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Semigroup Ideals and Commutativity of Near Rings with Semiderivations 

Satisfying Certain Differential Identities 

ABSTRACT 

The main purpose of this project is to elaborate the ideas and concepts of semigroup ideals 

and commutativity of near rings with semiderivations satisfying certain differential identities. 

The important preliminary concepts, definitions, lemmas and theorems were elaborated with 

detailed explanatory steps to make the concept clear. In addition, to study commutativity of 

near rings definitions and properties of semiderivation and semigroup ideals were employed. 

Detailed explanatory steps on the proofs of the theorems and lemmas on commutativity of near 

rings admitting a semiderivation satisfying certain differential identities were provided. Also, 

we have seen the cases that in some results the primeness,  -torsion free and zero symmetric 

of near ring   in the setting of semigroup ideals involving semiderivations are sufficient 

condition for commutativity of near ring. Further in the main results of this study detailed 

proofs by including more explanatory steps to show commutativity of near ring   under the 

assumptions “a  -torsion free prime near ring   that admits a nonzero semiderivation   

satisfying  ( ) is contained in the multiplicative center of  ( )” and “a prime near ring   

with semiderivation   acting as a homomorphism or anti-homomorphism in the setting of a 

semigroup ideal   of   .” 

Key words: Prime near rings, Semiderivations, Commutativity. 

 



 

 
 

1. INTRODUCTION 

1.1. Background of the Study 
 

The concept of near ring began as an axiomatic theory by Dickson in      (Pilz,    ). Since 

then the theory of near ring has been developed much and at present it becomes a sophisticated 

theory with numerous areas. A near ring is exactly what is needed to describe the structure of 

the endomorphisms of various mathematical structures adequately. The notion of near ring 

was introduced as a nonempty set   with two binary operations usually called addition and 

multiplication, which is a group (not necessarily abelian) with the first operation, semigroup 

with second operation and only satisfies one side distributive properties (Pilz,    ). Every 

ring is a near ring. It is natural to generalize various concepts of rings to near rings. 

The notion of ring with derivation is quite old and plays a significant role in the integration of 

analysis, algebraic geometry and algebra. The study of derivations in rings though initiated 

long back, but got impetus only after Posner (    ) established two very striking results on 

derivations in prime rings. The result states that; in a 2-torsion-free prime ring, if the iterate of 

two derivations is a derivation, then one of them must be zero; and a prime ring   admitting a 

nonzero centralizing derivation   must be commutative. Also, there has been considerable 

interest in investigating commutativity of rings. 

Bergen (    ) introduced the notion of semiderivation in ring as: A function 

      is said to be a semiderivation of a ring   if there exists a function       such that 

 (  )   ( ) ( )    ( )   ( )   ( ) ( )              
   

  ( ( ))   ( ( ))              
 

} (   ) 

He also examined the relationship between the structure of   and that of  ( ) if   is a prime 

ring and     is a derivation of  . 

Chang (    ) studied on semiderivations of prime rings. He obtained some results on 

derivations of prime rings to prime rings with semiderivations.
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Bell and Mason (    ) introduced the notion of derivation in a near ring   as follows: 

A derivation on   is defined to be an additive endomorphism satisfying the product rule 

 (  )    ( )   ( )  for all      . 

They extend many results of derivation in rings to derivation in near rings. It was shown by 

Wang (    ) that  

                  (  )    ( )   ( )   if and only if   (  )   ( )    ( ) for all      . 

Bell and Martindale (    ) motivated by the notion of indicated by Bergen (    ) 

introduced a new finding on semiderivations and commutativity in prime rings which is 

imposed on an ideal of a ring   rather than on   itself. They proved that if   is a prime ring,   

is a nonzero ideal of   and   is a nonzero semiderivation on  , then   is nonzero on  . 

Consequently, many authors generalize the concepts of semiderivations in rings in different 

directions. 

Motivated by the definition of semiderivation in rings given by Bergen (    ), Boua and 

Oukhtite (    ) introduced the notion of semiderivation in near rings as follows: An additive 

mapping       is called semiderivation if there is an additive mapping       such that 

(   ) holds true for  . 

In case   is the identity map on  ,   is of course just a derivation on  , so the notion of 

semiderivation generalizes that of derivation.  

Bell and Mason (    ) proved partially distributive law for derivation on near rings and 

extended some theorem of derivation on rings to derivation on near rings which facilitate near 

rings are commutative rings. Boua and Oukhtite (    ) extended these results for semiderivat

ions on near rings.  

Ashraf and Boua (    ) proved some differential identities on near rings involving 

semiderivations which show that near rings are commutative rings. By the same year Kim 

(    ) extends some properties of prime rings with derivation to prime near rings with 

semiderivations.  
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Bell (    ) studied semigroup ideal of a near ring according to his definition, a nonempty 

subset   of   is said to be a semigroup right ideal (semigroup left ideal) if      (   

 ); and if   is both a semigroup right ideal and a semigroup left ideal, it is called a semigroup 

ideal. He extended some results on derivations of prime near rings to derivations on prime 

near rings in the setting of a semigroup ideal. 

Boua et al. (    ) proved some identities on near ring in the setting of semigroup ideals 

involving a semiderivation. Consequently, Ali et al. (    ) extended some theorem in the 

setting of semigroup ideals of prime near rings admitting a nonzero semiderivation, thereby 

extending some known results on derivations. Also, they studied semiderivation acting as a 

homomorphism or anti-homomorphism in the setting of semigroup ideal   of  . 

In this project work we elaborate the ideas and concepts of near ring involving semiderivation 

to be commutative and to discuss the preliminary ideas and concepts on semigroup ideals and 

commutativity of near rings involving semiderivations satisfying certain differential identities. 

Also, provide more details on the proofs of the theorems and lemmas on commutativity of 

near rings admitting a semiderivation satisfying certain differential identities. 
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1.2. Statement of the Problem 

A near ring is a generalization of rings. The notion of semiderivation generalizes that of 

derivation. A typical problem in near ring   with semiderivation is to state and prove 

theorems that deal with sufficient conditions under which   is commutative ring. 

In a connection with this many results have been stated and proved in the last five years. 

Boua and Oukhtite (    ) stated and proved that if   is a  -torsion free prime near ring 

admitting a nonzero semiderivation   with 

                                       ( )   ( )   ( ) 

                                       (  )   (,   -)    for all       

then   is commutative ring. 

Boua et al. (    ) stated and proved that if   is a  -torsion free prime near ring and   is 

nonzero semigroup ideal of   admitting a nonzero semiderivation   with            

                                             ( )  ( )   ( ) 

                                             (  )  (  )   ( ) 

                                             (   )  (,   -)    for all       

                                             (  )  (,   -)  ,   - for all       

                                              ( )  (   )    for all       

                                             (  )  (   )      for all        

then   is commutative ring. 

More results on commutativity of near rings satisfying certain differential identities involving 

semiderivations can be found in Kim (    ).  

This project tried to: 

i. Elaborate the ideas and concepts on semigroup ideals and commutativity of near rings 

involving semiderivations satisfying certain differential identities presented in Boua 

and Oukhtite (    ), Boua et al. (    ), Kim (    ) and Ali et al. (    ). 

ii. Provide more detailed proofs of the theorems and lemmas stated and proved by Boua 

and Oukhtite (    ), Boua et al. (    ), Kim (    ) and Ali et al. (    ). 
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1.3. Objectives of the Study 
 

The main objective of this project was to elaborate the ideas and concepts on semigroup ideals 

and commutativity of near rings satisfying certain differential identities involving semiderivati

ons. 

The study explored the following specific objectives: 

 To discuss the preliminary ideas and concepts on semigroup ideals and commutativity 

of near rings involving semiderivations satisfying certain differential identities. 

 To elaborate the ideas and concepts of near ring involving semiderivation to be 

commutative. 

 To provide more details on the proofs of the theorems and lemmas on commutativity 

of near rings admitting a semiderivation satisfying certain differential identities. 

 To elaborate the ideas and concepts on commutativity of a near ring involving 

semiderivation in the setting of semigroup ideals. 
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2. LITERATURE REVIEW 

 

Near rings are natural objects of study as algebraic objects, relating to many other abstract 

algebraic entities. Many interesting structural results are brought out, and the genealogy of the 

results is made quite clear (Pilz,    ).  

Bell and Mason (    ) proved partial distributive law for near ring and they extended some 

results for derivation in rings to derivation in near rings as, if   is a  -torsion free prime near 

ring admitting a derivation such that 

                                         ( )   ( )   ( )  

                                         (  )  , ( )  ( )-    for all       

then   is commutative ring. 

Motivated by these results Boua and Oukhtite (    ) extended partial distributive law results 

for semiderivations in near rings and they extended some results of derivation on near ring to 

semiderivation on near ring as a  -torsion free prime near ring admitting a nonzero 

semiderivation for which  ( )   ( ) and  (,   -)   , then   is commutative ring. 

Thereafter, Kim (    ) extended some results of derivation on near ring to semiderivation in 

near rings and proved the following identities as  

                       ( )  (   )     ,  (   )  ,   -  

                       (  )  ,   -       for all       which showed that   is commutative ring. 

Bell (    ) extended some results of derivation on near rings in the setting of semigroup 

ideal   of   as  ( )   ( ) and , ( )  ( )-  * + which facilitates near ring is 

commutative. 

Motivated by these results Boua et al. (    ) proved some differential identities on near rings 

in the setting of semigroup ideals involving semiderivation as 

                                    ( )  ( )   ( ),  

                                    (  )  (,   -)  ,   - for all       

                                    (   )  (   )       etc. for all       

then   is commutative ring. 
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Ali et al. (    ) proved some theorems of nonzero semiderivation of near rings admitting a 

nonzero semigroup ideal   of  , thereby they extended some known results on derivations to 

semiderivation on near ring as if   is a  -torsion free zero-symmetric prime near ring,   be a 

nonzero semigroup ideal of   and    is a nonzero semiderivation of   associated with a map 

  such that  ( )    and  (  )   ( ) ( ) for all       such that  ( )   ( ) and 

, ( )  ( )-  * +, then   is commutative ring. 

In addition, they proved if   is a  -torsion free zero-symmetric prime near ring,   be a 

nonzero semigroup ideal of   and    is a nonzero semiderivation of   associated with a map 

  such that  (  )   ( ) ( ) for all      , then   ( )  * +. 

Bell and Kappe (    ) proved that if   is a semiprime ring and   is a derivation on   which 

is either an endomorphism or an anti-endomorphism on  , then    . 

Motivated by these results Ali et al. (    ) established similar results in the setting of a 

semigroup ideal of a prime near ring admitting a semiderivation   associated with a map   

such that  (  )   ( ) ( ), for all       which acts as a homomorphism or an anti-

homomorphism on  , then either   is the identity map on   or    .  

Consequently, Ali et al. (    ) proved similar results in the setting of a semigroup ideal of a 

prime near ring admitting a semiderivation   associated with a map   such that 

  (  )   ( ) ( ), for all       which acts as an anti-homomorphism on  , then   is 

commutative ring. 

Generally, in this project work the concept of semiderivations in near rings through the study 

of structure and commutativity of near rings admitting semiderivations satisfying certain 

differential identities and the commutativity conditions of a near ring involving semiderivation 

in the setting of semigroup ideal   of a near ring   was elaborated. 
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3. MATERIALS AND METHODS 

 

Sources in the web and libraries were used to collect all the pieces of information about the 

semigroup ideals and commutativity of near rings with semiderivations and recorded 

subsequently. 

The overall procedure of this project was as follows: 

 Relevant journals and books were consulted to gather information about 

semigroup ideals and commutativity of near rings with semiderivations 

satisfying certain differential identities. 

 The collected information was analyzed.  

 Important preliminary concepts, definitions, and theorems were elaborated to 

make the concept clear. 

 Proved some theorems on semigroup ideals and commutativity of near rings 

with semiderivations satisfying certain differential identities with detailed 

explanatory steps to make the concept clear. 

 Important lemmas were used to prove the theorems. 
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4. PRELIMINARIES 

In this chapter, we deal with basic definitions, examples and lemmas which have been 

important ideas and concepts for the main results of chapter 5. 

4.1. Basic Concepts of Near Rings 

We begin with the following definitions, examples and lemmas, which is essential for 

elaborating the proof of the main results. 

Definition 4.1.1. A ring (     )  is a set   together with two binary operation      and   

    which we call addition and multiplication, defined on   such that the following axioms 

are satisfied: 

          ( ) (   ) is abelian group 

          (  ) (   )  is a semi group 

         (   ) For all          the left distributive law    (   )          and the right  

                  distributive law  (   )             hold. 

Definition 4.1.2. (Pilz,    ) A near ring (     ) is an algebraic structure together with 

two binary operations addition     and multiplication     such that 

          ( ) (   ) is a group not necessarily abelian 

          (  ) (   ) is a semi group 

         (   )   (   )          for all           (left distributive law) 

                   Hence, this type of near ring will be termed as left near ring. 

Remark 4.1.3.  Similarly one can define right near ring by redefining condition (   ) in 

definition       (   )           for all        . In this project work a near ring 

mean that only a left near ring unless otherwise stated. 

Remark 4.1.4. (Kandasamy,     ) Every ring is a near ring but the converse is not true in 

general. 

Example 4.1.5. (Kandasamy,     ) Let   be the set of integers. Now define multiplication 

    on   by       for all      . 
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                ( ) Clearly (   ) is an abelian group 

                (  ) (   ) is a semi group 

              (   )    (   )                     (by definition)  

On the other side             for all        . 

Therefore, (     ) is a left near ring. 

Definition 4.1.6. ( ) A ring (     ) is a commutative ring if and only if       for all     

                                        . 

                            (  ) A ring (     ) is said to have a unity if and only if there is an element     

                                      with     and            for all     * +. Such ring is     

                                   called a ring with unity. 

Remark 4.1.7. Let   be a near ring. Then, 

                            ( ) If (   ) is abelian, then we call   an abelian near ring. 

                            (  ) If (   ) is commutative, then we call   a commutative near ring. 

Definition 4.1.8. (Bell and Mason,     )  Let   be a near ring. Then an additive mapping 

      is said to be a derivation if 

 (  )    ( )   ( )   for all       . 

Note: Additive mapping       implies  (   )   ( )   ( ). Also, this holds true for 

semiderivation. 

Definition 4.1.9. An element   of a near ring   is called  

                   ( ) Left zero divisor if       for some nonzero element    .  

                   (  ) Right zero divisor if       for some nonzero element    .  

                               In particular,   is zero divisor if it is a left or right zero divisor.  

Definition 4.1.10. (Boua et al.,      and Ali et al.,     ) For any pair of elements     in a 

near ring  , the additive commutator is denoted by (   ) and is defined as         and 

multiplicative commutator is denoted by ,   - and is defined as       while the 

multiplicative anti-commutator denoted by     and is defined as        for all      . 
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Remark 4.1.11.  Let   be a near ring. Then the following basic commutator identities hold for 

any        . 

                               ( ) ,    -   ,   -  ,   -  

                               (  ) ,    -   ,   -  ,   -  

                    (   )     (  )  (     )   ,   -   (     )  ,   -  

                               (  ) (  )      (     )  ,   -  (     )   ,   - 

Definition 4.1.12. (Boua et al.,     ) Multiplicative Center of a near ring   is the set of all 

those elements of   which commute with every elements of   under multiplication and is 

denoted by   ( ), 

 that is,  

 ( )  *                     + 

Definition 4.1.13. (Boua and Oukhtite,     ) A near ring   is said to be prime if for any 

           * + implies     or    . 

Definition 4.1.14. (Boua and Oukhtite,     ) An element   in a near ring   is said to be  -

torsion free if      implies     for all    . Now, a near ring   is said to be  -torsion 

free if      implies     for all    . 

Definition 4.1.15. (Boua and Oukhtite,     ) A near ring   is called zero symmetric if 

         for all    .  

In this project work   denotes zero symmetric left near ring unless otherwise mentioned. 

The following lemmas (             ) are Bell results which we have been used for the part 

of main results. 

Lemma 4.1.16. (Bell,    ) Let   be a prime near ring. If     ( )   * +, then   is not a 

zero divisor. 

Proof:  Let     ( )   * +  and for any           , then       for all      . 

Thus, we get 

                   * +  for all     

Since   is prime near ring and      then     * + implies    . 
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Thus,   is not a zero divisor. 

Lemma 4.1.17. (Bell,    ) Let   be a prime near ring. If  ( ) * + contains an element   for 

which        ( ), then (   ) is abelian.  

Lemma 4.1.18. (Bell,    ) Let   be a prime near-ring. If      ( ) * + and       ( ) or 

      ( ), then      ( ). 

Proof: Assume that       ( ), then ,    -    for all     

Since      ( ) * +, it follows that 

                   ,   -                       since      ( ) * + 

                     ,   -                       since    ( ) * +, then   is not a zero divisor 

                               for all     

 Hence,      ( ). 

4.2. Semigroup Ideals and Semiderivation of Near Rings 

We use the following definitions and lemmas, which is essential for elaborating the proof of 

the main results. 

Definition 4.2.1. (Boua and Oukhtite,     ) Let   be a near ring. Then an additive mapping 

      is called semiderivation if there is an additive mapping       such that 

 (  )    ( )   ( ) ( )   ( ) ( )   ( )  

                                                          and 

                                     ( ( ))   ( ( ))  for all       . 

Remark 4.2.2. (Boua and Oukhtite,     ) Every derivation is a semiderivation on a near ring 

 . 

Proof:  Let a derivation   be on   then  (  )    ( )   ( )  

            Now let   be on   such that       be defined as  ( )    for all     

            then    (  )    ( )   ( ) ( )   ( ) ( )   ( )   for all       

Again   ( ( ))   ( ) and  ( ( ))   ( )  for all     

            Thus,   is a semiderivation on  . 
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Remark 4.2.3. (Boua and Oukhtite,     ) Every semiderivation may not be a derivation. 

For this we have an example: 

Example 4.2.4. (Ali et al.,     ) Let        , where    is a zero symmetric near ring 

and    is a ring. Then the map       defined by  

                                            ((   ))  (   ) 

is a semiderivation associated with a function       such that   (   )  (   ). 

However,   is not a derivation on  . 

To see this: 

 Let    (     )    

          (     )   , where          and          

Now let us check the three properties of semiderivations. 

 ( )  (   )   ((     )  (     ))   (           ) 

                                                                 (       ) 

                                                                 (    )  (    ) 

                                                                  (     )   (     ) 

                                                                  ( )   ( ) for all       

 (  ) Suppose    (  )   ((     ) (     ))   (         )  (      ) 

              and also    ( ) ( )    ( )   ((     )) (     )  (     ) (     ) 

                                                                (    )(    )  (     )(    ) 

                                                                (      ) 

 (   ) Suppose   ( ( ))   ( (     ))   (    )  (   ) 

              again   ( ( ))   ( (     ))   (    )  (   ) 

Hence, using ( ) (  ) and (   )   is a semiderivation on  . 

Now let us check for derivation on   

                             (  )    ( )   ( )    

 ((     )(     ))  (     ) (     )   (     )(     ) 

                             (         )  (     )(    )  (    )(     ) 

                            (      )  (       ) 

Thus,   is not a derivation on  . 
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Lemma 4.2.5. (Boua and Oukhtite,     ) Let   be a semiderivation of a prime near-ring   

and     such that    ( )       for all    , then     or    . 

Proof: Assume that   ( )     for all     

                                   (  )     for all     

                                  , ( ) ( )    ( )-              (definition of semiderivation) 

                                   ( ) ( )     ( )    

                                    ( )     ( )    

                                    ( )      for all       

                                    ( )  * + 

                                      or   ( )    

Hence,       or     . 

Lemma 4.2.6. (Kim,     ) Let   be a prime near-ring and    . If   is a nonzero 

semiderivation associated with a surjective function      . If    ( )     , then      . 

Proof:  Suppose that   ( )      and     . Since      , there is      such that 

 ( )     , and   (  )      

Hence we obtain 

 ( ( ) ( )      ( ))      ( ) ( )       ( )      

Since   ( )     , we have     ( )      for every    . Since   is prime and  ( )   , 

we get       . 

Lemma 4.2.7. (Boua and Oukhtite,     ) Let   be a semiderivation of a near ring  . Then   

satisfies the following partial distributive law: 

(  ( )     ( ) ( )) ( )      ( ) ( )     ( ) (  ) for all          . 

Proof:  Let           , then by the definition of semiderivation we have 

 ((  ) )       ( )     (  ) ( ) 

                                                                   ( )    (  ( )     ( ) ( )) ( )  (   ) 
On the other hand, 

 ( (  ))      (  )     ( ) (  ) 

                                                                               (  ( )     ( ) ( ))     ( ) (  )  
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                                                                  ( )      ( ) ( )     ( ) (  )  (   ) 

Comparing equations (   ) with (   ), we get 

(  ( )     ( ) ( )) ( )      ( ) ( )     ( ) (  ) for all            

Lemma 4.2.8. (Boua et al.,     ) Let   be a near-ring and   is a semiderivation of   

associated with an automorphism  . Then   satisfies the following partial distributive law. 

         ( ) ( ( )     ( ) ( ))     ( )      ( ) ( )   for all          . 

         (  ) (  ( )     ( ) ( ))      ( )     ( ) ( )   for all          . 

Definition 4.2.9. (Bell,     ) A nonempty subset   of a near ring   is said to be right (left) 

semigroup ideal of   if      (    ),   is said to be a semigroup ideal if it is both a 

right semigroup ideal and a left semigroup ideal of  . 

Example 4.2.10.  Let   *       + with addition and multiplication tables defined as below: 

  

 

 

If we take    *   + ,   *     + and   *     + then     are semigroup right ideals of 

  and   is a semigroup ideal of  . 

Definition 4.2.11. (Kandasamy,     ) Let (      ) and (      ) be two near rings. 

Then a mapping         is called a near ring homomorphism if 

( )  (     )   (  )   (  )  

(  )  (     )   (  )   (  ) for all          

Definition 4.2.12. (Kandasamy,    ) Let (      ) and (      ) be two near rings. 

Then a mapping         is called a near ring anti-homomorphism if  

( )  (     )   (  )   (  ) 

(  )  (     )   (  )   (  )  for all          
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Lemma 4.2.13. (Bell,    ) Let   be a prime near ring and   be a nonzero semigroup ideal of 

 . 

                          ( )  If       and     * +  or      * +, then    . 

                          (  )  If       centralizes  , then      ( ). 

Proof:   ( ) Suppose    * + 

        For any              and     , then 

        for all     

             * + 

Since   is prime near ring       or     but    , then    . 

  (  ) Since   centralizes  , ,   -     for all    , ,   -  * + 

          For any              and      

 ,    -    for all         

  ,   -  ,   -    

                                             ,   -      for all     

By using ( )  ,   -     for all    . 

          for all     

                 Hence,     ( ). 

Lemma 4.2.14. (Bell,    ) Let   be a prime near-ring, and   a nonzero semigroup ideal of 

 . If        and        * +, then     or    . 

Proof:  Suppose       * + for all        

 For any          we have       

 Now by substituting    in   we get,         

                                                                 * + for all      

 Since   is a prime near-ring, then we have      or     . 

 But from     , we get     by Lemma       ( ). 

 Hence,       or     . 
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Lemma 4.2.15. (Bell,    ) Let   be a prime near ring and  ( ) contains a nonzero 

semigroup left ideal or semigroup right ideal, then   is a commutative ring. 

Proof:  By the hypothesis    ( ) 

Suppose   is nonzero semigroup left ideal of  . 

Then,         for all      by hypothesis (   ) 

Since         for all        , then 

                   since         for all               by  (   ) 

Now   is nonzero semigroup right ideal of  . 

Thus, for any    ,       

Therefore,   is nonzero semigroup right ideal of   and   is an element of   which centralizes 

 . Then,    ( ) by Lemma       (  ). 

Since   is an arbitrary element. Then every elements of   belongs to  ( ). 

Therefore, every element in   commutes under multiplication. 

                                           for all       

Hence,   is commutative under multiplication which also shows right distributive property. 

Now we shall show additive commutativity of  . 

Since   is nonzero semigroup ideal, then 

                                * +  by Lemma       ( ) 

So, there exist                   such that 

                                 , then we get        ( ) 

This implies that      ( ). 

Since        (   )     ( )  for all           , then 

                                     ( ). 

Thus,      and      ( ) such that         ( ). 

Then, by Lemma       , we get 

                              (   ) is Abelian. 

Hence,   is a commutative ring. 
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Lemma 4.2.16. (Boua et al.,     ) Let   be a prime near ring. If    ( ), then   is a 

commutative ring. 

Proof:  Let         ( ), this means    ( ) * + 

             Also         ( ), then       ( )  for all     

For any       

              (   )(   )  (   )(   ) 

 Now take  (   )(   )   (   )  (   )         since   is left near ring 

                                                            (   )   (   )         since      ( ) 

                                                                       

                                                                       

                                                            (       )  (   )           

              Now again (   )(   )   (   )  (   )   

                                                            (   )   (   )               since    ( ) 

                                                                       

                                                            (       ) (   ) 

              From (   ) and (   ), we get 

                             (       )    (       ) 

                             (       )    (       )    

                             ((       )   (       ))       

  ((       )   (       ))      since     ( ) * +, then   is not a zero divisor 

                                                               

                                                               for all              

              Thus, (   ) is Abelian. 

Since,    ( ) then for any    ,       for all    . Thus,   is commutative. 

Hence,    is a commutative ring. 

 

 

 

 



19 
 

 
 

5. SEMIGROUP IDEALS AND COMMUTATIVITY OF NEAR RINGS 

WITH SEMIDERIVATIONS  

This section contains theorems concerning semigroup ideals and commutativity of near rings 

with semiderivations satisfying certain differential identities. 

Further we discussed more details on the proofs of the theorems on semigroup ideals and 

commutativity of near rings satisfying certain differential identities involving semiderivations. 

5.1. Commutativity of Near Rings with Semiderivations 

The main purpose of this subsection elaborates the ideas and concepts of prime near rings 

satisfying certain identities involving semiderivations are commutative rings. There has been 

an ongoing interest concerning the relationship between the commutativity of a prime near 

ring   and the behavior of a semiderivation of  , with associated nonzero semiderivation. The 

more detailed on the proofs of the theorems on commutativity of near rings admitting a 

semiderivation satisfying certain differential identities have been provided.  

The following theorems (           ) are the main results of semiderivation on near rings 

which facilitate commutativity of near rings. 

Theorem 5.1.1 (Boua and Oukhtite,     ) Let   be a  -torsion free prime near ring. If   

admits a nonzero semiderivation   such that  ( )   ( ), then   is a commutative ring. 

Proof: We have  ( )   ( ), then 

 (  )   ( )  for all         

This implies that  

 (  ) ( )   ( ) (  )  for all            

So, we have 

(  ( )     ( ) ( )) ( )     ( )(  ( )     ( ) ( ))  for all            

                                                         since   (  )    ( )     ( ) ( )  

and by Lemma       

  ( ) ( )     ( ) (  )     ( )  ( )     ( ) ( ) ( ) for all            (   ) 
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Replacing   by  ( ) in (   ), we get 

    ( ) ( ) ( )     ( ( )) (  )   ( ) ( ) ( )   ( ) ( ( )) ( ) for all           

   ( ) ( ) ( )      ( ) (  )     ( ) ( ) ( )     ( )  ( ) ( ) for all           

   ( ) ( ) ( )      ( ) (  )     ( ) ( ) ( )     ( )  ( ) ( ) for all           

                                                                              since  ( ) commute with  ( ) ( ) 

      ( ) (  )      ( )  ( ) ( ) 

     ( ( )) (  )      ( ) ( ( )) ( ) 

         Let   ( )     , then 

   ( ) (  )   ( ) ( ) ( )    

   ( ) (  )   ( ) ( ) ( )        since  ( )   ( ) 

   ( )( (  )   ( ) ( ))    

  ( ( ))( (  )   ( ) ( ))    

   ( )( (  )   ( ) ( ))    

Replacing  (  )   ( ) ( )  by   ( (  )   ( ) ( )) for all      , then 

    ( ) ( (  )   ( ) ( ))     for all             

    ( ) ( (  )     ( ) ( ))    * +  for all           (   ) 

By the primeness of   , (   ) assures that 

 (  )    ( ) ( )        ( )       for all            

( )  If  (  )     ( ) ( ) for all        , then (   ), becomes 

          ( ) ( )     ( ) ( ) ( )     ( )  ( )     ( ) ( ) ( ) for all           

  ( ) ( )     ( ) ( ) ( )     ( )  ( )     ( ) ( ) ( )  since  ( )   ( ) 

                                        ( ) ( )     ( )  ( )  for all           

                                        ( ) ( )     ( )  ( )    since  ( )   ( ) 

                                       ( )(  ( ))    ( )( ( ) )   since  ( )   ( ) 

                                       ( )( ( ) )       ( )(  ( ))    

                                       ( )( ( )    ( ))       

                                       ( ), ( )  -    

Replacing    by    , then 

                                   ( ), ( )   -      for all       

                                   ( ) , ( )  -      for all             
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                                  ( ) , ( )  -    * +   for all           (   ) 

Again by the primeness of   , equation (   ), becomes 

                                               ( )     ( ) for all       (   ) 

We conclude that   is a homomorphism. Since  ( ) commute with  ( ), then  

 (  )   ( ) ( )   

Let          , then we have 

 ( (  ))     ( ) (  )     ( )   

                                                                   ( )( ( ) ( )     ( ) )     ( )   

                                                                   ( ) ( ) ( )     ( ) ( )     ( )   

                                                                 (  ) ( )     ( ) ( )     ( )   (   ) 

since   is homomorphism, then  ( ) ( )   (  )   

On the other hand, 

 ((  ) )     (  ) ( )     (  )  

                                                                 (  ) ( )    ( ( ) ( )     ( ) )  (   ) 

Comparing (   ) with (   ), we find that  

( ( ) ( )     ( ) )     ( ) ( )     ( )    for all           

since  (  )     ( ) ( )     ( )     ( )  for all          , it follows  

( ( ) ( )     ( ) )     ( ( ) ( )     ( ) )  for all           

Hence by Lemma       

 ( ) ( )     ( )       ( ) ( )      ( )   for all           

Using  ( )   ( ) together with (   ), we get 

 ( ) ( )     ( )      ( )  ( )      ( )  

 ( ) ( )     ( )      ( ) ( )      ( )  

 ( )        ( )  

                                                              ( )       ( )      since   commutes with  ( ) 

                                                          ( ),   -        for all           

Replacing   by    for all    , then we get 

        ( ),    -      

        ( ) ,   -         for all             

       ( ) ,   -    * +   for all           

By the primeness of   ,  ( )       or  ,   -      



22 
 

 
 

Since   cannot be zero, then we have  ,   -      

So that    ( ). Since every element of   commutes. 

Hence, by applying Lemma       , we conclude that   is a commutative ring. 

(  ) If    ( )      for all      , then 

                                              (  ) 

                                              ( (  )) 

                                               ( ( ) ( )     ( ) ) 

                                              ( ( ) ( ))   ( ( ) )  since   is additive 

                                              ( ( )) ( ( ))   ( ( )) ( )   ( ( )) ( )   ( ( ))  

                                                ( )  ( )     ( ( )) ( )     ( ( )) ( )      ( )  

                                                ( ( )) ( )          since  ( ( ))   ( ( )) 

Since   is  -torsion free, it follows   ( ( )) ( )      for all       . 

Hence applying Lemma        we get   ( ( ))      for all      . 

Moreover, from 

 (  ( ))     ( ) ( ( ))     ( ) ( )     ( ) for all        

it follows 

 ( ) ( )     ( ) for all          

According to Lemma       , then we get 

                                               ( )     ( )  for all       

Hence Equation (   )  reduces to 

  ( ) ( )     ( ) (  )     ( )  ( )     ( ) ( ) ( ) for all           

 ( )  ( )     ( ) (  )     ( )  ( )     ( ) ( ) ( )  since  ( ) commutes  

                         ( ) (  )     ( ) ( ) ( )  for all            

                         (  ) ( )    ( ) ( ) ( ) for all          . Since  ( ) commutes with   

 (  ) ( )   ( ) ( ) ( )    

( (  )   ( ) ( )) ( )      for all           

In view of Lemma      , we obtain 

 (  )     ( ) ( ) 

                                          ( ) ( )                  
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Since the last equation is the same as ( ), then using the same argument we conclude that   is 

a commutative ring. 

Theorem 5.1.2 (Boua and Oukhtite,     ) Let   be a  -torsion free prime near ring. If   

admits a nonzero semiderivation   such that  (,   -)    for all       , then   is a 

commutative ring. 

Proof: Assume that 

                                       (,   -)       for all        (   ) 

Replacing   by    in (   ), because of ,    -     ,   -, we get 

                                                   ( ,   -) 

                                                     ( ) (,   -)     ( ),   -   using semiderivation formula  

                                                     ( ),   -  for all        

                                   ( )      ( )    for all        (   ) 

Substituting    for   in (   ) and using (   ), we obtain 

                                    ( )       ( )    

                                                            ( )      for all           

                   ( )     ( )      

                           ( ) (     )    

                                    ( ) ,   -     for all          

                             ( ) ,   -    * +  for all          (   ) 

By the primeness of   , equation (   ) assures that 

                                 ( )       or       ( ) for all      (    ) 

If there is an element       such that  ( )     , then we have both of  

                                                            ((  ) )    (  )   (  ) ( ) 

                                                                               (  )  

                                                     ( ( )     ( ) ( ))  

and 

                                                           ( (  ))     ( )      ( ) (  ) 

                                                                              ( )      ( )( ( )     ( ) ( )) 

                                                                              ( )      ( ) ( )  
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Consequently, 

                 ( ( )     ( ) ( ))     ( )      ( ) ( )   for all          (    ) 

Since  (  )     (  ), then 

  ( )     ( ) ( )     ( ) ( )     ( )   for all        

Taking   instead of   , then we get 

                    ( )     ( ) ( )     ( ) ( )     ( )  

                                         ( )     ( )   for all        (    ) 

Replacing   by  ( )   in (    ) and using (    ), we obtain 

                           ( ( ) )   ( ( ) )  

                          . ( ( ))   ( ( )) ( )/  . ( ( ))   ( ( )) ( )/   

                            ( )      ( ( )) ( )      ( )      ( ( )) ( )    for all          

since  ( ( ))     ( ( )), then application of (    ) implies that 

                             (since by equation (    )     ( )     ( )   implies   and  ( ) commutes) 

   ( )      ( ( )) ( )      ( )      ( ( )) ( )  

   ( )     ( ( ))  ( )      ( )      ( ( )) ( )  

   ( )     ( ( )) ( )      ( )      ( ( )) ( )  

                                                            ( )      ( )    for all          (    ) 

Replacing   by    in (    ), we get 

  ( )         ( )   

                                                                 ( )     for all            

                                       ( )      ( )      

                                                       ( ) ,   -     for all            

                                                     ( ) ,   -    * +   

By the primeness of   , we get 

                 ( )       or       ( ) 

Therefore, equation (    ) becomes 

  ( )       for all       or       ( ) 

If    ( )       for all     , then 

                                             (  )  for all          

                                             ( (  )) 
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                                             ( ( ) ( )   ( ) ) 

                                             ( ( ) ( ))   ( ( ) ) 

                                             ( ( )) ( ( ))   ( ( )) ( )   ( ( )) ( )   ( ( ))  

                                               ( )  ( )      ( ( )) ( )      ( )  

                                               ( ( )) ( )    since  ( ( ))   ( ( )) 

so that by  -torsion free  ( ( )) ( )       for all       .  

By Lemma      , it follows that 

 ( ( ))     ( ( )) 

                                                                               for all      

Using the fact that    is a semiderivation, we get 

 (  ( ))     ( ( ))   ( ) ( ( )) 

                                                                 ( )     ( ) ( ( )) 

                                            (  ( ))   ( ) ( ( ))   ( ) ( ) 

                                           ( )  ( )     ( ) ( )  for all        

which implies that 

                             ( ) ( )        for all       . 

Thus, Lemma       assures that  ( )       for all     ;  a contradiction.  

Consequently,      ( ). 

Hence, by applying Lemma       , we conclude that   is a commutative ring. 

The following theorems (           ) show that semiderivation on near rings satisfying 

certain differential identities which facilitate near rings are commutative rings. In this 

subsection   is considered to be as a surjective function. 

Theorem 5.1.3 (Kim,     ) Let   be a prime near-ring. If   admits a nonzero semiderivation 

  with   such that  (     )          for all       , then   is commutative ring. 

Proof:  By hypothesis, we have 

                               (     )           for all        (    ) 

Replacing   by    in (    ), we get 

                              (    (  ))      (  )   for all        (    ) 
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                               ( (   ))   (   )            since   (  )     (   )  

                               ( ) (     )     (     )   (   )  for all           

using equation (    ), we get  

 ( )(     )     (     )    (   )  for all         since   surjective, then  (     )      

                                  ( )(     )       for all        

                                  ( )(     )    

                                 ( )       ( )    for all         (    ) 

Substituting    for   in (    ), we obtain for all        

                           ( )       ( )      (  ( )  )     ( ) (  )   (    ) 

Since   ( )       ( ) (  ) , (    ) becomes 

                            ( )  (  )     ( ) (  )   for all          (    ) 

Taking     instead of   in (    ), we obtain 

                            (  )       (  )     for all          (    ) 

                             (  )     (  )        

                             (  ) (     )     for all          

                            (  ) ,   -    * +  for all        (    ) 

By primeness, we have either     ( ) or   (  )      

That is, 

                           ( )       or  ,   -       for all        (    ) 

From (    ), it follows that for each fixed     , we have 

                          ( )       or      ( ) (    ) 

But    ( ) also implies that  ( )     ( ), and  

so from equation (    ) , we get 

                           ( )    ( )  for all      (    ) 

from equation (    ), we have 

 ( )   ( ) and using theorem      , we conclude that   is commutative ring. 

Theorem 5.1.4 (Kim,     ) Let   be a prime near-ring. If   admits a nonzero semiderivation 

  with   such that  ( )          for all       , then   is commutative ring. 
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Proof.  Suppose that 

                                          ( )              for all         (    ) 

Replacing   by    in (    ), we get 

                                          (  )                (     )  

                                          (  )       (     )  

                                          (  )       ( ( )  )     since         ( )      equation      

 (  )      (  )  ( ( )    ( ))  

 (  )      (  )     ( )       ( )  

( ( ) ( )    ( ))   ( ( ) ( )    ( ))   ( )     ( )  

                       ( ) ( )    ( )    ( ) ( )     ( )   ( )     ( )  

Hence we have 

                   ( )       ( )      ( )       ( )     ( )       ( )   

                                                                                                  since   is surjective  ( )   . 

 Therefore, we obtain 

                            ( )     ( )       for all        

                            ( )      ( )    for all        (    ) 

Replacing   by    in equation (    ), we get for all       , 

    ( )       ( )      (  ( ) ) 

                           (    ( ))     (  )  ( ) 

The last expression reduced to 

                            ( )     (  )  ( )  for all          (    ) 

                       (  )   ( )     (  )  ( )  for all          (    ) 

Taking –   instead of    in (    ), we get 

                           (  )        (  )  for all          

                           (  )       (  )    

                       (      )  (  )        

                       ,   -  (  )        for all          

                       ,   -  (  )    * +   for all        (    ) 

By primeness, we have either      ( ) or   (  )       for all      

                        ( )       or      ( )  for all      (    ) 
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But    ( ) also implies that  ( )     ( ), and  

so equation (    ) becomes 

                       ( )    ( )  for all      (    ) 

From equation (    ), we get 

 ( )   ( ) and using theorem      , we conclude that   is commutative ring. 

Theorem 5.1.5 (Kim,     ) Let   be a prime near-ring. If   admits a nonzero semiderivation 

  with   such that  (     )   ,   -  for all       , then   is commutative ring. 

Proof.  Let 

                 (     )    ,   -  for all        (    ) 

Replacing   by    in (    ), we obtain 

 (  (  ))  ,    - 

 ((   ) )  ,   -  

                            (     ) ( )    (     ) ( )    ,   -  

                           ,   -  (   ) ( )  ,   -        since   is onto 

                          (     ) ( )       for all        (    ) 

Again replacing   by    in (    ), we obtain 

                           (  (  )) ( )    

                           ( (  )    (  ) ) ( )       for all          

Now, from application of (    ), we have 

                            (   ) ( )    

                            (     ) ( )    

                            (  ) ( )  (  ) ( )    

                                ( )       ( ) 

Combining this fact with the latter relation, we have 

                          ( (  )    (  ) ) ( )        

                           (  ) ( )  (  )  ( )    

                              ( )      ( )    

                          (  )  ( )   (    ( ))      since    ( )      ( ) 

                          (  )  ( )   (  )  ( )    
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                          (    (  ))  ( )    

                          (     )  ( )    

                           ,   -  ( )        for all          

                          ,   -  ( )    * +  for all        (    ) 

Since   is a prime near-ring, for each     , we have either 

                           ( )       or      ( ) for all      

But    ( ) also implies that  ( )     ( ),  

so equation (    ) becomes 

                          ( )    ( )  for all      (    ) 

From equation (    ), we get 

 ( )   ( ) and using theorem      , we conclude that   is commutative ring. 

Theorem 5.1.6 (Kim,     ) Let   be a prime near-ring. If   admits a nonzero semiderivation 

  with   such that   ,   -   (     )  for all       , then   is commutative ring. 

Proof.   Let 

                            (,   -)    (     )  for all        (    ) 

Replacing   by    in (    ), we get for all        

                            (,    -)  (    ) 

                            (,   - )    (     )  

Using semiderivation formula, we obtain 

                          (,   -) ( )    ,   - ( )    (     )  

                         (     )  ,   - ( )    (     )     

Since   is onto and using equation (    ), we get 

                         ,   - ( )       (    ) 

Replacing   by    in (    ), we obtain 

                         ,    - ( )    

                         ,   -  ( )      for all          

                        ,   -  ( )    * +  for all        (    ) 

Since   is a prime near-ring, for each     , we have either 

                        ( )       or      ( ) for all      
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But    ( ) also implies that  ( )     ( ),  

so that equation (    ) becomes 

                       ( )    ( )  for all      (    ) 

From equation (    ), we get 

  ( )   ( ) and using theorem      , we conclude that   is commutative ring. 

Theorem 5.1.7 (Kim,     ) Let   be a  - torsion free prime near-ring and let   is a 

semiderivation associated with a surjective function      . If    ( )     for all     , 

then    . 

Proof.  By hypothesis, we have for all      

  ( )      

Replacing   by    in the above equation, we obtain  

                             (  )       for all        

Hence, for any       , 

      ( (  )) 

        ( ( ) ( )      ( )) 

       ( ( ) ( ))   (  ( ))   since   is additive 

       ( ( )) ( ( ))   ( ) ( ( ))   ( ) ( ( ))    ( ( )) 

         ( ) ( ( ))     ( ) ( ( ))     ( ) ( ( ))       ( ) 

         ( ) ( ( ))        since   ( ( ))   ( ( )) 

Since   is  - torsion free and   surjective, we have 

                                                               ( ) ( )       for all        

Replacing   by   , we get for all         , 

                                                               ( ) (  ) 

                                                                ( )( ( ) ( )    ( )) 

                                                                 ( ) ( ) ( )     ( )  ( ) 

                                                                 ( )  ( ) for all             since  ( ) ( )    

                                                                 ( )  ( )   for all        

Since   is prime, we have    ( )        or   ( )       for all        

Hence, in both cases,      . 
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5.2. Semiderivation on Near Rings Satisfying Certain Differential                   

      Identities in the Setting of Semigroup Ideals 
 

In this subsection the ideas and concepts on commutativity of a near ring involving 

semiderivation in the setting of semigroup ideals have been elaborated. Also, the more details 

proofs of the theorems on semigroup ideals and commutativity of near rings involving 

semiderivations satisfying certain differential identities has been provided. In this subsection a 

semiderivation   is associated with an automorphism  . 

Theorem 5.2.1 (Boua et al., 2014) Let   be a prime near-ring and   be a nonzero semigroup 

ideal of  . If   admits a nonzero semiderivation  , then the following assertions are 

equivalent: 

                       ( )  ( )   ( ) 

                       (  )   is a commutative ring. 

Proof.   (  )  ( ) since   is a commutative ring, then 

                              ,   -     for all       

we replace   by  ( ) 

                               , ( )  -     for all         

                                ( )    ( )  for all         

 ( )   ( )  for all      since  ( ) commutes with all element of  . 

Hence,   ( )   ( ) 

 ( )  (  ) by the hypothesis given, we have 

              (  )      (  )    for all                 since  ( )   ( ) 

            ( ( )     ( ) ( ))    ( ( )     ( ) ( )) 

Taking Lemma      ( ), we get 

             ( )      ( ) ( )      ( )      ( ) ( )  for all               

Since  ( ) commute with every element of  , so that  

            ( )      ( ) ( )      ( )     ( )  ( )  for all                (    ) 

Substituting  ( ) for   in (    ), we obtain 

             ( )  ( )   ( ) ( ) ( )     ( ) ( )   ( ) ( ) ( )  for all             
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            ( )  ( )     ( ) ( )   for all              (    ) 

Replacing   by    in (    ) and using this, we get 

                                           ( )   ( )    ( ( ) ( ) )  

                                                                   ( )  ( )     since  ( ) ( )   ( )  ( ) 

                                           ( )  ( )   ( )   ( )    

                                           ( ) ( ( )    ( ))    

         ( ) , ( )  -       for all               

                                          ( ) , ( )  -    * +   for all         

By Lemma       , this implies that 

                                         ( )       or   ( )    ( )  for all       (    ) 

Taking the fact that     , then (    ) shows that  

there is an element      such as 

                                          (  )   ( )  and    (  )     

In this case, equation (    ) becomes 

 (  )     (  )   for all            

Again replacing   by   , we get 

                                      (  )    (  (  ) )    for all              

                                                                  (  )     since    (  )   (  )   

 (  )     (  )      

                                                       (  ) (     )    

                                                       (  ) ,   -     for all              

                                                      (  ) ,   -  * +  for all        (    ) 

Taking Lemma       , (    ) implies that  

                                          (  )     or      ( ) 

Since the first of these conditions is impossible, the second must hold. 

Hence,    is commutative ring by Lemma       . 

Theorem 5.2.2 (Boua et al., 2014) Let   be a  -torsion free prime near-ring and   be a 

nonzero semigroup ideal of  . If   admits a nonzero semiderivation  , then the following 

assertions are equivalent: 

                 ( )  (  )   ( ) 
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                 (  )   is a commutative ring. 

Proof.  For  (  )  ( ) since   is a commutative ring, then 

                                 ,   -     for all       

we replace   by  (  ) 

                                , (  )  -     for all         

                                 (  )    (  )  for all     

 (  )   ( )  for all      since  (  ) commutes with all element of   

Hence,   (  )   ( ) 

 ( )  (  ) We have  (  )     ( )  for all     , then 

                           (   )     ( (  ))     ( )  for all               (    ) 

In particular, for all     ( )  we have 

 ( (  ))      (  )     ( ) (  )     ( )  for all       

                           ( ) (  )   ( )  for all        (    ) 

Since   is an automorphism, then  ( )   ( ) 

By the application of Lemma       , (    ) yields 

                          ( )       or   (  )     ( )  for all             ( )  (    ) 

If   ( ( ))    * +, taking (    ) into account, we get 

                           . ( (  ))/     for all              

                           ( )(  )     ( ( )) (  )       for all               (    ) 

Replacing   by  ( ) in (    ), we get 

                           ( )(  )     (  ( )) (  )       for all               (    ) 

On the other hand, applying   for (    ), we find that 

                           ( )(  )     (  ( )) (  )       for all              (    ) 

From (    ) and (    ), we conclude that   (  ( )) (  )       for all              

Taking the fact that   (  )     ( )   then 

                             ( ( ))  (  )    * +  for all              

By the primeness of N, the last equation implies that 

                                 or        (    ) 

                     If       , then               by theorem      . 
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Therefore (    ) shows that     , a contradiction. Since     by hypothesis. 

Consequently  ( ( ))  * + and (    ) prove that  (  )     ( )  for all      . 

                           Let         and     , we have  (   )     ( ) (  )     ( )   

by Lemma       , we get 

                            (  )       or   ( )    ( )  for all              (    ) 

( )  If  (  )       for all      ,  by this hypothesis we have 

                             (   )     ( ) (  )      (  )     ( )  for all              

                              (  )     ( )  for all              

Using Lemma        and taking the fact     , we arrive at    ( ) 

Applying Lemma       , we conclude that   is commutative ring. 

(  ) If there is an element      such that   (   )   , then equation (    ) shows that 

 ( )   ( )  for all     

Since   is an automorphism we conclude that    ( ). Thus   is commutative ring. 

Theorem 5.2.3 (Boua et al., 2014) Let   be a prime near-ring and   be a nonzero semigroup 

ideal of  . If   admits a semiderivation  , then the following assertions are equivalent: 

                ( )  (,   -)     for all      . 

                (  )  (,   -)  ,   -  for all      . 

                (   )   is a commutative ring. 

Proof.   Since   is commutative ring 

For all      , then       

Since   is a subset of   then it is also true for  . 

Thus,       for all      ,    is commutative under multiplication. 

(   )  ( )  Since    is commutative ring, then 

       for all        

  (  )   (  ) 

  (  )   (  )    

  (     )    as   is additive 

  (,   -)     for all      . 
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 (   )  (  ) Since    is commutative ring, then 

       for all        

We need to show that   (,   -)  ,   -  for all       

To see left hand side    (,   -)   (     )   ( )       since       for all        

To see right hand side      ,   -            since       for all        

Thus,  (,   -)  ,   -   

Proving that  ( )  (   )  Suppose that 

                                      (,   -)       for all       (    ) 

Substituting    for   in (    ), we have 

                                      (,    -)    

                                      ( ,   -)           since  ,    -   ,   - 

                                      ( ),   -     ( ) ,   -       for all       

                                      ( ),   -    

                                      ( )(     )    

                                     ( )      ( )    for all       (    ) 

Replacing   by    in (    ) and using this, we get 

                                     ( )       ( )      

                                     ( )       ( )            since   ( )      ( )     

                                     ( )     ( )      

                                     ( ) (     )    

                                     ( ) ,   -       for all           

                                     ( ) ,   -   * +   for all         

Taking into account the Lemma       , we get 

                                     ( )       or       ( )  for all     (    ) 

Since   is associated with an automorphism, we have  ( )     ( ) for each      ( )   

then (    ) illustrated   ( )     ( )  

Hence,   is commutative ring by the use of Theorem      . 

Proving that  (  )  (   ) By the hypothesis given, we have 

                                  (,   -)    ,   -  for all       (    ) 

Replacing   by    in (    ), we get 
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                                   (,    -)    ,    - 

                                   ( ,   -)     ,   - 

                                   (,   -)     ( ) (,   -)     ,   -  for all       

                                  ,   -     ( ) (,   -)     ,   - 

                                   ( ) (,   -)    

                                   ( ) (     )    

                                   ( ) (  )   ( ) (  )    

                                   ( ) (  )   ( ) (  ) 

                                   ( ) ( ) ( )   ( ) ( ) ( )  since   is an automorphism 

                                  ( ) ( ) ( )     ( ) ( ) ( )  for all       (    ) 

Since   is an automorphism, (    ) shows that 

                                ( ) ( )     ( )  ( )  for all         (    ) 

with      ( ), it is clear that   is a semigroup ideal of   

Substituting     for   in (    ) and using this, we obtain 

                                ( ) ( )      ( )   ( )   

                                ( )  ( )     ( )   ( )  since  ( ) ( )     ( )  ( )   

                               ( )  ( )   ( )   ( )     

                               ( ) ( ( )    ( ))    

                              ( ) , ( )  -       for all             (    ) 

                              ( ) , ( )  -    * +  for all         (    ) 

By the application of Lemma       , (    ) becomes 

               ( )       or   ( )     ( )  for all     

               ( ( ))     ( )  for all        since   is an automorphism, then  ( ( ))   ( )   

Consequently, we deduce that   ( )    ( ) 

Hence,   is a commutative ring by Theorem      . 

Theorem 5.2.4 (Boua et al., 2014) Let   be a  -torsion free prime near-ring and   be a 

semigroup ideal of  , then   admits no nonzero semiderivation   satisfying one of the 

assertions as the following. 

              ( )  (     )     for all      . 

              (  )  (     )  (     )  for all      . 
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Proof.  ( )  Suppose that   is nonzero semiderivation which satisfy the following 

                                   (     )       for all       (    ) 

Replacing   by    in (    ) and taking the fact that            (     ), we get 

                                   (    (  ))      

                                   ( (     ))      

                                   ( )(     )   ( ) (     )      

                                   ( )(     )       for all       

                                   ( )(     )    

                                   ( )       ( )    for all        (    ) 

Substituting    for   in (    ), we obtain 

                                ( )        ( )      

                               ( )        ( )      since   ( )       ( )     

                                ( ) (  )     ( )  (  )  for all           

                                ( ) (  )   ( )  (  )    

                                ( ) ,    -    

                                ( ) ,    -    * +  for all         

By using lemma       , we have 

                                ( )       or         ( )  for all     

Thus,  (  )     ( )  for all    , it means that 

                               (  )   ( ) 

Hence,   is a commutative ring according to theorem      . 

In this case, returning to the hypothesis given, we have 

                                (     )    

                                (     )    

                                (   )           since       

                                 (  )           since   is  -torsion free 

                                (  )        for all       

                               ( )     ( ) ( )        for all        (    ) 

Taking    instead of   in (    ), we get  

                                 ( )    ( ) (  )        

                                 ( )        for all           since  (  )    
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                                 ( )     * +  for all       

By Lemma       , the last expression shows that    , which is a contradiction to our 

assumption. 

Thus, condition ( ) is true only when   is zero semiderivation. 

(  )  Suppose that   is nonzero semiderivation such that 

                                (     )           for all        (    ) 

Putting    instead of   in (    ), we get 

                                (      )             

                                ( (     ))     (     )     since         (     )   

                                 (     )   ( ) (     )   (     )      

                                (     )   ( ) (     )   (     )    

                                ( ) (     )           

                                ( ) (     )    

                                ( ) (  )    ( ) (  ) 

                      ( ) ( ) ( )     ( ) ( ) ( )  for all        since   is an automorphism 

Since   is an automorphism, we get 

                                ( ) ( )      ( )  ( )  for all           ( )  (    ) 

Writing    instead of    in (    ), we find that 

                                ( ) ( )       ( )   ( )   

                              ( )  ( )      ( )   ( )  since  ( ) ( )      ( )  ( )   

                                ( )  (  )   ( )   (  )      

                                ( ) ( (  )    (  ))    

                                ( ) , (  )  -       for all              

                               ( ) , (  )  -    * +  for all           (    ) 

Applying Lemma       , (    ) shows that 

                                 ( )       or   (  )    ( )  for all    . 

Therefore   ( (  ))     ( )  for all      since   is an automorphism, then  ( (  ))  

 (  ) 

Consequently, we deduce that   (  )    ( ) 

Hence, we conclude that   is a commutative ring by theorem      . 
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In this case, returning to the hypothesis given, we have 

                                (     )        

                                (     )        

                                (   )         since       

                                 (  )          

                                (  )         for all       

                               ( )     ( ) ( )         for all        (    ) 

Substituting    for   in (    ), we obtain 

                                (  )     (  ) ( )          

                                      (  ) ( )               since   (  )     

                                ( ) ( ) ( )        for all             since   is an automorphism 

                               ( )  ( )   * +  for all         (    ) 

By Lemma       , (    ) demonstrates that 

                                   ( )  * +  or      

But each of these conditions yields a contradiction to our assumption. 

Thus, condition (  ) hold only when   is zero semiderivation. 

So, condition ( ) and (  ) hold only for zero semiderivation. 

Hence,   admits no nonzero semiderivation for which ( ) and (  ) hold. 

The following lemmas (           ) show that the extensions of some results of derivations 

on near rings to semiderivation on near rings which helps for the proofs of the next theorems.  

Lemma 5.2.5 (Ali et al., 2016) Let   be a right near ring admitting a nonzero semiderivation 

  associated with a map   such that    (  )     ( ) ( ), for all       . Then   satisfies 

the following partial distributive law: 

                    ( ( ) ( )      ( ))      ( ) ( )       ( ) for all          

Proof.   We have   ( (  ))     ( ) (  )      (  ) for all          

                   ( (  )     ( ) ( ) ( )     ( ( ) ( )      ( ))   (    ) 

On the other hand,  ((  ) )     (  ) ( )       ( )  for all          

             ((  ) )    ( ( ) ( )      ( )) ( )       ( ) for all            

                  ((  ) )     ( ) ( ) ( )      ( ) ( )       ( ) (    ) 
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From (    ) and  (    ), we obtain 

                   ( ( ) ( )      ( ))      ( ) ( )       ( ) for all         .  

Lemma 5.2.6 (Ali et al., 2016) Let   be a right prime near ring and    be a nonzero 

semigroup ideal of  . If    is a nonzero semiderivation of    associated with a map  , then 

     on  . 

Proof.  Let  ( )       for all      

             Replacing   by   , we get  (  )       for all      and       

Thus  ( ) ( )      ( )       for all      and       

                                  ( )         since  ( )      

                                   ( )         by Lemma        ( )  which is a contradiction. 

Hence, for nonzero semiderivation   on  ,      on  . 

Lemma 5.2.7 (Ali et al., 2016) Let   be a right prime near ring and    be a nonzero 

semigroup ideal of  . Suppose   is a nonzero semiderivation of   associated with a map   

such that  (  )     ( ) ( ) for all       . If       and   ( )      (or  ( )     ), 

then    . 

Proof.  Let    ( )      for all      

             Replacing   by   , we get 

                                           (  )       for all         

                                          ( ( ) ( )      ( ))       for all        

Using Lemma      , we get 

                                             ( ) ( )       ( )       

                                              ( )       for all           since   ( )      

                                              ( )    * +  for all          

Choosing   such that  ( )    and applying Lemma       , we get    . 

The following theorems (            ) show that the extensions of some results of 

derivation on near rings to semiderivation on near rings in the setting of semigroup ideals 

which facilitate the commutativity of near rings. 



41 
 

 
 

Theorem 5.2.8 (Ali et al., 2016) Let   be a  -torsion free zero-symmetric right prime near 

ring and   be a nonzero semigroup ideal of  . If   is a nonzero semiderivation of   

associated with a map   such that  (  )     ( ) ( )  for all       , then   ( )   * +. 

Proof.   Suppose   ( )    

                 (  )     for all       

Now we exploit the definition of semiderivation   in different ways to obtain 

    (  )   ( (  ))   ( ( )   ( ) ( )) 

                                            ( ( ) )   ( ( ) ( )) since   is additive 

                                            ( ( ))   ( ( )) ( )   ( ( ) ( )) 

                                             ( )   ( ( )) ( )   ( ( ) ( ))  (    ) 

Again 

    (  )   ( (  ))   ( ( )   ( ) ( )) 

                                            ( ( ) )   ( ( ) ( )) since   is additive 

                                            ( ) ( )   ( ( )) ( )   ( ( ) ( ))  

                                            ( ) ( )    ( ) ( )   ( ( ) ( ))  (    ) 

By comparing (    ) and (    ), we get 

  ( )   ( ( )) ( )   ( ( ) ( ))   ( ) ( )    ( ) ( )   ( ( ) ( ))   

                                               ( ( )) ( )   ( ) ( ) 

                                            . ( ( ))   ( )/ ( )     (    ) 

By applying Lemma       in (    ), we get 

                                              ( ( ))   ( )        since  ( )    

                                              ( ( ))   ( )   (    ) 

Again for      , we may also write 

    (  )   ( (  ))   ( ( )   ( ) ( )) 

                                            ( ( ) )   ( ( ) ( ))  since   is additive 

                                            ( ) ( )   ( ( )) ( )   ( ) ( ( ))   ( ( )) ( ( )) 

                                            ( ) ( )    ( ) ( )   ( )  ( )   ( ( )) ( ( )) 
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We have, 

                                 ( ) ( )   ( ( )) ( ( ))     for all        (    ) 

                                Since  ( ( ))   ( ( ))   ( ) for all     

From (    ) we have, 

                                  ( ) ( )   ( ) ( )      

                                   ( ) ( )      

Since   is  -torsion free element, we get 

                                  ( ) ( )      (    ) 

By applying Lemma       in (    ), we have 

 ( )     for all      which is a contradiction as     on   by Lemma       

Thus our assumption   ( )    is wrong. 

Hence,   ( )    on  . 

Theorem 5.2.9 (Ali et al., 2016) Let   be a right prime near ring and   be a nonzero 

semigroup ideal of  . Suppose   is a nonzero semiderivation of   associated with a map   

such that  (  )     ( ) ( ) for all       . If  ( )    ( ), then   is a commutative 

ring. 

Proof.  We begin by showing that (   ) is abelian, which by Lemma         is accomplished 

by producing 

                                ( ) * +  such that         ( ) 

Let   be an element of   such that   ( )     

Then for all     ,        and            (    )     , so that 

                            (  )     ( )  and   (  )     (  )     ( );  

hence we need only show that there exists       such that  (  )     

Suppose this is not the case, so that 

                                         ((  ) )     

                                         (  ) ( )      ( )    

                                           ( )      for all      

Since  ( ) is not a zero divisor by lemma 4.    , we get 

                                                 for all      
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                                             * + 

                                                   this is a contradiction. 

Therefore, (   ) is abelian as required. 

We are given that  , ( )  -       for all      and       

Replacing   by   , we get 

                            , (  )  -     , which yields 

                            , ( )     ( ) ( )  -      for all        and       

Since (   ) is abelian , this gives 

                    ( ( )   ( ) ( ))   ( ( )   ( ) ( )) 

                      ( )    ( ) ( )     ( )    ( ) ( )    by Lemma       

                      ( )     ( )    ( ) ( )   ( ) ( )      

                      ( )    ( )     ( ) ( )   ( )  ( )   since  ( ) and  ( ) commutes 

                      ( )    ( )    ( )  ( )    ( ) ( )    

                      ( ),   -    , ( )  - ( )        for all         and       (    ) 

Replacing   by  ( ), we obtain 

                    ( ),   ( )-    , ( )  ( )- ( )         

                    ( ),   ( )-       for all         

By choosing       such that  ( )      and applying Lemma       (  ), we get 

                   ,   ( )-        since  ( )      

                   Thus,  ( )     ( ) 

It then follows from (    ) that 

                    ( ),   -    , ( )  - ( )      

                    ( ),   -    ( ( )    ( )) ( )      

                    ( ),   -    ( ( )   ( ) ) ( )          since  ( )   ( ) 

                    ( ),   -        for all      and       

                   ,   -         since  ( )      

Thus,    ( )  for all     implies that  ( )   ( ) 

Hence,      ( ) and   is a commutative ring by Lemma       . 
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Theorem 5.2.10 (Ali et al., 2016) Let   be a  -torsion free zero-symmetric right prime near 

ring and   be a nonzero semigroup ideal of  . Suppose   is a nonzero semiderivation of   

associated with a map   such that  ( )    and   (  )     ( ) ( ) for all       . If  

, ( )  ( )-  * +, then   is a commutative ring. 

Proof.  Suppose that , ( )  ( )-   * +, then 

  ( ) (  ( ))     (  ( )) ( )  for all                since  ( )   ( ) 

 ( ) . ( ) ( ( ))     ( ( ))/    . ( ) ( ( ))      ( ( ))/ ( )  

 ( )( ( ) ( ( ))       ( ))    ( ( ) ( ( ))       ( )) ( )  for all          

Then by Lemma      , we get  

          ( ) ( ) ( ( ))   ( )   ( )     ( ) ( ( )) ( )       ( ) ( )   

Using the fact that         , we get  

          ( ) ( ) ( ( ))     ( )   ( )     ( ) ( ( )) ( )       ( ) ( )  for all           

Since  ( )    and  , ( )  ( )-  * +, we obtain 

         ( ) ( ) ( )    ( )   ( )     ( ) ( ) ( )       ( ) ( )  

         ( ) ( ) ( )    ( )   ( )     ( ) ( )  ( )      ( ) ( )  

         ( ) ( ) ( )    ( )   ( )     ( )  ( ) ( )      ( ) ( )   for all            

                       ( )   ( )       ( ) ( )  for all            (    ) 

Replace   by   , then we get 

                       ( )    ( )        ( ) ( )  for all           and                                 

                       ( )    ( )      ( )   ( ) for all           and          using (    ) 

                      ( ( )    ( ))   ( )    

                      , ( )  -   ( )       for all           and      

                      , ( )  -   ( )    * +  for all           and      

By Lemma       , we have either 

                     , ( )  -        or     ( )        

Since   ( )      by theorem      , we get 

                   , ( )  -        for all            since  ( ) commutes with every elements of  . 

Then,  ( )   ( )   for all     . Thus,  ( )   ( )    

Hence,   is commutative ring by theorem      . 
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Remark 5.2.11. The primeness condition is necessary in the hypothesis of Theorems       

     . 

The following example justifies the above remark. 

Example 5.2.12 (Boua et al., 2014) Let   be a  -torsion free noncommutative near ring and let 

us define   and         by: 

  {(
   
   
   

)         } 

 (
   
   
   

)  (
   
   
   

) ,         (
   
   
   

)  (
   
   
   

) 

Then,   is not prime near ring admitting a nonzero semiderivation   associated with  . 

Moreover,   satisfies the properties: 

                                                     ( )  ( )   ( ) 

                                                     (  )  (  )   ( ) 

                                                     (   )  (,   -)    

                                                     (  )  (,   -)  ,   - 

                                                     ( )  (   )    

                                                     (  )  (   )       for all      . 

However,   is not commutative. 

5.3. Semiderivations acting as Homomorphism or as anti- Homomorphism   

     of Near Rings in the Setting of Semigroup Ideals 

The main purpose of this subsection establishes similar results in the setting of semigroup 

ideals of a prime near ring admitting a semiderivation acting as a homomorphism or an anti-

homomorphism. We discussed that either semiderivation   is an identity map on semigroup 

ideal   or a semiderivation   is zero. 

The following theorems (           ) show that the extensions of derivation on rings with 

Lie-ideals to semiderivation on near rings in the setting of semigroup ideals which gives the 
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concepts of semiderivation acting as homomorphism or anti-homomorphism on near rings in 

the setting of semigroup ideals which facilitates either   is an identity or   is zero. 

Theorem 5.3.1 (Ali et al., 2016) Let   be a zero-symmetric right prime near ring and   be a 

nonzero semigroup ideal of  . Suppose   is a semiderivation of   associated with a map   

such that   (  )     ( ) ( ) for all       . If   acts as a homomorphism on  , then 

either   is an identity map on   or     . 

Proof.  By the hypothesis 

                                  (  )     ( ) ( )  for all          

                                  ( ) ( )      ( )     ( ) ( )  for all          

Replacing   by    in the above relation, we get 

           (  ) ( )       ( )     (  ) ( )  for all           

                                 ( ) ( ) ( )       ( )     ( ) ( ) ( )   

                                 ( ) ( ) ( )       ( )     ( ) (  )    since   is homo. 

                                ( ) ( ) ( )       ( )     ( )( ( ) ( )      ( ))  (    ) 

Using Lemma         the relation (    ) yields that 

                                  ( ) ( ) ( )       ( )     ( ) ( ) ( )     ( )  ( ) 

                                    ( )    ( )  ( ) 

                                  ( )  ( )     ( )    

                                ( ( )    )  ( )        for all           

                                     ( ( )    )  ( )    * +   

It follows by Lemma         that either 

                                   ( )    * +   or   ( )       for all       

In the first case,      by Lemma       

Hence,   is an identity map on    or     . 

Theorem 5.3.2 (Ali et al., 2016) Let   be a zero-symmetric right prime near ring and   be a 

nonzero semigroup ideal of  . Suppose   is a semiderivation of   associated with a map   

such that  (  )     ( ) ( )  for all        . If   acts as an anti-homomorphism on  , 

then either        or    is a commutative ring and   is the identity map on  . 



47 
 

 
 

Proof.  By the hypothesis 

                          (  )      ( ) ( )  for all         

                        ( ) ( )      ( )     ( ) ( )  for all          (    ) 

Replacing   by    in (    ), we get 

                         (  ) ( )       ( )     ( ) (  ) for all         

                         ( ) ( ) ( )     ( )     ( )( ( ) ( )    ( )) 

Using Lemma      , we get 

                         ( ) ( ) ( )       ( )     ( ) ( ) ( )     ( )  ( ) 

                           ( )     ( )  ( )   for all          (    ) 

Replacing   by    in (    ), we get 

                           ( )     ( )   ( )  for all         and       (    ) 

Using (    ), the relation (    ) gives that 

                           ( )     ( )   ( )   

                         ( )  ( )     ( )   ( ) 

                        ( )   ( )    ( )  ( )    

                       ( ( )    ( ))  ( )    

                        , ( )  -  ( )        for all         and      

                        , ( )  -  ( )    * +   

Application of Lemma         yields that either  

                        ( )       or  , ( )  -       and in either case  ( )     ( ) 

Since from  ( )     ( )  for all      , we have 

                       ( )     ( ) 

Then   is a commutative ring by theorem         

Now let us comes to the initial step, then 

                       (  )     ( ) ( )      ( )     ( ) ( )  for all          

Since  ( )     ( ), then     ( ) ( )     ( ) ( )  for all       

Now from the hypothesis 

                       (  )     ( ) ( )  for all          

So,   acts as a homomorphism on  . 

Hence,   is an identity map on    or      by theorem        
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6. SUMMARY AND CONCLUSION  

6.1. Summary 
 

This project elaborated the ideas and concepts on semigroup ideals and commutativity of near 

rings satisfying certain differential identities involving semiderivations. We first discussed the 

important preliminary concepts, definitions, lemmas and theorems to make the concept clear. 

Then a typical problem of near ring   with semiderivation have been stated and proved on 

theorems that deal with sufficient conditions under which   is commutative ring. Some results 

on commutativity of near rings related to semigroup ideals involving semiderivations were 

presented. Also, we showed that in some results the primeness,  -torsion free and zero 

symmetric of near ring   conditions in the setting of semigroup ideals involving 

semiderivations were sufficient for   to be a commutative ring. Moreover, we discussed some 

results of semigroup ideals and commutativity of near rings with semiderivations satisfying 

certain differential identities like: 

i.  ( )   ( )  for all       

ii.  ( )   ( ) 

iii.  (   )  ,   -  for all      . 

Furthermore, in this project work we discussed semiderivation acting as a homomorphism or 

anti-homomorphism in the setting of semigroup ideal   of a near ring   to show that either 

semiderivation   is an identity map on semigroup ideal   or a semiderivation   is zero. 

6.2. Conclusion 

In this project, we discussed the commutativity of near rings   with semiderivation   was 

used on   with the existence of an additive map  . It was observed that, a semigroup ideal   

of a near rings   determine the commutativity of near rings with semiderivations. Also we 

conclude that a prime near ring   involving semiderivation satisfying certain differential 

identities is commutative ring. 
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