(xy)z+xyd(z) + xyz = (F(xy) + xy)z + xyd(z) forall x,y,z € L.

Application of (5.4) yields that
xyd(z) =0forall x,y,z € L
Replacing y with d(z)ry, in (5.6) where r € R, we get
xd(z)ryd(z) = 0.
In particular y = x, it follows that

17

(5.4)

(5.5)

(5.6)
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xd(z)Rxd(z) = {0} forall x,z € L.
Since R, is a semiprime ring, the last expression gives that
xd(z) =0forall x,z € L.
That is,
Ld(L) = {O}.
Thus, forany x,y € L,
F(xy) = F(x)y + xd(y) = F(x)y, since Ld(L) = 0.
Then (5.4) implies that
0=F(xy)+xy
=F(x)y +xy
= (F(x) +x)y forall x,y € L.
This implies that
y(F(x) + x)Ry(F(x) + x) = {0} forall x,y € L.
Since R is semiprime, we get
y(F(x) +x) =0 forall x,y € L.
Thus for any x, y € L, from above equation we get
(Fx)+x)y=0andy(F(x) +x) =0,sincexy =0,=2yx =0forallx,y € L.
Together implies
0= F()y—yF(x)+xy—yx
= [F(x),y] + [x,y] forall x,y € L.
Replacing y with x in above equation we obtain
[F(x),x] + [x,x] = 0since [x,x] = 0 forall x € L.

Then we obtain [F(x),x] = 0 forall x € L. Then F is commuting on L.
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Theorem 5.2 (Dhara and Ali, 2013) Let R be a semiprime ring, L be a nonzero left ideal of R
and F: R — R be a multiplicative (generalized)-derivation associated with the map d: R = R.
If F(xy) xyx =0 forall x,y €L, then L[L,L] = {0}, Ld(L) = {0}, F(xy) = F(x)y for all

x,y € L and F is commuting map on left ideal L.

Proof. By first hypothesis, we have

F(xy)—yx=0forall x,y € L. (5.7)
Replacing y with yz,z € L in (5.7) we get
F(xyz) —yzx =0 forall x,y,z € L.
Since F is multiplicative (generalized)-derivation, we get
F(xy)z + xyd(z) — yzx = (F(xy) — yx)z + y[x, z] + xyd(z) = 0forall x,y,z € L. (5.8)
By (5.7), it reduces to
ylx,z] + xyd(z) = 0 forall x,y,z € L. (5.9)
Now replacing z with x in (5.9), we get
ylx, x] + xyd(x) = xyd(x) = 0, since y[x,x] = 0 forall x,y € L.
Since L is a left ideal of R, it follows that
xRyd(x) = {0} forall x,y € L.
In particular y = x, which implies
xd(x)Rxd(x) = {0} forall x € L.
Since R is semiprime, the last relation yields that
xd(x) =0, forall x € L.
Substituting z for y in (5.9) and then using the fact that xd(x) = 0 for all x € L, we obtain
ylx,y] + xyd(y) = y[x,y] =0 forall x,y € L.
Replace x by zx in the above equation we get
0 = y[zx,y]
=yz[x,yl + ylz, ylx
=yz[x,y] forall x,y,z € L.
This implies
[x,v]z[x,y] = 0 forall x,y,z € L.
It follows that
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z[x,y|Rz[x,y] = {0} forall x,y,z € L.
The semiprimeness of R gives that
z[x,y] =0forall x,y,z € L.
That is,
L[L, L] = {0}.
Then (5.9) gives that
xyd(z) = 0forall x,y,z € L.
Which implies,
xRyd(z) = {0} forall x,y,z € L.
And hence
xd(z)Rxd(z) = {0} forall x,y,z € L.
Since R is semiprime, the above expression yields that
xd(z) = 0forall x,y € L.
That is,
Ld(L) = {0}
Then for any x,y € L, we have
F(xy) = F(x)y + xd(y) = F(x)y, since Ld(L) = 0.
Therefore, (5.7) becomes
F(x)y —yx =0 forall x,y € L. (5.10)
Now replacing y with xy in (5.10), we obtain
F(x)xy —xyx =0 forall x,y € L. (5.11)
Left multiplying (5.10) by x and then subtracting it from (5.11), we get
0=F(x)xy —xyx — (xF(x)y — xyx)
=F(x)xy — xF(x)y
= (F(x)x — xF(x))y
= [F(x),x]y forall x,y € L.
Since L is a left ideal of R, we have
[F(x),x]Ry = {0} forall x,y € L. (5.12)
Replacing y with x and then multiplying (5.12) from the right by F (x) we find that
[F(x),x]RxF(x) = {0} forall x € L. (5.13)
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Replacing y by F(x)x in (5.12) we get
[F(x),x]RF(x)x = {0} forall x € L. (5.14)
Subtracting (5.13) from (5.14), we find that
{0} = [F(x),x]RF(x)x — ([F(x)x, x]RxF(x))
= [F(x), x]R(F (x)x — xF (x))
= [F(x),x]R[F(x),x] forall x € L. (5.15)

The semiprimeness of R gives that [F(x),x] = 0 forall x € L. Then F is commuting on L.

By second hypothesis, we have

F(xy)+yx =0forall x,y € L. (5.16)
Replacing y with yz,z € L in (5.16) we get
F(xyz) + yzx =0 forall x,y,z € L.
Since F is multiplicative (generalized)-derivation, we get
0=F(xy)z+xyd(z) + yzx = (F(xy) + yx)z — y|x,z] + xyd(z) forall x,y,z € L.(5.17)
By (5.16), it reduces to
—vylx,z] + xyd(z) = 0 forall x,y,z € L. (5.18)
Now replacing z with x in (5.18) we get
—y[x, x] + xyd(x) = xyd(x) = 0,since — y[x,x] = 0 forall x,y,z € L.

Since L is a left ideal of R it follows that

xRyd(x) = {0} forall x,y € L.
In particular y = x, which implies

xd(x)Rxd(x) = {0} forall x € L.

Since R is semiprime, the last relation yields that

xd(x) = 0forall x € L.
Substituting z for y in (5.18) and then using the fact that xd (x) = 0 for all x € L, we obtain

—ylx,y] + xyd(y) = —y[x,y] =0 forall x,y,z € L.

Replace x by zx to get

0= —ylzx,y]

= —z[x,y] + ylz,y]x)
= yz[x,y] forall x,y,z € L.
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This implies that
[x,v]z[x,y] =0 forall x,y,z € L.
It follows that
z[x,y]Rz[x,y] = {0} forall x,y,z € L.
The semiprimeness of R gives that
z[x,y] =0 forall x,y,z € L.
That is,
L[L, L] = {0}.
Then (5.18) gives that
xyd(z) =0 forall x,y,z € L.
Which implies
xRyd(z) = {0} forall x,y,z € L.

And hence
xd(z)Rxd(z) = {0} forall x,z € L.
Since R is semiprime, the above expression yields that
xd(z) =0 forall x,z € L.
That is,
Ld(L) = {0}.
Then for any x,y € L, we have
F(xy) = F(x)y + xd(y) = F(x)y, since Ld(L) = 0.
Therefore, (5.16) becomes
F(x)y+yx=0forall x,y € L. (5.19)
Now replacing y with xy in (5.19), we obtain
F(x)xy + xyx =0 forall x,y € L. (5.20)
Left multiplying (5.19) by x and then subtracting it from (5.20), we get
0 =F(x)xy + xyx — (xF(x)y + xyx)
=F(x)xy — xF(x)y
= (F(x)x - xF(x))y
= [F(x),x]y forall x,y € L.



Since L is a left ideal of R, we have
[F(x),x]Ry = {0} forall x,y € L.
Replacing y with x and then multiplying (5.21) from the right by F (x) we find that
[F(x),x]RxF(x) = {0} forall x € L.
Replacing y by F(x)x in (5.21) we get
[F(x),x]RF(x)x = {0} forall x,y € L.
Subtracting (5.22) from (5.23), we find that
{0} = [F(x),x]RF(x)x — [F(x), x]RxF (x)
= [F(x), x]R(F (x)x — xF (x))
= [F(x),x]R[F(x),x] forall x € L.
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(5.21)

(5.22)

(5.23)

(5.24)

The semiprimeness of R gives that [F(x),x] = 0 for all x € L. Then F is commuting on L.

Theorem 5.3 (Dhara and Ali, 2013) Let R be a semiprime ring, L be a nonzero left ideal of R

and F: R — R be a multiplicative (generalized)-derivation associated with the map d: R — R.
If F(x)F(y) £ xy = 0forall x,y € L, then Ld(L) = {0}, F(xy) = F(x)y forall x,y € L and

L[F(x),x] = {0} forall x € L.
Proof. By first hypothesis, we have

F(x)F(y) — xy =0forall x,y € L.
Substituting yz for y in (5.25) and then using the given hypothesis, we find that
0=Fx)F(yz) — xyz
=F(x)(F(y)z + yd(2)) — xyz

= (F(x)F(y) —xy)z+ F(x)yd(z) forall x,y,z € L.

Using (5.25), it reduces to
F(x)yd(z) =0 forall x,y,z € L.
Replace x by ux,u € L, in the above equation we get
0 = F(ux)yd(z)
= (F(u)x + ud(x))yd(z)

= F(uw)xyd(z) + ud(x)yd(z) forall x,y,z € L.

Using the fact that F(x)yd(z) = 0 forall x,y,z € L, it gives

(5.25)

(5.26)
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ud(x)yd(z) = 0forall x,y,z,u € L.

Since L is a left ideal, it follows that
Ld(L)RLd(L) = {0}.
Since R is semiprime, we conclude that
Ld(L) = {0}.
Thus for any x, y € L, we obtain
F(xy) = F(x)y + xd(y) = F(x)y, since Ld(L) = 0.
Replacing x by xy in (5.25), we get
F(xy)F(y) —xy* =0 (5.27)
that is,
F(x)yF(y) —xy? =0 forall x,y € L. (5.28)
Right multiplying (5.25) by y and then subtracting it from (5.28), we get
0 =FQ)YF(y) —xy* = (FOF(y)y — xy*)

= F)yF(y) = FOF(y)y

=F)WF») —F)y)

= F(x)[F(y),y] forall x,y € L.
Replacing xz for x in the last relation, we obtain

F(x)z[F(y),y] = 0,since F(xz) = F(x)z forallx,y,z € L.
This implies that
[F(x),x]z[F(x),x] = 0.
That is,
L[F (x),x]RL[F (x),x] = {0}.

Since R is semiprime, it follows that L[F(x),x] = {0} for allx € L,then we obtain

[F(x),x] = 0, since L is nonzero left ideal of R, then F is commuting map on R.

By Second hypothesis, we have
F(x)F(y)+ xy =0 forall x,y € L. (5.29)
Substituting yz for y in (5.29) and then using the given hypothesis, we find that
0=Fx)F(yz) + xyz
=F()(F(y)z + yd(2)) + xyz
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= (F(xX)F(y) + xy)z+ F(x)yd(z,) forall x,y,z € L. (5.30)
Using (5.29), it reduces to
F(x)yd(z) =0 forall x,y,z € L.
Replace x by ux,u € L, to get

0 = F(ux)yd(z)

= (F(u)x + ud(x))yd(z)

= F(w)xyd(z) + ud(x)yd(z) forall x,y,z,u € L.
Using the fact that F(x)yd(z) = 0 forall x,y,z € L, it gives

ud(x)yd(z) =0 forall x,y,u,z € L.
Since L is a left ideal, it follows that

Ld(L)RLd(L) = {0}.
Since R is semiprime, we conclude that
Ld(L) = {0}.
Thus for any x, y € L, we obtain
F(xy) = F(x)y + xd(y) = F(x)y, since Ld(L) =0
Replacing x by xy in (5.29), we get
F(xy)F(y) +xy? =0 (5.31)
that is,
F(x)yF(y) + xy? = 0forall x,y € L. (5.32)
Right multiplying (5.29) by y and then subtracting it from (5.32), we get
0=FyF) +xy? — (FOOF()y + xy?)

= F)yF(y) - F()F(y)y

=Fx)WFQ) = F()y)

= F(x)[F(y),y] forall x,y € L.
Replacing xz for x in the last relation, we obtain

F(x)z[F(y),y] = 0 since F(xz) = F(x)z forall x,y,z € L.
This implies that
[F(x),x]z[F(x),x] =0 forall x,z € L.

That is,



L[F(x),x]RL[F(x),x] = {0}.
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Since R is semiprime, it follows that L[F(x),x] = {0} for allx € L, then we obtain

[F(x),x] = 0, since L is nonzero left ideal of R then F is commuting map on R.

The following theorems (Theorem 5.4, Theorem 5.5, Theorem 5.6, and Theorem 5.7) gives the

concepts essentiality of semiprime ring with multiplicative (generalized)-derivation.

Theorem 5.4 (Dhara and Ali, 2013) Let R be a semiprime ring, L be a nonzero left ideal of R

and F: R — R be a multiplicative (generalized)-derivation associated with the map d: R — R.

If F(xy) + xy € Z(R) forall x,y € L, then L[d(x),x] = {0} forall x € L.

Proof. By first hypothesis, we have
F(xy)— xy € Z(R) forall x,y € L.
Now we replace y with yz in (5.33), where z € L and then we get
F(xyz) — xyz = F(xy)z + xyd(z) — xyz
= (F(xy) —xy)z + xyd(z) € Z(R) forall x,y,z € L.
Applying (5.33) to (5.34) and commuting both sides by z yields
[xyd(z),z] =0 forall x,y,z € L.
Substituting rx for x in (5.35), where r € R, and using (5.35) we obtain
0 = [rxyd(2), z]
= r[xyd(z),z] + [r, z]xyd(z)
= [r, z]xyd(2)
Replacing x with d(z)x in (5.36) we get
[r,z]d(2)xyd(z) = 0
Which implies

[r,z]d(z)Rxyd(z) = {0} forall x,y,z € Land r € R.

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

Interchanging x and y in the above expressions, and then subtracting one from the other, we

get,

{0} = [r, z]d(2)Ryxd(z) — [r, z]d(z)Rxyd(z)
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= [r,z]d(2)R(yx — xy)d(2)
= [r,z]d(z)R[x,y]d(z) forall x,y,z € L.
In particular y = z, r = x in the above equation we get
[x,z]d(z)R][x,z]d(z) = {0} forall x,z € L.
The semiprimeness of R yields that
[x,z]d(z) = 0 forall x,z € L. (5.38)
Right multiplying (5.38) by z we get

[x,z]d(z)z =0forall x,z € L. (5.39)
Replace x by xz in (5.38) we get
0 =[xz, z]d(z)
= x|z, z]d(z) + [x, z]zd(z)
=[x, z]zd(z) since [z,z] = O forall x,z € L. (5.40)
Now (5.39) and (5.40) together implies that
0 = [x,z]d(2)z — [x,z]zd(z)
=[x, z](d(2)z — zd(2))
= [x,z][d(2),z] forall x,z € L. (5.41)
Replacing x by d(z)x in the last expression, we obtain
[d(z)x, z][d(2), z] = [d(2),z]x[d(2),z] + d(z)[x, z][d(z),z] = 0 forall x,y,z € L.
Application of (5.41) yields that
[d(2),z]x[d(z),z] = 0forall x,z € L.
That is
L[d(z),z]RL[d(2),z] = {0} forall x,z € L.

Hence, the semiprimeness of R gives that L[d(z),z] = {0} forall z € L.

By second hypothesis, we have

F(xy)+ xy € Z(R) forall x,y € L. (5.42)

Now we replace y with yz in (5.42), where z € L and then we get
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F(xyz) + xyz = F(xy)z + xyd(z) + xyz

= (F(xy) +xy)z+ xyd(z) € Z(R) forall x,y,z € L. (5.43)
Applying (5.42) to (5.43) and commuting both sides by z yields
[xyd(z),z] = 0forall x,y,z € L. (5.44)

Substituting rx for x in (5.44), where r € R, and using (5.44) we obtain
0 = [rxyd(2), z]
= r[xyd(z),z] + [r, z]xyd(z)

= [r, z]xyd(2). (5.45)
Replacing x with d(z)x in (5.45) we get
[r,z]d(2)xyd(z) =0 (5.46)

Which implies
[r,z]d(z2)Rxyd(z) = {0} forall x,y,z € Land r €R.
Interchanging x and y in the last expression, and then subtracting one from the other, we get
{0} = [r, z]d(2)Ryxd(z) — [r,z]d(z)Rxyd(z)
= [r,z]d(2)R(yx — xy)d(z)
= [r,z]d(z)R][x,y]d(z) forall x,y,z € L.
In particular, y = z, r = x, in the above equation we get,
{0} =[x, z]d(2)R[x, z]d(z) forall x,z € L.
The semiprimeness of R yields that
[x,z]d(z) = 0forall x,z € L. (5.47)
Right multiplying (5.47) by z we get
[x,z]d(z)z = 0forall x,z € L. (5.48)
Replace x by xz in (5.47) to get
0 =[xz, 2z]d(z)
= x[z,z]d(z) + [x, z]zd(2)
= [x,z]zd(z) forall x,z € L. (5.49)
Now (5.48) and (5.49) together implies that
0 = [x,z]d(2)z — [x,z]zd(2)
= [x,2](d(2)z — zd(2))
= [x,z][d(2),z] =0 forall x,z € L. (5.50)
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Replacing x by d(z)x in the last expression, we obtain
[d(2)x,z][d(2),z] = [d(2),z]x[d(2),z] + d(2)[x,z][d(z),z] = 0 forall x,z € L.
Application of (5.50) yields that
[d(2),z]x[d(z),z] = 0forall x,z € L.
That is
L[d(z),z]RL[d(z),z] = {0} forall z € L.

Hence, the semiprimeness of R gives that L[d(z),z] = {0} forall z € L.

Theorem 5.5 (Dhara and Ali, 2013) Let R be a semiprime ring, L be a nonzero left ideal of R
and F: R — R be a multiplicative (generalized)-derivation associated with the map d: R = R.
If F(xy) + yx € Z(R) forall x,y € L, then x[x,L] € Z(R) forall x € L and L[d(x), x] = {0}

forall x € L.

Proof. By first hypothesis, we have
F(xy) —yx € Z(R) forall x,y € L. (5.51)

In the above relation, replacing x with xy and y with y?, respectively and then subtracting one

from the other, we obtain

(F(xy*) — yxy) — (F(xy*) — y*x) € Z(R) (5.52)
This implies that
—yxy + y*x = y(—xy + yx)
= yly,x] € Z(R) forall x,y € L.
Thus for all x € L, x[x, L] € Z(R). Now substituting yz for y in (5.51), where z € L, we get

F(xyz) — (yz)x = F(xy)z + xyd(z) — yzx

= (F(xy) —yx)z + y[x,z] + xyd(z) € Z(R) (5.53)
Commuting both sides of (5.53) with z and then using (5.51), we obtain
[ylx, 2], z] + [xyd(z),z] = 0 forall x,y,z € L. (5.54)

Replacing x with xz in (5.54), we get
0 = [ylxz, z], z] + [xzyd(z), z]
= [y(x[z, z] + [x, 2z]2), z] + [xzyd(2), z]



lylx, zlz, z] + [xzyd(z), z]

+
lz,z] + [

= y[x, z][z, z] + [ylx, z], z]z + [xzyd(2), z]

= [ylx, z], z]z + [xzyd(2), z] since [z, z] = 0 forall x,y € L.

Right multiplying (5 54) by z and then subtracting it from (5.55), we get

)
= [ylx, z], 2]z + [xzyd(2), z] — (y[x, z], z]z + [xyd(2), z]z)
= [xzyd(2),z] — [xyd(2),z]z

= [x([zyd(2), 2] — [yd(2),z]2)]

= [x(z[yd(2), 2] + [z, z]yd(2) — [yd(2),z]2)]

= [x(z[yd(2), z] — [yd(2),z]2)]

= [x[yd(2),z],z] forall x,y,z € L.
Replacing x with rx, r € R in the above relation and then using (5.56), we have

0 = [rx[yd(2),z],z]
= rlx[yd(2),z], z] + [r, z]x[yd(2), z]
= [r, z]x[yd(2), z].
In particular, for r = yd(z), in the above equation, we get
[yd(z),z]x[yd(z),z] = 0forall x,y,z € L.
Since L is a left ideal of R, it follows that
x[yd(z),z]Rx[yd(z),z] = {0} forall x,y,z € L.
Since R is semiprime, we get
x[yd(z),z] = 0forall x,y,z € L.
Now replacing y with d(z)y, we get
x[d(z)yd(z),z] =0

that is,

x(d(z)yd(z)z — zd(z)yd(z)) =0 forall x,y,z € L.
Now we replacing y with yd(z)u, where u € L, and then obtain

x(d(z)yd(z)ud(z)z — zd(z)yd(z)ud(z)) =0 forall x,y,z € L.
By (5.59), this can be written as
x(d(z)yzd(z)ud(z) — d(z)yd(z)zud(z)) = xd(2)y(zd(z) —d(z)z)ud(z) = 0

that is,
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(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)
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xd(2)y[d(z),z]ud(z) = 0 forall x,y € L. (5.62)
This implies that,

x[d(2),z]yld(2), zluld(z),z] = 0 forall x,y,z € L.
and so (L[d(2),z])® = {0} forall z € L.
Since a semiprime ring contains no nonzero nilpotent left ideals it follows that

L[d(z),z] = {0} forall z € L.

By second hypothesis, we have
F(xy)+yx € Z(R)forall x,yeL. (5.63)

In the above relation, replacing x with xy and y with y?, respectively and then subtracting one
from the other, we obtain

(F(xy?) + yxy) — (F(xy?) + y*x) € Z(R) (5.64)
This implies that

yxy — y*x = y(xy — yx)
=vy[x,y] € Z(R) forall x,y € L.
Thus for all x € L, x[x, L] € Z(R). Now substituting yz for y in (5.63), where z € L, we get
F(xyz) + (yz)x = F(xy)z + xyd(z) + yzx

= (F(xy) + yx)z — y[x,z] + xyd(z) € Z (R) (5.65)
Commuting both sides of (5.65) with z and then using (5.63), we obtain
—[ylx,z], z] + [xyd(z),z] = 0 forall x,y,z € L. (5.66)

Replacing x with xz in (5.66), we get
0 = —[ylxz, z], z] + [xzyd(z), z]

= —(y(xlz z] + [x,z]2), 2]) + [xzyd(2),Z]

= —[ylx, 2]z, z] + [xzyd(2), z]

= —ylx z][z,z] - [ylx, z], 2]z + [xzyd(2), ]

= —[ylx, 2], z]z + [xzyd(2), z] forall x,y,z € L. (5.67)
Right multiplying (5.66) by z and then subtracting it from (5.67), we get

0 = —[ylx, 2], z]z + [xzyd(2), z] — (=[ylx, z], z]z + [xyd(2), z]2)
= [xzyd(2),z] — [xyd(2),z]z
= [x([zyd(2), z] — [yd(2),z]2)]
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= [x(z[yd(2), z] + [z, z]yd(2) — [yd(2), 2]2)]
= [x(zlyd(2), z] — [yd(2), z]2)]
= [x[yd(2),z],z] forall x,y,z € L. (5.68)
Replacing x with rx, r € R in the above relation and then using (5.68), we have
0 = [rx[yd(2),z],z]
=rlx[yd(2),z], z] + [r, z]x[yd(2), z]
= [r, z]x[yd(2), z]. (5.69)
In particular, for r = yd(z), in the above equation, we get
[yd(z),z]x[yd(z),z] = 0forall x,y,z € L.
Since L is a left ideal of R, it follows that
x[yd(z),z]Rx[yd(z),z] = {0} forall x,y,z € L.
Since R is semiprime, we get
x[yd(z),z] =0forall x,y,z € L.
Now replacing y with d(z)y, we get
x[d(z)yd(z),z] =0 (5.70)
that is,
x(d(z)yd(z)z — zd(z)yd(z)) = 0 forall x,y,z € L. (5.71)
Now we put y = yd(z)u, where u € L, and then obtain
x(d(z)yd(z)ud(z)z — zd(z)yd(z)ud(z)) = 0 forall x,y,z € L. (5.72)
By (5.71), this can be written as
x(d(z2)yzd(z)ud(z) — d(z)yd(z)zud(z)) = xd(z)y(zd(z) — d(z)z)ud(z) = 0 (5.73)
that is,
xd(z)yld(z),z]ud(z) = 0forall x,y,z € L (5.74)
This implies x[d (2), z]y[d(z), z]u[d(z),z] = 0 for all x,y,z € L and so (L[d(z),z])® = {0}
for all z € L. Since a semiprime ring contains no nonzero nilpotent left ideals it follows that
L[d(z),z] = {0} forall z € L.
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Theorem 5.6 (Dhara and Ali, 2013) Let R be a semiprime ring, L be a nonzero left ideal of R
and F: R = R be a multiplicative (generalized)-derivation associated with the map d: R — R.
If F(x)F(y) + xy € Z(R) forall x,y € L, then L[d(x), x] = {0} forall x € L.

Proof. By first hypothesis, we have
F(x)F(y) — xy € Z(R) forall x,y € L. (5.75)
Replacing y with yz,z € L, we have
F(x)F(yz) — x(yz) € Z(R) (5.76)
which gives
F(x)(Fy)z+yd(2)) —xyz= F(x)(F(y) —xy)z+ F(x)yd(z) € Z(R),Vx,y € L. (5.77)
Commuting both sides of (5.77) with z and then using (5.75), we get

[F(x)yd(z),z] = 0forall x,y,z € L. (5.78)
Replacing y with zy in the above relation we obtain
[F(x)zyd(z),z] = 0forall x,y € L. (5.79)

Now replacing x with xz in (5.78), we get
0 = [F(x2)yd(2), z]
= [(F(x)z + xd(2))yd(2), 7]

= [F(x)zyd(2),z] + [xd(2)yd(z),z] forall x,y,z € L. (5.80)
Using (5.79), the above relation reduces to
[xd(z)yd(z),z] = 0 forallx,y,z € L. (5.81)

In (5.81), we replace x with d(z)x and then using (5.81) we obtain
0 = [d(2)xd(z)yd(z), z]

= d(2)[xd(2)yd(2), z] + [d(2), z]xd(2)yd(2)

= [d(2),z]xd(z)yd(z) forall x,y,z € L. (5.82)
This implies

[d(2),z]x[d(2),z]yld(z),z] = 0 forall x,y € L.
That is,
(L[d(2),z])® = {0} forall z € L.
Since R is semiprime, it contains no nonzero nilpotent left ideals, implying
L[d(z),z] = {0} forall z € L.
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By second hypothesis, we have
F(x)F(y)+ xy € Z(R) forall x,y € L. (5.83)
Replacing y with yz,z € L, we have
F(x)F(yz) + x(yz) € Z(R) (5.84)
which gives
F(x)(F(y)Z + yd(z)) +xyz=Fx)(F(y) + xy)z+ F(x)yd(z) € Z(R),Vx,y € L (5.85)
Commuting both sides of (5.85) with z and then using (5.83), we get

[F(x)yd(z),z] = 0forall x,y,z € L. (5.86)
Replacing y with zy in the above relation we obtain
[F(x)zyd(z),z] =0forall x,y,z € L. (5.87)

Now replacing x with xz in (5.86), we get
0 = [F(x2)yd(2),z]
= [(F(x)z + xd(z))yd(z), Z]
= [F(x)zyd(2),z] + [xd(2)yd(2),z] forall x,y,z € L. (5.88)
Using (5.87), the above relation reduces to
[xd(z)yd(z),z] = 0forall x,y,z € L. (5.89)
In (5.89), we replace x with d(z)x and then using (5.89) we obtain
0 = [d(2)xd(z)yd(2), z]
= d(2)[xd(2)yd(2),z] + [d(2), z]xd(2)yd(z)
= [d(2),z]xd(z)yd(z) forall x,y,z € L. (5.90)
This implies
[d(2),z]x[d(2),z]y[d(z),z] = 0 forall x,y,z € L.
That is,
(L[d(2),z])® = {0} forall z € L.
Since R is semiprime, it contains no nonzero nilpotent left ideals, implying
L[d(z),z] = {0} forall z € L.
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Theorem 5.7 (Dhara and Ali, 2013) Let R be a semiprime ring, L be a nonzero left ideal of R
and F: R — R be a multiplicative (generalized)-derivation associated with the map d: R = R.
If F(x)F(y) + yx € Z(R) forall x,y € L, then L[d(x), x] = {0}, forall x € L.

Proof. By the first hypothesis, we have
F(x)F(y) —yx € Z(R) forall x,y € L. (5.91)
Replacing y with yz we get
F(x)F(yz) — yzx € Z(R) forall x,y,z € L. (5.92)
This give
F(x)F(yz) — yzx = F(x)(F(y)z + yd(2)) — yzx
= (F(X)F(y) — yx)z + y[x,z] + F(x)yd(z) € Z(R) for all x,y, z € L. (5.93)
Commuting both sides of (5.93) with z and then using (5.91), it reduces to
[ylx, z],z] + [F(x)yd(z),z] =0 forallx,y € L. (5.94)
Replacing x with xz in the above relation we get
0 = [ylxz, 2], z] + [F(x2)yd(z), z]
= [y(xlz 2] + [x,z]2), z] + [(F(x)z + xd(2))yd(2), z|
= [ylx, 2]z z] + [(F(x)z + xd(2) )yd(2), 7]
= ylx, z][z z] + [y[x, z], 2]z + [F (x)z + xd(2) ) yd(2), z]
= [ylx, z), 2]z + [F (x)zyd(2), z] + [xd(2)yd(z),z] for all x,y, z € L. (5.95)
Replacing y with zy in (5.94), we get
0 = [zylx, z], z] + [F(x)zyd(2), 2]

= z[y[x, z], z] + [z, z]y[x, z] + [F (x)zyd(2), z]
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= z[y[x, z], z] + [F (x)zyd(2),z] for all x,y,z € L. (5.96)
Subtracting (5.96) from (5.95), we have
0 = [ylx,z], z]z + [F () zyd(2), z] + [xd(2)yd(2), z] — (z[y[x, 2], z] + [F (x)zyd(2), z])
= [ylx, z], zlz = (zlylx, z], z]) + [xd(2)yd(2), ]
= [[ylx, z], z], z] + [xd(2)yd(2),z] forall x,y,z € L. (5.97)
Replacing x with xz the above relation yields
0 = [[ylxz, 2], 2], 2] + [xzd(2)yd(2), 2]
= [[y(x[z, 2] + [x, z]2), z], 2] + [xzd (2)yd(2), z]
= [[ylx, zlz 2], 2] + [xzd (2)yd(2), z]
=[x, zllz 2] + [y[x, 2], z]2), 2] + [xzd(2)yd(2), 2]
= [[ylx, 2], 21z, z] + [xzd(2)yd(2), z]
= [ylx, 2], z1[z 2] + [[y[x, 2], 2], 2]z + [xzd (2)yd (2), 2]
= [y[x, 2], z], 2]z + [xzd(2)yd(z),z] = 0 forall x,y,z € L. (5.98)
Right multiplying (5.97) by z and then subtracting it from (5.98), we get
0 = [[ylx, 2], 2], 2]z + [xzd (2)yd(2), z] — ([[y[x, 2], z], 2]z + [xd (2)yd(2), z]z)
= [xzd(2)yd(2), z] — [xd(2)yd(2), z]z
= [x(z[d(2)yd(2), 2] + [2,2]d(2)yd(2)) — [d(2)yd(2),z]2)]
= [x(z[d(2)yd(2),z] — [d(2)yd(2),2]2)]
= [x[d(2)yd(2),z],z] forall x,y,z € L. (5.99)

Now we substitute d (z)yd(z)x for x in (5.99) and we get



0 = [d(2)yd(2)x[d(2)yd(2), z], z]

= d(2)yd(2)[x[d(2)yd(2),z], z] + [d(2)yd(2), z]x[d(2)yd(2), z]

Using (5.99), it reduces to
[d(z)yd(z),z]x[d(2)yd(2),z] =0 forall x,y,z € L.
Since L is a left ideal, it follows that

x[d(z)yd(z),z]Rx[d(2)yd(z),z] = {0} forall x,y,z € L.
And hence

x[d(z)yd(z),z] = 0forall x,y,z € L.

That is,
x(d(z)yd(z)z — zd(z)yd(z) = 0forall x,y,z € L.

Now we put y = yd(z)u, where u € L, and then obtain

x(d(z)yd(z)ud(z)z — zd(z)yd(z)ud(z)) = 0 forall x,y,z € L.

By (5.103), this can be written as
x(d(z)yzd(z)ud(z) — d(2)yd(z)zud(z)) =0

That is,
xd(z)y|d(z),z]ud(z) = 0 forall x,y,z € L.
This implies
x[d(2),z]yld(z),zluld(z),z] =0 forall x,y,z € L.
and so

(Lld(2),z])* = {0}, vz € L.
Since a semiprime ring contains no nonzero nilpotent left ideals it follows that
L[d(z),z] = {0} forall z € L.

By the second hypothesis, we have
F(x)F(y) + yx € Z(R) forall x,y € L.

Replacing y with yz, we get
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F(x)F(yz) + yzx = F(x)(F(y)Z + yd(z)) +yzx € Z(R) forall x,y,z € L.

(5.108)
This gives

(FX)F(y) + yx)z —ylx,z] + F(x)yd(z) € Z(R) forall x,y,z € L. (5.109)

Commuting both sides of (5.109) with z and then using (5.107), it reduces to

—[ylx, z],z] + [F(x)yd(z),z] = 0 forall x,y,z € L. (5.110)

Replacing x with xz in the above relation we get
0 = —[yl[xz,z], z] + [F(x2)yd(z2), z]
= —[y(x[z z] + [x,2]2), 2] + [(F(x)z + xd(2))yd(2), ]
= —(lyxlz 2], z] + [ylx, zlz z]) + [(F(x)z + xd(2))yd(2), 7]

= —[y[x, 212 2] + [(F(x)z + xd(2))yd(2), 7]

—(vlx, zl[z, z] + [y[x, 2], z]2) + [F (x)zyd(2), 2] + [xd(2)yd(2), z]

—[ylx, z], z]z + [F (x)zyd(2), z] + [xd(z)yd(z), z] forall x,y,z € L. (5.111)

Replacing y with zy in (5.110), we get
0 = —[zy[x, z], z] + [F (x)zyd(2), z]

= _(Z[y[x: Z],Z] + [Z, Z]y[x' Z]) + [F(X)Zyd(z)rz]

= —z[y[x,z],z] + [F(x)zyd(2),z] = 0 forall x,y,z € L. (5.112)

Subtracting (5.112) from (5.111), we have

0= —[}’[x; Z],Z]Z + [F(X)Zyd(z),z] + [Xd(z)yd(z),z] - (_Z[}’[x' Z],Z]
+ [F(x)zyd(z), z])

—[)’[x» Z], Z]Z + (Z[Y[x, Z], Z]) + [xd(Z)yd(Z)'Z]

= [[y[x, Z],Z],z] — [xd(z)yd(z2),z] forall x,y,z € L. (5.113)
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Replacing x with xz the above relation yields
0 = [[ylxz, 2], 2], z| - [xzd (2)yd(2), 7]
= [[y(x[z, z] + [x, z]2), z], z] — [xzd(2)yd(2), Z]
= [[ylx, 2]z 2], z] — [xzd(2)yd(2), 2]
= [[x, zl[z 2] — [y[x, 2], z]2), z] — [xzd(2)yd(2), 2]
= [[y[x, 2], 2]z, z] — [xzd(2)yd(2), z]
= [ylx, 2], 2l[z, 2] — [[y[x, 2], 2], z]z — [x2d (2)yd(2), 2]
= [[y[x, 2], 2], z]z — [xzd(2)yd(z),z] = 0 forall x,y,z € L. (5.114)
Right multiplying (5.113) by z and then subtracting it from (5.114), we get
0 = [[ylx, 2], 2], z]z — [x2d (2)yd(2), z] — ([[y[x, 2], 2], 2]z — [xd(2)yd(2), 2] 2)
= [xzd(2)yd(2), z] — [xd(2)yd(2), ]z
= [x(z[d(2)yd(2), 2] + [z, z]d(2)yd(2)) — [d(2)yd(2), z]2)]
= [x(z[d(2)yd(2), z] — [d(2)yd(z), 2]2)]
= [x[d(2)yd(2),z],z] forall x,y,z € L. (5.115)
Now we substitute d (z)yd(z)x for x in (5.115) and get
0 = [d(2)yd(2)x[d(2)yd(2),2], 2]
= d(2)yd(2)[x[d(2)yd(2), 2], z] + [d(2)yd(2), z]x[d(2)yd(z),z] (5.116)
Using (5.115), it reduces to
0 = [d(2)yd(2), z]x[d(2)yd(2), z] for all x,y, z € L. (5.117)

Since L is a left ideal, it follows that



x[d(2)yd(z), z]Rx[d(z)yd(z), z] = {0}
And hence

x[d(z)yd(z),z] =0 forall x,y,z € L.

That is,
x(d(z)yd(z)z — zd(z)yd(z)) =0forallx,y,z€L

Now we put y = yd(z)u, where u € L, and then obtain

x(d(2)yd(z)ud(z)z — zd(z)yd(z)ud(z)) = 0 forall x,y,z € L.

By (5.119), this can be written as
x(d(z)yzd(z)ud(z) — d(z)yd(z)zud(z)) =0

That is,
xd(z)y[d(z),z]ud(z) = 0 forall x,y,z € L.
This implies
x[d(2),zlyld(2), zlu[d(z),z] = 0 forall x,y,z € L.
and so

(L[d(2),z])® = {0} forall z € L.

Since a semiprime ring contains no nonzero nilpotent left ideals it follows that
L[d(2),z] = {0} forall z € L.
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Camci and Aydin (2017) stated and proved some functional identities with multiplicative
(generalized)-derivations F and multiplicative left centralizer H under the following
conditions. We deals with their results by incorporating further explanatory steps in their

proof.

Lemma 5.1 (Camci and Aydin, 2017) Let R be a semiprime ring. If F is a multiplicative

(generalized)-derivation associated with the map d, then d is a multiplicative derivation, that

is, d(xy) = d(x)y + xd(y) forall x,y € R.

Proof. Since F is a multiplicative (generalized)-derivation we have
F(x(yz)) = F(x)yz + xd(yz) forallx,y,z € R.

and
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F((xy)z) = F(x)yz + xd(y)z + xyd(z) forall x,y,z € R.
Hence we get,
xd(yz) = xd(y)z + xyd(z) forall x,y,z € R.
From the last equation, we find that
0 =x(d(yz) — d(y)z - yd(2))
{0} = R(d(yz) — d(y)z — yd(z)) forall x,y,z € R.
Since the semiprimeness of R, we have, d(yz) = d(y)z + yd(z) forall x,y,z € R.

Lemma 5.2 (Camci and Aydin, 2017) Let R be a semiprime ring and F be a multiplicative
(generalized)-derivation associated with d. If F(xy) = 0 holds for all x,y € R, then F = 0.

Proof. By the assumption, we have
F(xy) =0forall x,y € R.
If we replace x by xz with z € R, we get
F(xzy) =0 forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we get
F(xzy) = F(xz)y + xzd(y) = 0 forall x,y,z € R.
Using the hypothesis we find that
xzd(y) = 0forall x,y,z € R.
Since R is a semiprime ring, we obtain xd(y) = 0, for all x,y € R. This means d = 0. From
the definition of F, we get F(xy) = F(x)y, forall x, y € R. By the hypothesis we see that
F(x)y =0 forall x,y € R.

From the semiprimeness of R, we find that F = 0.

Lemma 5.3 (Camci and Aydin, 2017) Let R be a semiprime ring and F be a multiplicative
(generalized)-derivation associated with d. If F(xy) € Z(R) holds for all x,y € R, then
[d(x),x] = 0 forall x € R.

Proof. By the hypothesis, we have

F(xy) € Z(R) forall x,y € R.
Taking yz instead of y with z € R, we get
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F(xyz) € Z(R) forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we have
F(xy)z + xyd(z) € Z(R) forall x,y,z € R.
Commuting both sides above with z and using the hypothesis, we get
[xyd(z),z] =0 forall x,y,z € R.
Replacing x by rx with r € R, so we get
0 = [rxyd(2), z]
=r[xyd(z),z] + [r,z]xyd(z) = 0
= [r, z]Jxyd(z) = 0since [xyd(z),z] = 0 forall x,y,z,r € R.
In the above equation replacing x by d(z)x, we find that
[r,z]d(2)xyd(z) = 0forall x,y,z,r €R.
In particular r = x, y = z, this implies that, for all x,y,s € R.
[x, y1d(y)s[x, y1d(y) = [x, y]1d(y)sxyd(y) — [x,y]1d(y)syxd(y) = 0.
Since R is a semiprime ring, we find that
[x, yld(¥)R[x,yld(y) = [x,y]ld(y) = O forallx,y € R.
Replacing x by xy with y € R, we have
0 = [xy,yld(2)
=x[y,y1d(2) + [x,ylyd(2)
= [x,y]lyd(y) = 0 since [y,y] =0 forall x,y € R.
Hence, we see that
[x,v][d(y),y] = 0forall x,y € R.
If we replace x by d(y)x and using the semiprimeness of R, we get
0 = [d)x, y1ld(¥), y]
=d)[x, ylld(y),y] + [d¥), yIx[d(y), y]
= [d(¥), ylx[d(¥),y]
= [d(y),y] =0 forall y € R.
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Lemma 5.4 (Camci and Aydin, 2017) Let R be a ring, F be a multiplicative (generalized)-
derivation associated with d and H be a multiplicative left centralizer. If the map G:R - R is
defined asG(x) = F(x) ¥+ H(x) for all x € R, then G is multiplicative (generalized)-
derivation associated with d.
Proof. We suppose that, for all x € R
G(x) =F(x)+ H()
So we have, forall x,y € R
G(xy) = F(xy) + H(xy)
= F(x)y +xd(y) + H(x)y
= (F) FH)y +xd(y)
= G(x)y +xd(y)
Then G is a multiplicative (generalized)-derivation associated with d.

The following theorems (Theorem 5.8, and Theorem 5.9) gives the concepts on commuting

map on semiprime ring R with multiplicative (generalized)-derivation.

Theorem 5.8 (Camci and Aydin, 2017) Let R be a semiprime ring, F:R - R be a
multiplicative (generalized)-derivation associated with d and H: R — R be a multiplicative left
centralizer. If F(xy) ¥ H(yx) = 0 holds for all x,y € R, then d = 0. Moreover, F(xy) = F(x)y
holds for all x,y € R and [F(x),x] = 0, forall x € R.

Proof. By the first hypothesis, we have

F(xy) — H(yx) =0forall x,y € R. (5.123)

Replacing y by yz with z € R in (5.123), we obtain
F(xyz) — H(yzx) =0 forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we have
0 = F(xyz) — H(yzx)
= F(xy)z + xyd(z) — H(yzx)
= (F(xy) — H(yx))z + xyd(z) + Hy)[x, z] forall x,y,z € R.

Using (5.123) in the last equation, we get

xyd(z) + H(y)[x,z] = 0 forall x,y,z € R. (5.124)
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If we replace z by x in (5.124), we get
xyd(x) + H(y)[x,x] = xyd(x) = 0 since [x,x] = 0 forall x,y € R.
Since R is a semiprime ring, we obtain
xd(x) = d(x)x =0 forall x € R, since xd(x)Rxd(x) = 0.
Hence we get,
[d(x),x] = 0forall x €R. (5.125)
If we replace x by xr with r € R in (5.124), we get the following equation. For all x,y,z,7 € R,
0 = xryd(z) + H(y)[xr, z]
=xryd(z) + Hy)x[r,z] + Hy)[x, z]r + xyd(z)r — xyd(z)r
= xryd(z) + Hy)x|[r, z] — xyd(2)r + (xyd(z) + H(y)[x, z])r.
So, using (5.124) in this equation, we find that
0 = xryd(z) + Hy)x[r,z] — xyd(z)r
= x(ryd(z) — yd(z)r) + H(y)x[r,z]
= x[r,yd(z)] + H(y)x[r,z] forall x,y,z,r €R.
In this above equation replacing r by d(z) and using (5.125), we get
0 = x[d(2),yd(2)] + H(y)x[d(2), z]
= xy[d(2),d(2)] + x[d(2), yld(z) + H(y)x[d(2), 2]
= x[d(z),y]d(z) since [d(z),d(z)] = 0forall x,y,z € R.
Since R is a semiprime ring, we have
[d(z),yld(z) = 0 since [d(z),y]d(2)R[d(z),y]ld(z) = {0} forall x,y,z€ R.  (5.126)
Replacing y by yt with t € R in (5.126) and using (5.126), we find that
0 = [d(2), yt]d(2)
= yld(2),t]ld(2) + [d(2), y]td(2)
= [d(2),y]td(z) forall y,z,t € R.
This yields following equation.
[d(2),yltld(z),y] = 0forall y,z,t € R.
From the semiprimeness of R, we find that
[d(z),y] = 0forall y,z € R. (5.127)
Replacing x by d(x) in (5.124) and using (5.127), we get, forall x,y,z € R,
d(x)yd(z) + H(y)[d(x),z] = d(x)yd(z) = 0



From the semiprimeness of R, this means
d = 0 since d(x)Rd(z) = {0}, for x = z.

Hence, from the definition of F, we get

F(xy) = F(x)y + xd(y) = F(x)y since d =0 forall x,y € R.

Applying (5.128) to (5.124), we have
xyd(z) + Hy)[x,z] = H(y)[x,z] = 0 forall x,y,z € R.
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(5.128)

(5.129)

Replacing y by yz in the last equation and using respectively (5.123) and (5.129), we get

F(2)ylx,z] = 0forall x,y,z € R.
Since from (5.123) we get F(xy) = H(yx), then H(yz) = F(2)y
If we replace x by F(z) in (5.130), we obtain

F(z)y[F(z),z] =0 forall y,z € R.

Hence for y, z € R, we get

[F(2), 2]y[F (2), 2] = (F(2)z — 2F (2))y[F (2),2] = 0.

Consequently, since R is a semiprime ring, we find that [F(2),z] = 0, for all z € R.

By the second hypothesis, we have
F(xy)+ H(yx) =0forall x,y € R.
Replacing y by yz with z € R in (5.131), we obtain
F(xyz) + H(yzx) = 0forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we have
0 =F(xyz) + H(yzx)
= F(xy)z + xyd(z) + H(yzx)

= (F(xy) + H(yx))z + xyd(z) — H(y)[x, z] forall x,y,z € R.

Using (5.131) in the last equation, we get
xyd(z) — H(y)[x,z] = 0forall x,y € R.
If we replace z by x in (5.132), we get

(5.130)

(5.131)

(5.132)

xyd(x) — H(y)[x, x] = xyd(x) = 0since [x,x] = 0 forall x € R.

Since R is a semiprime ring, we obtain

xd(x) = d(x)x = 0 since xd(x)Rxd(x) = {0}, for x = y forall x € R.

Hence we get,
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[d(x),x] = 0forall x €R. (5.133)
If we replace x by xr withr € R in (5.132), we get the following equation. For all x,y,z,r € R
0 = xryd(z) — H(y)[xr, z]
= xryd(z) — H(y)x[r,z] — HY)[x, z|r + xyd(z)r — xyd(z)r
= xryd(z) — Hy)x[r, z] — xyd(z)r + (xyd(z) — H(y)[x, z])r.
So, using (5.132) in this equation, we find that
0 = xryd(z) — Hy)x[r, z] — xyd(z)r
= x(ryd(z) — yd(z)r) — H(y)x[r, 2]
= x[r,yd(z)] — H(y)x[r,z] forall x,y,z,r €R.
In this equation replacing r by d(z) and using (5.133), we get
0 = x[d(2),yd(2)] — H(y)x[d(2), z]
= xyld(2),d(2)] + x[d(2),y]d(z) — H(y)x[d(2), z]
= x[d(2),yld(z) since [d(z),d(z)] =0 forall x,y,z € R.
Since R is a semiprime ring, we have
[d(z),yld(z) = 0 since [d(2),y]ld(2)R[d(2),yld(z) = 0 forall y,z € R. (5.134)
Replacing y by yt with t € R in (5.134) and using (5.134), we find that
0 = [d(2), yt]d(2)
= yld(2),t]ld(2) + [d(2),y]td(2)
= [d(2),y]td(z) forall x,y,z,t €R.
This yields following equation
[d(2),y]t[d(z),y] = 0 forall y,z,t € R.
From the semiprimeness of R, we find that
[d(z),y] = 0forall y,z € R. (5.135)
Replacing x by d(x) in (5.132) and using (5.135), we get, forall x,y,z € R,
d(x)yd(z) + H(y)[d(x), z] = d(x)yd(z) = 0.
From the semiprimeness of R, this means

d = 0,since d(x)Rd(z) = 0, for x = z. (5.136)
Hence, from the definition of F, we get
F(xy) = F(x)y + xd(y) = F(x)y forall x,y € R. (5.137)

Applying (5.136) to (5.132), we have
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xyd(z) —H(y)[x,z] = —H(y)[x,y] = 0 forall x,y € R.

Replacing y by yz in the last equation and using respectively (5.131) and (5.137), we get

F(z)ylx,z] = 0forall x,y,z € R. (5.138)
Since from (5.131) we get F(xy) = H(yx), then H(yz) = F(2)y
If we replace x by F(z) in (5.138), we obtain

F(2)y[F(z),z] = 0forall x,y € R.
Hence for y, z € R, we get

[F(2), zly[F (2), 2] = (F(2)z — zF (2))y[F (2),2] = 0.

Consequently, since R is a semiprime ring, we find that [F(z),z] = 0, for all z € R.

Theorem 5.9 (Camci and Aydin, 2017) Let R be a semiprime ring, F:R - R be a
multiplicative (generalized)-derivation associated with d and H: R — R be a multiplicative left
centralizer. If F(x)F(y) + H(xy) = 0 holds for all x,y € R, then d = 0. Moreover, F(xy) = F(x)y
holds for all x,y € R and [F(x),x] = 0, forall x € R.

Proof. By the first hypothesis, we have

F(x)F(y) —H(xy) =0 forall x,y € R. (5.139)
Replacing y by yz with z € R in (5.139), we get
F(x)F(yz) —H(xyz) =0 forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we have
0 =F(x)F(yz) — H(xyz)
=Fx)(F(¥)z + yd(2)) — H(xyz)
= (F(x)F(y) - H(xy))z + F(x)yd(z) forall x,y,z € R.
Using (5.139) in the last equation, we get
F(x)yd(z) =0 forall x,y € R. (5.140)
Replacing x by ux where u € R in (5.140) and using (5.140), from the definition of F, we
obtain
0 = F(ux)yd(z)
= (F(u)x + ud(x))yd(z)
= F(uw)xyd(z) + ud(x)yd(z)
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= ud(x)yd(z) forall x,y,z,u € R.
In the last equation replacing y by yr,r € R and using that R is a semiprime ring, so we get
ud(x)yrd(z) = d = 0 since ud(x)yRud(z)y = {0}, in particular x = z.
Thus, we get F(xy) = F(x)y forall x,y € R. In (5.139) replacing x by xy, we get
F(xy)F(y) — H(xy)y = F(x)yF(y) —H(xy)y = 0forall x,y € R. (5.141)
Multiplying (5.139) by y on the right, we have
F(x)F(y)y —H(xy)y = 0forall x,y € R. (5.142)
Subtracting (5.141) from (5.142), we get
0=F)FQ)y—H(y)y— (Fx)yF(y) — H(xy)y)
=F)(FQ)y —yF()
= F(x)[F(y),y] forall x,y € R.
Replacing x by xr with r € R in the last equation, we have
F(xr)[F(y),y] = F(x)r[F(y),y] = 0 forall x,y,r € R.
In this case, for x,r € R, we find that
[F (x), x]r[F (x), x] = (F(x)x — xF(x))r[F(x),x] = 0
Thus, since R is a semiprime ring, we obtain [F(x),x] =0, for all x € R. Then F is

commuting map on R.

By the second hypothesis, we have
F(x)F(y) + H(xy) = 0forall x,y € R. (5.143)
Replacing y by yz with z € R in (5.143), we get
F(x)F(yz) + H(xyz) = 0 forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we have
0 =F(x)F(yz) + H(xyz)
= F(x) (F (y)z + yd (z)) + H(xyz)
= (F(x)F(y) + H(xy))z + F(x)yd(z) = 0forall x,y,z € R.
Using (5.143) in the last equation, we get
F(x)yd(z) =0 forall x,y,z € R. (5.144)
Replacing x by ux whereu € R in (5.144) and using (5.144), from the definition of F, we

obtain
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0 = F(ux)yd(z)
= (F(u)x + ud(x))yd(z)
= F(uw)xyd(z) + ud(x)yd(z)
= ud(x)yd(z) forall x,y,z,u € R.
In the last equation replacing y by yr,r € R and using that R is a semiprime ring, so we get
ud(x)yrd(z) = d = 0 since ud(x)yRud(z)y = {0}, in particular x = z.
Thus, we get F(xy) = F(x)y forall x,y € R. In (5.143) replacing x by xy, we get

F(xy)F(y) + H(xy)y = F(x)yF(y) + H(xy)y = 0forall x,y € R. (5.145)
Multiplying (5.143) by y on the right, we have
F(x)F(y)y + H(xy)y = 0 forall x,y € R. (5.146)

Subtracting (5.145) from (5.146), we get
0=F)F)y+ H(xy)y — (F(x)yF(y) + H(xy)y)
=F)F®)y —yF()
= F(x)[F(y),y] forall x,y € R.
Replacing x by xr with r € R in the last equation, we have
F(xr)[F(y),y] = F(x)r[F(y),y] = 0forall x,y,r € R.
In this case, for x,r € R, we find that
[F(x),x]r[F(x),x] = (F(x)x — xF(x))r[F(x), x]=0
Thus, since R is a semiprime ring, we obtain [F(x),x] =0, for all x € R. Then F is

commuting map on R.

The following theorems (Theorem 5.10, Theorem 5.11., Theorem 5.12., and Theorem 5.13.)
gives the concepts on essentiality of semiprime ring with multiplicative (generalized)-

derivation.

Theorem 5.10 (Camci and Aydin, 2017) Let R be a semiprime ring, F:R - R be a
multiplicative (generalized)-derivation associated with d and H: R — R be a multiplicative left

centralizer. If F(xy) + H(yx) € Z(R) holds for all x,y € R, then [d(x),x] = 0, for all x € R.

Proof. By the first hypothesis, we have
F(xy) —H(yx) € Z(R) forall x,y € R. (5.147)
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If we replace y by yz with z € R in (5.147), we get
F(xyz) — H(yzx) € Z(R) forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we find that
F(xyz) — H(yzx) = F(xy)z+ xyd(z) — H(yzx)
= (F(xy) — H(yx))z + xyd(z) + H(y)[x,z] € Z(R) forall x,y,z € R.
Commuting both sides above with z and using (5.147) we get
[xyd(z),z] + [H(y)[x,z],z] = 0 forall x,y,z € R. (5.148)
Replacing x by xz in (5.148), we find that
0 = [xzyd(2),z] + [H(y)[xz, 2], ]
= [xzyd(2),z] + [H(y)(x[z, z] + [x, z]2), ]
= [xzyd(2),z] + [H(y)[x, z]z, 2]
= [xzyd(2),z] + H(y)[x,z][z,z] + [H(y)[x, 2], z]z
= [xzyd(2),z] + [H(y)[x, z], z]z since, [z,z] = 0 forall x,y,z € R. (5.149)
Multiplying (5.148) by z on the right, we find that
[xyd(z),z]z + [H(y)[x,z],z]z=0forall x,y,z € R (5.150)
Subtracting (5.149) and (5.150) side by side, so we get
0 = [HW)Ix, 2], z]z + [xzyd(2), z] — ([HY)[x, 2], z]z + [xyd(2),z]2)
xzyd(z),z] — [xyd(2),z]z
x([zyd(2), z] — [yd(2), z]2)]
x(z[yd(z),z] + [z z]yd(z) — [yd(2), z]2)]
x(z[yd(2), z] - [yd(2), z]2)]
= [x[yd(2),z],z] = 0forall x,y,z € R.

=
=
=
=

In the last equation, we replace x by rx with r € R. Hence we get
0 = [rx[yd(2),z], z]
= [r, z]x[yd(2), z] + r[x[yd(2), 2], Z]
= [r, z]x[yd(2), z]| forall x,y,r,z € R.
In this equation, replacing r by yd(z) and using that semiprimeness of R, we obtain
0 = [yd(2),z]x[yd(2),z]
= [yd(z),z] since [yd(z), z]R[yd(z), z] = {0} forall y,z € R.

If we take d(z)y instead of y and using last equation, we have
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0 = [d(2)yd(2),z]
= d(2)[yd(2),z] + [d(2), z]yd(2)
= [d(2),z]yd(z) forall y,z € R.
From the last equation we have,
[d(z),z]y[d(z),z] = 0forall x,y € R.

Since R is a semiprime ring, we find that [d(z),z] = 0, for all z € R.

By the second hypothesis, we have
F(xy)+ H(yx) € Z(R) forall x,y € R. (5.151)
If we replace y by yz with z € R in (5.151), we get
F(xyz) + H(yzx) € Z(R) forallx,y,z € R.
Since F is a multiplicative (generalized)-derivation, we find that
F(xyz) + H(yzx) = F(xy)z + xyd(z) + H(yzx)
= (F(xy) + H(yx))z + xyd(z) — H(y)[x,z] € Z(R) forall x,y,z € R.
Commuting both sides above with z and using (5.151) we get
[xyd(z),z] — [H(y)[x,z],z] =0 forall x,y,z € R. (5.152)
Replacing x by xz in (5.152), we find that
0 = [xzyd(2),z] — [H(y)[xz, 2], z]
= [xzyd(2),z] — ([H(y)(x[z, z] + [x, z]2), z])
= [xzyd(2),z] — [H(y)[x, z]z, 2]
= [xzyd(2),z] = (HW)Ix, z][z z] + [H(Y)[x, z], z]2)
= [xzyd(2),z] — [H(y)[x,z],z]z = Osince, [z,z] =0 forall x,y,z € R. (5.153)
Multiplying (5.152) by z on the right, we find that
[xyd(z),z]z — [H(y)[x,z],z]z =0 forall x,y,z € R. (5.154)
Subtracting (5.153) and (5.154) side by side, so we get
0 = [xzyd(2),z] — [H(Y)[x, 2], z]z — ([xyd(2),z]z — [H(¥)[x, 2], z] z)
= [xzyd(2),z] — [xyd(2),z]z
= [x([zyd(2), z] — [yd(2), z]z)]
= [x(z[yd(2), z] + [z, z]yd(z) — [yd(2), 2]2)]
= [x(z[yd(2),z] — [yd(2),2]2)]
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= [x[yd(2),z],z] = 0forall x,y,z € R.
In the last equation, we replace x by rx with r € R. Hence we get
0 = [rx[yd(2),z], z]
= [r, z]x[yd(2), z] + r[x[yd(2), 2], z]
= [r, z]x[yd(2), z] forall x,y,r,z € R.
In this equation, replacing r by yd(z) and using that semiprimeness of R, we obtain
0 = [yd(2), z]x[yd(2), z]
= [yd(z2),z] since [yd(z),z]|R[yd(z),z] = {0} forall y,z € R.
If we take d(z)y instead of y and using last equation, we have
0 = [d(2)yd(2),z]
= d(2)[yd(2),z] + [d(2), z]yd(2)
= [d(2),z]yd(z) forall y,z € R.
From the last equation we have,
[d(z),z]yld(z),z] =0 forall y,z € R.
Since R is a semiprime ring, we find that [d(z2),z] = 0, for all z € R. Then semiprimeness is

essential.

Theorem 5.11 (Camci and Aydin, 2017) Let R be a semiprime ring, F:R - R be a
multiplicative (generalized)-derivation associated with d and H: R — R be a multiplicative left
centralizer. If F(x)F(y) £ H(xy) € Z(R) holds for all x,y € R, then [d(x),x] =0, for
all x € R.

Proof. By the first hypothesis, we have

F(x)F(y) — H(xy) € Z(R) forall x,y € R. (5.155)

Replacing y by yz with z € R in (5.155), we get
F(x)F(yz) — H(xyz) € Z(R) forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we have
F(x)F(yz) — H(xyz) = F(x)(F(y)z + yd(z)) — H(xyz)
= (F(x)F(y) — H(xy))z + F(x)yd(z) € Z(R) forall x,y,z € R.

Commuting both side above by z and using (5.155), we get

[F(x)yd(z),z] = 0forall x,y,z €R. (5.156)



Replacing x by xz in (5.156) and using (5.156), hence we have
0 = [F(xz)yd(2),z]
= [(F(x)z + xd(z))yd(z),z]
= [F(x)zyd(z), z] + [xd(2)yd(2),z]
= [xd(z)yd(z),z] forall x,y,z € R.
In the last equation, replacing x by d(z)x and using this equation, we find that
0 = [d(2)xyd(2),z]
= d(2)[xyd(2), z] + [d(2), z]xd(2)yd(z)
= [d(2),z]xd(z)yd(z) forall x,y,z € R.
This implies that
[d(z),z]x[d(z),z]y[d(z),z] = 0forall x,y,z € R.
It gives that
(R[d(2),z])® = {0} forall z € R.
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Since there is no nilpotent left ideal in semiprime rings it gives that, R[d(2), z] = {0}, Vz € R.

Hence using semiprimeness of R, we conclude that [d(z),z] = 0, forall z € R.

By the second hypothesis ,we have
F(x)F(y)+ H(xy) € Z(R) forall x,y € R.
Replacing y by yz with z € R in (5.157), we get
F(x)F(yz) + H(xyz) € Z(R) forall x,y,z € R.
Since F is a multiplicative (generalized)-derivation, we have

F(x)F(yz) + H(xyz) = F(x) (F(y)z + yd (Z)) + H(xy)z

(5.157)

= (F(x)F(y) + H(xy))z + F(x)yd(z) € Z(R) forall x,y,z € R.

Commuting above both side by z and using (5.157), we get
[F(x)yd(z),z] =0 forall x,y,z € R.
Replacing x by xz in (5.158) and using (5.158), hence we have
0 = [F(x2)yd(2),z]
= [(F(x)z + xd(z))yd(z), Z]
= [F(x)zyd(2),z] + [xd(2)yd(2), z]
= [xd(z)yd(z),z] forall x,y,z € R.

(5.158)
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In the last equation, replacing x by d(z)x and using this equation, we find that
0 = [d(2)xyd(2),z]
= d(2)[xyd(2), z] + [d(2), z]xd(2)yd(z)
= [d(2),z]xd(z)yd(z) forall x,y,z € R.
This implies that
[d(z),z]x[d(z),z]yld(z),z] =0 forall x,y,z €R.
It gives that,
(R[d(2),z])® = {0} forall z € R.
Since there is no nilpotent left ideal in semiprime rings it gives that, R[d(z),z] = {0},

Vz € R. Hence using semiprimeness of R, we conclude that, [d(z), z] = 0 for all z € R.

Theorem 5.12 (Camci and Aydin, 2017) Let R be a semiprime ring, F:R - R be a
multiplicative (generalized)-derivation associated with d and H: R — R be a multiplicative left

centralizer. If F(xy) ¥ H(xy) = 0 holds for all x,y € R, then d = 0. Moreover F(xy) = F(x)y holds
forallx,y € Rand F = +H.

Proof. By the first hypothesis, we have

F(xy) — H(xy) =0forall x,y € R.
So we have
G(xy) =0 forallx,y €R.
where G(x) = F(x) — H(x). Using Lemma 5.2 and Lemma 5.4, we get
G=0
So we have
F=H. (5.159)
Using the definition of F and (5.159) in the hypothesis, we get
0= F(xy) — H(xy)
= F(x)y + xd(y) — H(x)y
= xd(y) forall x,y € R.
Since R is a semiprime ring, we obtain
d = 0,since d(y)Rd(y) = {0}.
Thus, we get F(xy) = F(x)y forall x,y € R.
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By the second hypothesis, we have
F(xy)+ H(xy) =0 forall x,y € R.
So we have
G(xy) =0 forallx,y €R.
where G (x) = F(x) + H(x). Using Lemma5.3 and Lemma 5.5 we get
G=0
So we have
F =—H. (5.160)
Using the definition of F and (5.160) in the hypothesis, we get
0 =F(xy) + H(xy)
= F()y +xd(y) + H(x)y
= xd(y), forall x,y € R.
Since R is a semiprime ring, we obtain
d = 0, since d(y)Rd(y) = {0}.
Thus, we get F(xy) = F(x)y forall x,y € R.

Theorem 5.13 (Camci and Aydin, 2017) Let R be a semiprime ring, F:R = R be a
multiplicative (generalized)-derivation associated with d and H: R — R be a multiplicative left
centralizer. If F(xy) ¥ H(xy) € Z(R) holds for all x,y € R, then [d(x),x] = 0 for all x € R.

Proof. By the hypothesis, we have
F(xy) ¥+ H(xy) € Z(R) forall x,y € R. (5.161)

So we have

G(xy) € Z(R) forall x,y € R.
Using Lemma 5.3 and Lemma 5.4, since if we replace y by yz with z € R in (5.161), we get

F(xyz) ¥+ H(xyz) € Z(R) forall x,y,z € R.

Since F is a multiplicative (generalized)-derivation, we find that

(F(xy) + H(yx))z + xyd(z) € Z(R) forall x,y € R.
Commuting both sides above with z we get

[xyd(z),z] = 0 forall x,y € R. (5.162)
Replacing x by xz in (5.162), we find that
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[xzyd(z),z] = 0 forall x,y,z € R. (5.163)
Multiplying (5.162) by z on the right, we find that
[xyd(z),z]z =0 forallx,y,z € R. (5.164)

Subtracting (5.163) and (5.164) side by side, so we get
0 = [xzyd(2),z] — [xyd(2),z]z
= [x([zyd(2),z] — [yd(2), z]2)]
= [x(zlyd(2), z] + [z, z]yd(2) — [yd(2),z]2)]
= [x(zlyd(2), z] — [yd(2), z]z)]
= [x[yd(2),z],z] = 0,Vx,y,z € R.
In the last equation, we replace x by rx with r € R. Hence we get
0 = [rx[yd(2),z], z]
=rx[yd(2),z], z] + [r, z]x[yd(2), z]
= [r,z]x[yd(z),z] forall x,y,r,z € R.
In this equation, replacing r by yd(z) and using that semiprimeness of R, we obtain
0 = [yd(2), z]x[yd(2), z]
= [yd(2),z]R[yd(2),z]
= [yd(z),z] forall y,z € R.
If we take d(z)y instead of y and using last equation, we have
0 = [d(2)yd(2),z]
= d(2)[yd(2),z] + [d(2), z]yd(2)
= [d(2),z]yd(z) forall y,z € R.
From the last equation we have,
[d(z),z]y|d(z),z] = 0forall y,z € R.
Since R is a semiprime ring, we find that
[d(z),z] = 0, since [d(2),z]R[d(2),z] = {0}forall z € R.
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The following examples show that the hypothesis of semiprimeness is essential.

0 a b
Example 5.1 (Camci and Aydin, 2017) LetR = {(0 0 c> |a,b,c € Z } where Z is
0 0 O

the set of all integers and the maps F,d, H: R — R defined by

0 a b 0 a Ab 0 a b 0 Aa® Ab? 0 a b
FI0O 0 c¢c|]=10 0 0)dl0 0 c]=1l0 0 Ac |,HIO 0 c¢|=
0 0 O 0O 0 O 0 0 O 0 0 0 0 0 O

0 Ada Ab
0 0 Ac |, whereA€Z.
0 0 0

0 1 1 0 1 1
Since (0 0 0)R<0 0 0> = {0}, R is not semiprime. Moreover, it is easy to show
0 0 O 0 0 O

that, F is a multiplicative (generalized)-derivation associated with d and H(xy) = H(x)y = 0
holds for all x,y € R. But, we observe that d(R) # {0} and F(xy) # F(x)y forx,y € R.
Hence the semiprimeness hypothesis in the theorem 5.12 is crucial.

0 a b
Example 5.2 (Camci and Aydin, 2017) LetR = {(0 0 c) |a,b,c € Z } where Z is
0O 0 O

the set of all integers and the maps F,d, H: R — R defined by

0 a b 0 da O 0 a b 0 Aab Ab? 0 a b
FIO 0 c|=10 0 Acl],dl0 0 c]=1|0 0 —Ac|,H|I0O 0 c]|=
0 0 O 0O O 0 0O 0 O 0 0 0 0O 0 O

0 A%a A%b
0 0 A2%c |, where € Z.
0 0 0

Then R is not semiprime and it is easy to show that, F is a multiplicative (generalized)-
derivation associated with d and H(xy) = H(x)y, F(x)F(y) — H(xy) = 0 holds for all
x,y € R. We observe thatd(R) # {0} and F(xy) # F(x)y forx,y € R. Hence the
semiprimeness hypothesis in the theorem 5.9 is essential.

0 a b
Example 5.3 (Camci and Aydin, 2017) LetR = {(0 0 c) |a,b,c € Z } where Z is
0 0 O

the set of all integers and the maps F,d, H: R — R defined by



0
F <a

b

0
H <a

b
Since <

N oo O OO

0
0
0
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0 0 0 O 0 0 O 0 0 O
0>=<a2 0 O),d(a 0 0>=<a 0 0>,and
0 b+c 0 0 b ¢ 0 b2 0 0

0 0 0 O

0>=<0 0 0>,wherellez.

0 ab 0 O

1 1 0 1 1
0 0) R (O 0 0) = {0}, R is not semiprime. It yields that, F is multiplicative
0 0 0 0 O

(generalized)-derivation associated withd and H(xy) = H(x)y,F(x)F(y) —H(xy) =0

holds for all x,y € R. But, we see that d(R) # {0} and F(xy) # F(x)y forx,y € R. Hence
the semiprimeness hypothesis in the theorem 5.9 is essential.
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6. SUMMARY AND CONCLUSION

6.1. Summary

In general, the main objective of this project to study functional identities on semiprime ring
with multiplicative (generalized)-derivation. A ring R is said to be semiprime if for any a € R
such that aRa = {0} implies a = 0 and an additive mappingd from R to R is said to be
derivation on R if d(xy) = d(x)y + xd(y) for all x,y € R. Amap F: R — R (not necessarily
additive) is said to be a multiplicative (generalized)-derivation associated toamap d: R — R
if F(xy) = F(x)y + xd(y) holds for all x,y € R where d is any map on R (not necessarily a
derivation nor additive map). Preliminary concepts, definitions, examples, lemmas and
theorems were presented to make concept clear. We are used following functional identities
on semiprime rings with multiplicative (generalized)-derivations to prove the theorems for all
x,y € L:

() Fly)txy=0

(i) FOFQ@)+txy=0

(i)  F(xy) tyx € Z(R)

(iv) Fxy)tH@x)=0

(v) F(xy) £ H(xy) € Z(R).
Most of the results presented in chapter 5 give concepts on multiplicative (generalized)-
derivations is commuting map on ring R and essentiality of semiprime ring in multiplicative
(generalized)-derivations. It is proved that different theorems which facilitates our aim of this
project to clear. Finally, some examples are given to shows that the semiprimeness hypothesis

are necessary and do not hold for arbitrary rings.
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6.2. Conclusion

In this project, functional identities on semiprime ring with multiplicative (generalized)-
derivations have been studied. Overall finding of this project work was show essentiality of
semiprime rings with multiplicative (generalized)-derivations. Moreover, from this project we
can concluded that multiplicative (generalized)-derivation is commuting map on ring R in
Theorem 5.1, Theorem 5.2, Theorem 5.3, Theorem 5.8., and Theorem 5.9. In Theorem 5.4,
Theorem 5.5., Theorem 5.6., Theorem 5.7, Theorem 5.10., Theorem 5.11., Theorem 5.12., and
Theorem 5.13 we showed that semiprimeness is necessary. Finally, we shown that hypothesis
of semiprimeness is essential and do not hold for arbitrary rings in Theorem 5.9 and Theorem
5.12.
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