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Numerical Solution of Advection-Diffusion Equation with and without a 

Source Term Using Finite Difference Methods 

ABSTRACT 

In this Thesis, new finite difference schemes are developed for solving one-dimensional 

advection-diffusion equation (ADE) with and without a source term. The developed schemes 

are based on the weighted finite difference method and higher order finite difference 

approximation. Firstly, by changing the values of weighted parameters, explicit forward in 

time centred in space (FTCS) and implicit backward in time centred in space (BTCS) 

schemes are derived and applied in both Dirichlet and Neumann boundary conditions. 

Discretization of ADEs resulted in a tri-diagonal system of linear algebraic equations which 

are solved by Thomas algorithm. For both FTCS and BTCS, the consistency and the stability 

of the schemes have been investigated. The Von-Neumann stability analysis is used to 

analyse the stabilities of the developed schemes. Convergence rates of the schemes are also 

determined numerically and it is found that they coincide with the theoretical result. 

Secondly, a new higher order finite difference scheme is derived using Taylor series 

expansion. In developing this scheme, a sixth order central difference in space and a first 

order forward difference in time were employed. The efficiency of the developed schemes 

was illustrated by solving different ADEs with both Dirichlet and Neumann boundary 

conditions. It is concluded that the developed schemes are in very good agreement with the 

analytical solutions.  

 

Keywords: Advection-Diffusion Equation, Weighted Finite Difference, Higher Order Finite 

Difference, Consistency, Stability, Convergence Rate 

 



 

 

 

 

1. INTRODUCTION 

1.1. Background of the Study  

Mathematics is referred as the language of science because almost every physical system 

and indeed any phenomenon in nature may be modelled using mathematical equations. Thus 

solving the mathematical models can help in efficient analysis and careful examination of 

the physical and dynamical properties and characteristics of the systems, and so on (Soomro 

et al., 2013). There are three important steps in the computational modelling of any physical 

process: (i) problem definition, (ii) mathematical model, and (iii) computer simulation. The 

first natural step is to define an idealization of our problem of interest in terms of a set of 

relevant quantities which we would like to measure. In defining this idealization we expect 

to obtain a well-posed problem, this is one that has a unique solution for a given set of 

parameters. The second step of the modelling process is to represent our idealization of the 

physical reality by a mathematical model: the governing equations of the problem. These are 

available for many physical phenomena. After the selection of an appropriate mathematical 

model, together with suitable boundary and initial conditions, we can proceed to its solution 

(Peiró and Sherwin, 2005). 

Whenever we consider an initial-boundary value problem in unknown function, we have 

three different well-known boundary condition types: Dirichlet, Neumann, and Robin. A 

Dirichlet, condition specifies the value of unknown function on the boundary. A Neumann, 

condition, on the other hand, specifies the solution of derivative of the unknown function 

along the boundary. A Robin, the condition involves both the value of unknown function 

and its derivative, specifying an equation that must be valid along the boundary (Miyaoka et 

al., 2017).  

The advection-diffusion equation (ADE) is a mathematical model that has been used to 

model the concentration of pollutants. It gives the amount of pollutant concentration fields 

after input of the velocity data from the hydrodynamic model which is derived from mass 

balances. The advection-diffusion equation is a partial differential equation (PDE), which 

describes physical phenomena where particles, energy or other physical quantities are 

transformed inside a physical system due to two processes: advection and diffusion (Su et 

al., 2015). The term advection means the movement of molecules within fluids, whereas, 
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diffusion describes the spread of particles through random motion from regions of higher 

concentration to regions of lower concentration (Siddiqi and Arshad, 2013).  

The general advection-diffusion equation with source term has the following form (Li et al., 

2017): 

   
𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
+ ∇(𝛼𝑢(𝑥, 𝑡)) = ∇ ∙ (𝛽∇𝑢(𝑥, 𝑡)) + 𝑓(𝑥, 𝑡).                                                          (1.1) 

In the above equation, four terms represents transient, advection, diffusion and source term 

respectively. Where 𝑢(𝑥, 𝑡) is the variable of interest, 𝛼 is the average velocity that the 

quantity is moving, 𝛽 is the diffusivity (also called diffusion coefficient), 𝑓(𝑥, 𝑡) is source 

term represents capacity of internal sources, ∇ represents gradient and ∇ ∙ represents 

divergence. However, this thesis is devoted to one-dimensional ADE with and without a 

source term.  

From a mathematical point of view, solving a differential equation is essentially a process of 

removing derivatives, or an integration process, and thus the solution of a differential 

equation typically involves arbitrary constants. Due to the advancements in the field of 

computational mathematics, numerical methods are widely utilized to solve equations 

arising in the field of applied medical science, engineering and technology, and so on 

(Soomro et al., 2013). Numerical analysis plays a significant role when difficulties 

encountered in finding the exact solution of an equation using a direct method and when it 

becomes very difficult or impossible to apply theoretical methods to find the exact solution 

(Gerald and Wheatley, 2004). For the vast majority of geometries and problems, equation 

(1.1) cannot be solved with analytical methods.  

Instead, an approximation of the equations can be constructed, typically based upon different 

types of discretizations. These discretization methods approximate the PDE with numerical 

model equations, which can be solved using numerical methods. Apart from very special 

cases, PDEs can only be solved numerically; the construction of their numerical solutions is 

a fundamental task in science and engineering (Gerdt and Robertz, 2010). The solution to 

the numerical model equations is, in turn, an approximation of the real solution to the PDE. 

In any numerical method, a discrete approximation for the solution is computed by 

discretizing the given domain into a set of subdomains.  
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In numerical analysis, three different approaches are commonly used: the finite difference, 

the finite element and the finite volume methods (Peiró and Sherwin, 2005). However, in 

this Thesis among the aforementioned three classical numerical methods that are widely 

applied for solving PDEs the finite difference method (FDM) was considered. The finite 

difference method is based upon the application of a local Taylor expansion to approximate 

the differential equations by difference ones defined on the chosen computational grid. The 

difference equations that approximate differential equations in the system of PDEs form its 

finite difference approximation which together with a discrete approximation of initial 

or/and boundary conditions is called finite difference scheme (FDS) (Strikwerda, 2004).   

Many techniques are available for numerical simulation work and in order to quantify how 

well a particular numerical scheme performs in generating a solution to a problem, there are 

three fundamental criteria that can be compared and contrast different methods. The concepts 

are consistency, stability and convergence (Neill and Hashemi, 2018). Before numerical 

computations are made, these three important properties of finite difference equations must 

be considered. 

1.2. Statement of the Problem 

The study of the ADE continues to be an active field of research due to the subject has 

important applications to fluid dynamics as well as many other branches of science and 

engineering (Prieto et al., 2010). The solution of ADE has been a great challenge due to the 

fact that its general analytical solution is not available (Sanjaya and Mungkasi, 2017). 

Especially, when the advection becomes dominant, the analytical solution becomes ill-

behaved and harder to evaluate (Mojtabi and Deville, 2015). To overcome this challenge, 

we need a numerical method like FDM in which we can find an approximate solution for the 

PDE to solve the ADE for the general case and it also requires numerical simulation. 

However, due to the importance and versatility of ADE in the mathematical modelling of 

processes in various application fields, the numerical approximation of such equations has 

been growing more and more. The increasing desire for the numerical solutions to such 

mathematical problems, which are more difficult or impossible to solve analytically, has 

become the present-day scientific research.  

Many researchers have been conducted the numerical solution of ADE without a source 

term. For instance, Sanjaya and Mungkasi (2017) have investigated the numerical solution 
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of ADE without a source term in 1𝐷. In their study, an explicit FDM was applied to obtain 

the solution and numerical solution of ADE with source term using FDM was stated as a 

gap. Mohammadi et al. (2011) have proposed the numerical solution of ADE without a 

source term using simultaneously temporal and special weighted parameters. In their study, 

they only performed the numerical solution for Dirichlet boundary conditions.  

To the very best of our knowledge, there has been no investigation conducted on the 

numerical solution of ADE with a source term using FDM. Therefore, there is the knowledge 

gap on an implementation of ADE with a source term using FDM. Accordingly, obtaining 

stable, accurate, and fast numerical solutions for ADEs with a source term has great 

importance due to its wide applications in science and engineering as they are difficult to 

solve analytically (Mojtabi et al., 2015). In this Thesis, we developed finite difference 

method for solutions of ADEs with and without a source term. 

1.3. Objectives of the study 

The general objective of this Thesis is to develop new finite difference methods for the 

numerical solution of advection-diffusion equations with and without a source term.  

The specific objectives of this Thesis were to: 

1. Develop the numerical schemes of FDM based on weighted parameters for solving 

ADE. 

2. Imposing Dirichlet and Neumann boundary conditions on the aforementioned 

schemes. 

3. Investigate the stability and convergence of the developed schemes for solving ADE. 

4. Derive the sixth order finite difference approximations of first and second derivatives 

of ADE terms. 

5. Demonstrate the efficiency of the developed schemes by solving different ADEs with 

and without a source term.  
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2. REVIEW OF RELATED LITERATURE 

2.1. Advection Diffusion Equation 

The mathematical model describing the transport and diffusion processes is the one 

dimensional ADE. Mathematical modelling of heat transport, pollutants, and suspended 

matter in water and soil involves the numerical solution of ADE. The combination of 

advection and diffusion is important for mass transport in fluids. Whenever we consider mass 

transport of dissolved (solute) species or a component in a gas mixture, concentration 

gradients will cause advection. If there is a bulk fluid motion, diffusion will also contribute 

to the flux of chemical species. Therefore, we are often interested in solving for the combined 

effect of both advection and diffusion. Several procedures have been tried to interpret 

separately the advection and diffusion pollutant transport (Su et al., 2015).  

Numerical models are important engineering tools when considering the prediction of 

pollution transport in a body of water. Such a prediction is achieved by the solution of the 

advection-diffusion equation (Gane 2000). The advection-diffusion equation has wide 

applications, especially for those involving heat transfer and fluid flows. Examples of using 

ADE model to solve practical engineering problems include heat transfer problems in a 

draining film (Isenberg and Gutfinger, 1973) or a Nano fluid filled enclosure 

(Sheikholeslami et al., 2014), radial transport in a porous medium (Veling, 2012), water 

transport in soils (Parlange, 1980), etc.  

According to Johari et al. (2018) they proposed the one-dimensional ADE for predicting the 

water pollution concentration transport. The numerical modelling will be produced in order 

to predict the transportation of water pollution concentration. Advection-diffusion equation 

is a description of contaminant transport in pollution models. This equation reflects physical 

phenomena where in the advection process particles are moving with certain velocity form 

higher concentration to lower concentration. Advection-diffusion equation is particularly the 

description of the transport of pollutants in water bodies and other environments. Advection 

causes translation of the solute field by moving the solute with the flow velocity and 

diffusion causes spreading of the solute plume in such environments. 

An analytical integration in two and three dimensional and time dependent case for ADEs 

are mostly not easy, and hence mathematical manipulations are needed. But in one 

dimensional case where the terms in 𝑦 and 𝑧 directions are constant and depend only on the 
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longitudinal co-ordinate 𝑥 are much simpler and are universally considered (Benedini, 

2011). The analytical integration of a one dimensional model leads to a well-known 

formulation, which is currently applied and is very useful to focus on the role of the basic 

terms involved in the process of pollution transport, like the velocity of the fluid and the 

diffusion coefficient (Runkel, 1996). 

During the last decades, the progress in numerical calculus has promoted the development 

of numerical procedures, which have been intensively applied for the integration of the 

fundamental equations. The process starts from the transformation of the equation into a 

discrete expression. In the numerical approach we should clearly emphasis that the 

expression contains two terms that behave in a different way according to the basic 

mathematical outlines, namely, a hyperbolic term, determined by the discretization of the 

first order derivative of the equation, and a parabolic term, which comes from the second 

order derivative. These two terms follow a different way of proceeding that normally should 

be done one another independently (Benedini, 2011).  

In the discretization process, the general differential equation is represented by an expression 

of finite terms, both in space with intervals of specified size, ∆𝑥, ∆𝑦 and ∆𝑧 along the co-

ordinate directions, and in time, with a ∆𝑡 interval (Fernandes and Karney, 2001). Normally 

the integration of fundamental equation is brought to the solution of linear equations, or 

linear equation systems, with many steps and variables, and involves the concepts of linear 

systems of mathematics. An analytical solution of the one dimensional ADE is obtained by 

reducing the original ADE into a diffusion equation by introducing another dependent 

variable. Analytical solution of 1D ADE with variable coefficients is presented in a finite 

domain by using Laplace transformation technique. In that process new independent space 

and time variables have been introduced. 

2.2. Finite Difference Method 

Finite difference methods were made during the period of, and immediately following, the 

Second World War, when large-scale practical applications became possible with the aid of 

computers. A major role was played by the work of von Neumann, partly reported in 

O′Brien, Hyman and Kaplan (1951). Finite difference methods are always a convenient 

choice for solving boundary value problems because of their simplicity. The methods are 
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one of the most widely used numerical schemes to solve differential equations and their 

application in sciences and technology (Thomée, 2001). 

The major goal of FDM is to approximate solutions to differential equations. That is to find 

a function (or some discrete approximation to this functions) which satisfies a given 

relationship between several of its derivatives on some given region of space and/ or time, 

along with some boundary conditions along the edges of this domain. A finite difference 

method proceeds by replacing the derivatives in the differential equation by the finite 

difference approximations. This gives a large algebraic system of linear equations to be 

solved by Thomas Algorithm or other methods in place of the differential equation to give 

the solution value at the grid points and hence the solution is obtained at grid points. Some 

of the FDM include forward, backward and central difference methods, etc. Also the 

methods are essential for the application by decomposing the domain into finite steps with 

respect to space and time. There are different procedures for the achievement of final 

expressions, like the Forward Euler, Backward Euler, Crank-Nicolson methods. When we 

use smaller space and time intervals the discretisations should vanish and the final result 

would be closer to that of the analytical solution, but it increases a computational burden (Li 

et al., 2017). 

An appropriate numerical method can give accurate information on the concentration of 

pollution at different times and at different location efficiently and quickly (Ahsan, 2012). 

Therefore, many researchers have studied the numerical methods to solve the ADE without 

a source term in predicting the water pollution problem. One of the methods to predict water 

pollution concentration is FDM. According to Igboekwe and Achi (2011) FDM have been 

used to solve the flow equations in order to obtain the flow rate and flow direction of water 

pollution concentration.  

The main idea behind the FDMs for obtaining the solution of a given PDE is to approximate 

the derivatives appearing in the equation by a set of values of the function at a selected 

number of points. The most usual way to generate these approximations is through the use 

of Taylor series. The numerical techniques developed to approximate the derivatives are 

based on the modified equivalent PDE as described by Warming and Hyett (1974). This 

approach allows the simple determination of the theoretical order of accuracy, thus allowing 

methods to be compared with one another. Also from the truncation error of the modified 

equivalent equation, it is possible to eliminate the dominant error terms associated with the 
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finite difference equations that contain free parameters (weights), thus leading to more 

accurate methods (Dehghan, 2004). 

Taylor series based finite difference approximations are efficient numerical procedures of 

approximating the derivatives of a function, at a reference mesh point, by using the values 

of the function at the neighbouring mesh points. Automatic differentiation (Griewank, 2000) 

is another efficient and accurate differentiation technique that can be used for the functions, 

which can be represented by a computer code, but cannot be used for the inputs for which 

generating functions are not known, as is the case in most of the real time applications. In 

contrast, finite difference approximations do not need to know the generating function of the 

data, although in some cases this information might be helpful in choosing the best 

approximation to use. In addition to differentiation, finite difference approximations can be 

used in finding the numerical solutions of differential and PDE (Simos, 1999). For 

advection-diffusion problems, only few cases with special initial conditions have analytical 

solutions. Therefore, development of stable, accurate and efficient numerical methods for 

solving ADE is of vital importance. 

2.3. Numerical Solution of Advection-Diffusion Equation 

Efficient and accurate numerical methods for numerical approximations of PDEs appearing 

in science and engineering have been a goal of mathematicians, engineers, physicists, and 

other scientists for decades. In the last fifty years, many numerical approaches, which include 

finite difference method, finite element method, spectral method and finite volume method, 

have dominated the numerical approximations of PDEs. However, the FDM remains as a 

fundamental technique in solving PDE that appeared in diverse physical fields such as 

quantum mechanics, electro-magnetics, and fluid mechanics (Wang, 2016). 

Johari et al. (2018) have proposed the numerical solution of a one-dimensional ADE without 

a source term for predicting the water pollution concentration transport using Crank-

Nicolson method. However, there is a fundamental difficulty in the solution of the transport 

equation, which results from the fact that, while advection and diffusion are simultaneous 

processes as both components move the pollutant from one place to another, but they 

promote pollutant transport very differently: in the case of advection, transport is in one way, 

while in the case of diffusion it is in both ways. Mathematically, this means the need to treat 



9 

  

 

simultaneously hyperbolic terms associated with advection and parabolic terms associated 

with diffusion terms, a problem that no numerical method has yet fully overcome.  

Many popular FDMs, such as Noye and Tan, used a weighted discretization with the 

modified equivalent PDE for solving one-dimensional ADE. Later, the authors extended 

their method to solve two-dimensional ADE. The upwind scheme of Spalding and the flux-

corrected scheme are available for the solution of the depth-averaged form of the ADE. 

Another widely used approach is split-operator approach, in which the advection and 

diffusion terms are solved by two different numerical methods. 

Many authors deal with the solution of this equation without a source term numerically. For 

instance, Mojtabi and Deville (2015) have conducted a study to solve time dependent 1𝐷 

linear ADE without the source term with Dirichlet homogeneous boundary conditions using 

finite element method. The method of a sixth-order compact FDS in space and a fourth-order 

Runge-Kutta scheme in time was presented (Gurarslan et al., 2013). Appadu (2013) has 

presented the numerical solution of one-dimensional ADE without a source term for small 

values of the coefficient of diffusivity using standard and nonstandard FDSs.   

Ahmed (2012) has derived a new finite difference equation to solve linear ADE with both 

constant and variable coefficients. The derivation based on a mathematical combination 

between spatial and time discretisation from previous numerical methods. Also a new 

numerical scheme is developed to track the unknowns in the problem under consideration. 

Due to the practical importance of the ADE, solves and analyses these problems using a new 

finite difference equation as well as a numerical scheme. 

Numerical Solution of the one-dimension ADE without source term using standard and non-

standard FDSs are done by using constant coefficients. He discusses the numerical methods 

for the equation with constant coefficients. He consider the Lax-Wendrof scheme which is 

explicit, the Crank-Nicolson scheme which is implicit, and a non-standard FDS with 

specified initial and boundary conditions, for which the exact solution is known to test all 

the three methods. He concludes that the Lax-Wendrof and non-standard finite difference 

are quite good methods to approximate the 1𝐷 advection-diffusion equations (Appadu, 

2013). 
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Ahsan in 2012 investigated and developed a numerical method to solve the one-dimensional 

ADE for the prediction of the quality of water in rivers. In this study, he uses the procedure 

that time variable is eliminated first by the Laplace transformation, and then a finite 

analytical method is applied in space. Since the Laplace transformation has been used for 

temporal approximation, an efficient and accurate inverse Laplace transform method is 

employed to obtain the solution in real time. The proposed method is compared against 

analytical solutions and two FDSs. The results of his proposed method agree with analytical 

solutions without numerical oscillation or diffusion.  

According to Bulut et al. (2013) the difficulties arising in numerical solutions of ADE result 

from the dominant advection, which is for relatively high Peclet number. As a result the 

present methods will be applied to steady and unsteady flows and it also provides flexibility 

for uniform and non-uniform grid spacing and for a wide range of Peclet numbers. Mojtabi 

and Deville (2015) presented a time dependent one-dimensional linear ADE with Dirichlet 

homogeneous boundary conditions and an initial sine function is solved analytically by 

separation of variables and numerically by the finite element method. It is observed that 

when the advection becomes dominant, the analytical solution becomes ill-behaved and 

harder to evaluate. Therefore, another approach is designed where the solution is 

decomposed in a simple wave solution and a viscous perturbation. It is shown that an 

exponential layer builds up close to the downstream boundary. 

The effects of operator splitting methods to the solution of ADE are examined. Within the 

context of this work two operator splitting methods, Lie-Trotter and Strang splitting methods 

were used and comparisons were made through various Courant numbers. These methods 

have been implemented to ADE in 1𝐷. Numerical solutions of advection and dispersion 

processes were carried out by a characteristics method with cubic spline interpolation and 

Crank-Nicolson finite difference scheme, respectively (Bahar and Gurarslan, 2017). The 

authors studied on the 1𝐷 mathematical expression of the ADE without the source term. 

Numerical treatment of the mathematical model is studied for water pollution. This study 

was examined by various mathematical models involving water pollutant. The authors used 

the implicit centered difference scheme in space and a forward difference scheme in time for 

the evaluation of the generalized transport equation (Agusto and Bamingbola, 2007). 
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2.4. Convergence Analysis of Finite Difference Method 

Love and Rider (2013) have presented an issue in the verification of order of convergence 

for finite difference approximations to PDEs discretized in time and space. When one refines 

both space and time together, the convergence rate for a correct implementation will match 

that expected from an analysis of the asymptotic convergence rate (or local truncation error) 

of the method. Sometimes, however, only the time-step size is reduced, while the spatial 

mesh is held fixed. The observed rate of convergence in this case may then differ from the 

formal order of accuracy of the method in space–time. In particular, one class of methods, 

second-order Lax–Wendroff time-differencing, produces only first-order when the time step 

is refined at fixed spatial mesh resolution because the time and space differencing are 

intrinsically linked. Their method was arrived at this result is through analysing the error at 

a defined point in time associated with many time steps.  

Morton (1971) has presented the stability and convergence in fluid flow problems. Stability 

analysis of finite difference schemes for the Navier-Stokes equations was obtained (Rigal, 

1979). Stability analysis of finite difference schemes for the ADE was presented (Chan, 

1984). A comparison of some numerical methods for the ADE is presented (Thongmoon and 

Mckibbin, 2006). An analytical solution of the advection-diffusion equation for a ground 

level finite area source is presented (Park and Baik, 2008). An explicit finite difference 

scheme for solving the ADE is studied. Numerical results for both the schemes are compared 

in terms of accuracy by error estimation with respect to exact solution of the ADE and also 

the numerical features of the rate of convergence are presented graphically (Azad et al., 

2015).  

Present-day scientific research concerns the methods of numerical solutions to mathematical 

problems which are simpler to use and solve difficult problems. Accordingly, obtaining the 

numerical solution of ADE problem has great importance due to its wide applications in 

science and engineering research, since they are difficult or impossible to solve analytically 

even if numerically. Recent research in computational mathematics is not only devoted to 

the proposition of new numerical methods but is also primarily concerned with the 

comparison of available methods on the basis of their accuracy, reliability, stability and 

consistency of solving the given problems (Soomro et al., 2013). Owing to this, this study 

presents numerical solutions and simulations of ADE by using different FDS. 
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3. MATERIALS AND METHODS 

This chapter outlined the methods that have been used to succeed in the general and specific 

objectives of the study, and materials used in the study. This study has been employed mixed-

design that are documentary review design and experimental design on the numerical 

solution of ADE with and without a source term using FDM. The relevant sources of 

information for this study were books, published articles and related studies from the 

internet. The experimental result has been obtained by writing new MATLAB code for the 

developed numerical schemes. Hence, in order to achieve the stated objectives, the study has 

been followed by the following procedures; 

1. Defining the problem. 

2. Discretizing the given domain/interval. 

3. Replacing the given equation by the finite difference approximations and obtaining 

the systems of equations.  

4. Reduce the obtained systems of equations in tri-diagonal systems after imposing the 

Dirichlet and Neumann boundary conditions on the systems. 

5. Investigating the consistency of the schemes obtained for solving ADE with a source 

term. 

6. Investigating the stability of the schemes obtained for solving ADE with a source 

term using Von-Neumann stability analysis. 

7. Investigating the convergence of the schemes using Lax-Equivalence theorem. 

8. Deriving the sixth order finite difference approximations of the first and second 

derivatives of ADE terms based on the Taylor’s series expansion. 

9. Writing MATLAB code for the tri-diagonal systems obtained using Thomas 

algorithm and considered sixth order FDSs.  

10. Validating the schemes using numerical examples of ADE with and without a source 

term.  
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4. PRELIMINARY  

4.1. Basis of Numerical Techniques for Solving Partial Differential 

Equations 

The mathematical formulation of most problems in science involving rates of change with 

respect to two or more independent variables, usually representing time, length or angle, 

leads either to a PDE or to set of such equation. Partial differential equations are a differential 

equation where the unknown is a function of more than one independent variable. Partial 

differential equations form the basis of very many mathematical models of physical, 

chemical and biological phenomena, and more recently their use has spread into economics, 

financial forecasting, image processing and other fields. The general form of linear second-

order PDE is: 

   𝑎
𝜕2𝑢

𝜕𝑥2
+ 𝑏

𝜕2𝑢

𝜕𝑥𝜕𝑡
+ 𝑐

𝜕2𝑢

𝜕𝑡2
+ 𝑑

𝜕𝑢

𝜕𝑥
+ 𝑒

𝜕𝑢

𝜕𝑡
+ 𝑓𝑢 = 𝑔                                                             (4.1) 

Here 𝑢 = 𝑢(𝑥, 𝑡), and 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 and 𝑔 are functions of 𝑥 and 𝑡 only they do not depend 

of 𝑢.  The first three terms containing the second derivatives are called the Principal part of 

the PDE because they determine the nature of the general solution to the equation. In fact, 

the coefficients of the Principal part can be used to classify the PDE. Classified as the elliptic, 

parabolic and hyperbolic PDEs (Yang et al., 2005). 

The vast majority of PDEs model cannot be solved analytically. So, to investigate the 

predictions of PDE models of such phenomena it is often necessary to approximate their 

solution numerically. In most cases, the approximate solution is represented by functional 

values at certain discrete points (grid points or mesh points). There seems a bridge between 

the derivatives in the PDE and the functional values at the grid points. The numerical 

technique is such a bridge, and the corresponding approximate solution is termed the 

numerical solution (Kaur and Kang, 2016). 

The finite difference techniques are based upon the approximations that permit replacing 

differential equation by finite difference equation. There finite difference approximations 

are algebraic in form, and the solutions are related to grid points. Thus, a finite difference 

solution basically involves three steps (Sadiku, 2000):- 

1) Dividing the solution into grids of notes. 
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2) Approximating the given differential equation by finite difference equivalence that 

relates the solutions to grid points. 

3) Solving the difference equations subject to the prescribed boundary conditions and/or 

initial conditions. 

Depending on the pattern of data samples used to approximate the derivative, Taylor series 

based finite difference approximations can be divided into three major categories, namely 

forward, backward and central difference approximations. These approximations use the 

function values at a set of equally spaced mesh points, to approximate the value of the 

derivative at the left most, right most and the central mesh points, respectively. The mesh 

point at which the derivative is approximated is called reference mesh point, and the number 

of mesh points used in approximation, excluding the reference mesh point defines the order 

of the approximation (Khan and ohba, 2003). 

Finite difference replace the infinitesimal limiting process of derivative calculation 

   𝑓′(𝑥) = lim
∆𝑥→0

𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥)

∆𝑥
 

with a limiting process, i.e., 

   𝑓′(𝑥) =
𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥)

∆𝑥
+ 𝑂(∆𝑥) 

The term 𝑂(∆𝑥) gives an indication of the magnitude of the error as a function of the mesh 

spacing. 

Forward difference formula 

   𝑓′(𝑥0) =
𝑓(𝑥0 + ∆𝑥) − 𝑓(𝑥0)

∆𝑥
 

Backward difference formula 

   𝑓′(𝑥0) =
𝑓(𝑥0) − 𝑓(𝑥0 − ∆𝑥)

∆𝑥
 

Central difference formula 

   𝑓′(𝑥0) =
𝑓(𝑥0 + ∆𝑥) − 𝑓(𝑥0 − ∆𝑥)

2∆𝑥
 

The approach used for obtaining above finite difference equations is Taylor’s series:- 

   𝑓(𝑥0 + ∆𝑥) = 𝑓(𝑥0) + ∆𝑥𝑓′(𝑥0) +
1

2!
(∆𝑥)2𝑓′′(𝑥0) +

1

3!
(∆𝑥)3𝑓′′′(𝑥0) + 𝑂(∆𝑥)4  (4.2) 
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   𝑓(𝑥0 − ∆𝑥) = 𝑓(𝑥0) − ∆𝑥𝑓′(𝑥0) +
1

2!
(∆𝑥)2𝑓′′(𝑥0) −

1

3!
(∆𝑥)3𝑓′′′(𝑥0) + 𝑂(∆𝑥)4  (4.3) 

where 𝑂(∆𝑥)4 is the error introduced by truncating the series. 

Subtracting equation (4.2) from equation (4.3), we obtain 

   𝑓(𝑥0 + ∆𝑥) − 𝑓(𝑥0 − ∆𝑥) = 2∆𝑥𝑓′(𝑥0) + 𝑂(∆𝑥)3, 

which can be re-written as 

    𝑓′(𝑥0) =
𝑓(𝑥0+∆𝑥)−𝑓(𝑥0−∆𝑥)

2∆𝑥
+ 𝑂(∆𝑥)2 

i.e. the central difference formula. Note that the 𝑂(∆𝑥)2 means the truncation error is the 

order of 𝑂(∆𝑥)2 for central difference. 

The forward difference and backward difference formula could be obtained by rearranging 

(4.2) and (4.3) respectively, and we have 

   𝑓′(𝑥0) =
𝑓(𝑥0+∆𝑥)−𝑓(𝑥0)

∆𝑥
+ 𝑂(∆𝑥),   

for forward difference, and 

    𝑓′(𝑥0) =
𝑓(𝑥0)−𝑓(𝑥0−∆𝑥)

∆𝑥
+ 𝑂(∆𝑥), 

 for backward difference. We can find the truncation errors of their two formulas are of 

order ∆𝑥. On adding equation (4.2) and equation (4.3), we have 

   𝑓(𝑥0 + ∆𝑥) + 𝑓(𝑥0 − ∆𝑥) = 2𝑓(𝑥0) + (∆𝑥)2𝑓′′(𝑥0) + 𝑂(∆𝑥)4, 

and we have 

   𝑓′′(𝑥0) =
𝑓(𝑥0 + ∆𝑥) − 2𝑓(𝑥0) + 𝑓(𝑥0 − ∆𝑥)

(∆𝑥)2
+ 𝑂(∆𝑥)2. 

A better approximation can be obtained using the central difference scheme. Higher order 

finite difference approximation can be obtained by taking more terms in Taylor’s series 

expansion. 

4.2. Properties of Finite Difference Schemes 

The ultimate goal of using FDS is to find the accurate approximation of the analytic solution 

of a given boundary value problem. Finite difference schemes approximating PDE’s are 

analysed according to three important properties: consistency, stability, and convergence 

(Causon and Mingham, 2010). 
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4.2.1. Consistency  

The notion of consistency addresses the problem of whether the finite difference 

approximation is really representing the PDE. We say that a finite difference approximation 

is consistent with a differential equation if the finite difference equations converge to the 

original equation as the time and space grids are refined. Hence, if the truncation error goes 

to zero as time and space grids are refined we conclude that the scheme is consistent (Neill 

and Hashemi, 2018). 

Local truncation error: Local truncation error represents the difference between original 

differential equation and its finite difference approximations at a point in space and time (at 

grid points). Local truncation errors measures how well a finite difference discretization 

approximates the differential equation. This is to the same as to say the local truncation error 

provides a basis for comparing local accuracies of various difference schemes. In particular, 

if the PDE satisfied by the exact solution 𝑢 is written 𝑢(𝑥𝑖, 𝑡𝑗) and if 𝐹(𝑢(𝑖, 𝑗)) is the equation 

satisfied by the discrete approximation, then local truncation error at the (𝑥𝑖, 𝑡𝑗) mesh point 

is 𝑇(𝑥𝑖 , 𝑡𝑗) = 𝐹 (𝑢(𝑥𝑖 , 𝑡𝑗)). Better approximations can be obtained by increasing the order 

of the truncation error of the FDS. This is commonly accomplished by including more points 

in the stencil of the numerical schemes (Randall, 1998). 

4.2.2. Stability and Convergence  

The stability of a numerical scheme is associated with propagation of numerical error. A 

finite difference scheme is stable if the error stays constant or decrees as the iterative process 

goes on. This is the same as saying, a FDS is stable if the scheme do not allows the growth 

of error in the solution with different time level. On contrary, if the error grows with time, 

the scheme is said to be unstable (Neill and Hashemi, 2018). 

There are many approaches to analyse whether a FDS is stable or unstable. In this Thesis, 

we use Von-Neumann stability analysis to determine the stability of the schemes as it has 

merits of simplicity and intuition in practical applications, but only restricted to problems of 

linear equations with constant coefficients and periodic boundary conditions (Li and Yang, 

2013). The Von-Neumann method is the most well-known classical method to determine 

necessary and sufficient stability conditions. In the study of stability using Von-Neumann 

stability analysis, the following procedures have been carried out (Li et al., 2017): 
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1) Set 𝑢(𝑖, 𝑗) = 𝑒𝑖𝑗ℎ𝜉  and substitute it into the finite difference scheme; 

2) Express 𝑢(𝑖, 𝑗 + 1) as 𝑢(𝑖, 𝑗 + 1) = 𝑔(𝜉)𝑒𝑖𝑗ℎ𝜉 , 𝑢(𝑖 + 1, 𝑗 + 1) as 𝑢(𝑖 + 1, 𝑗 + 1) =

𝑔(𝜉)𝑒𝑖(𝑗+1)ℎ𝜉  and 𝑢(𝑖 − 1, 𝑗 + 1) as 𝑢(𝑖 − 1, 𝑗 + 1) = 𝑔(𝜉)𝑒𝑖(𝑗−1)ℎ𝜉; 

3) Solve for 𝑔(𝜉) and determine whether or when |𝑔(𝜉)| ≤ 1 (for stability); but note 

that  

4) If there is some 𝜉 such that |𝑔(𝜉)| > 1, the method is unstable. 

Note that if a numerical scheme is stable for all values of 𝜉, then that scheme is 

unconditionally stable. Clearly, the Von-Neumann condition is very important both 

practically and theoretically. Even for variable coefficient problems, it can be applied locally 

(with local values of the coefficients) and because instability is a local phenomenon, due to 

the high-frequency modes being the most unstable, it gives necessary stability conditions 

which can often be shown to be sufficient. The following important points should be noted 

concerning the Von-Neumann method of examining stability:  

 The method which is based on Fourier analysis applies only if the coefficients of the 

linear difference equation are constant.  

 If the difference equation has variable coefficients, the method can still be applied 

locally and it might be expected that a method will be stable if the Von-Neumann 

condition, derived as though the coefficients were constant, is satisfied at every point 

of the field.  

 Boundary conditions are neglected by the Von-Neumann method which applies in 

theory only to pure initial value problems with periodic initial data. It does however 

provide necessary conditions for stability of constant coefficient problems regardless 

of type of boundary conditions. 

Theorem 4.1 (Gershgorin’s Theorem) (Marquis, 2016): The eigenvalues of the matrix 𝐴 

lie in the union of circles  

   |𝑧 − 𝑎𝑖𝑖| ≤ ∑|𝑎𝑖𝑗|

𝑀

 𝑖= 1
𝑗≠𝑖 

= 𝑅𝑖, 

where 𝑧 is a complex number, 𝑎𝑖𝑖 are the diagonal entries, 𝑎𝑖𝑗 are the non-diagonal entries 

and |𝑧 − 𝑎𝑖𝑖| is a closed disc centered at 𝑎𝑖𝑖 with radius 𝑅. If all discs of the matrix 𝐴 are 

contained in the unit circle of the complex plane, so do the eigenvalues and we will have 

stability. 
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Definition (Jayanti, 2018): A numerical scheme is said to be convergent if the computed 

solution of the discretized equation leads to the exact solution of the differential equation as 

the mesh sizes approaches to zero. 

This will have definition as shown below. The computed solution 𝑢(𝑥𝑖, 𝑡𝑗) must approach 

the exact solution 𝑈 of the differential equation at any point 𝑥𝑖 = 𝑖∆𝑥 and 𝑡𝑗 = 𝑗∆𝑡 when ∆𝑥 

and ∆𝑡 lead to zero while keeping 𝑥𝑖 and 𝑡𝑖 constant. In other hand, the error 

   𝜀𝑖,𝑗 = 𝑢𝑖,𝑗 − 𝑈𝑖,𝑗. 

Satisfying the following convergence condition  

   lim
∆𝑡,∆𝑥→0

|𝜀𝑖,𝑗| → 0  at fixed 𝑥𝑖 = 𝑖∆𝑥 and 𝑡𝑗 = 𝑗∆𝑡. 

This is to say that, a solution of a set of algebraic equations is convergent if the approximate 

solution approaches the exact solution of the set of PDEs for each value of the independent 

variable as the mesh sizes approaches zero that is the grid spacing and time step goes to zero. 

As a result, convergence is difficult to prove directly, we use an equivalence result known 

as the Lax-Equivalence theorem. 

Theorem 4.1 (Lax-Equivalence Theorem) (Thomas, 1995): For a well-posed initial and 

boundary value problem, if a FDS is consistent with the PDE, then the stability is the 

necessary and sufficient condition for convergence that is for linear PDE’s, the fact that 

consistency plus stability is equivalent to convergence is known as the Lax-Equivalence 

Theorem. 

4.3. Thomas Algorithm 

The Thomas algorithm is an efficient way of solving tri-diagonal matrix systems (Quarteroni 

et al., 2006). The Thomas algorithm was used because it is fast and tri-diagonal matrices 

often occur in practice. It is based on 𝐿𝑈 decomposition in which the matrix system 𝑀𝑥 = 𝑟 

is rewritten as 𝐿𝑈𝑥 = 𝑟 where 𝐿 is a lower triangular matrix and 𝑈 is an upper triangular 

matrix. The system can be efficiently solved by setting 𝑈𝑥 = 𝜌 and then solving first 𝐿𝜌 =

𝑟 for 𝜌 and then 𝑈𝑥 = 𝜌 for 𝑥. The Thomas algorithm consists of two steps. In step 1 

decomposing the matrix into 𝑀 = 𝐿𝑈 and solving 𝐿𝜌 = 𝑟 are accomplished in a single 

downwards sweep, taking us straight from 𝑀𝑥 = 𝑟 to 𝑈𝑥 = 𝜌. In step 2 the equation 𝑈𝑥 =

𝜌 is solved for 𝑥 in an upwards sweep (Lee, 2011).  
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5. FINITE DIFFERENCE METHOD FOR ADVECTION-DIFFUSION 

EQUATION WITH AND WITHOUT A SOURCE TERM  

5.1. Mathematical Model of Advection-Diffusion Equation with a Source 

Term 

The mathematical model of the one-dimensional ADE with a source term is given by: 

   
𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
+ 𝛼

𝜕𝑢(𝑥, 𝑡)

𝜕𝑥
= 𝛽

𝜕2(𝑥, 𝑡)

𝜕𝑥2
+ 𝑓(𝑥, 𝑡),      0 < 𝑥 < 𝐿, 0 < 𝑡 ≤ 𝑇,                    (5.1.1) 

where 𝛼 and 𝛽 are advection and diffusion coefficients, respectively. There are many 

functions 𝑢 which satisfies equation (5.1.1) for the given source term 𝑓. Thus, to obtain a 

unique solution, we need to specify more than just the governing differential equation 

(introduce some auxiliary constraints besides the given equation). 

Now, we assume appropriate initial condition and boundary conditions so that a unique 

solution exists and use to determine the finite difference solution. Thus, to solve equation 

(5.1.1), it is required a specific initial condition at 𝑡 = 0, given: 

   𝑢(𝑥, 0) = ℎ(𝑥), 0 ≤ 𝑥 ≤ 𝐿,                                                                                           (5.1.2) 

and boundary conditions at 𝑥 = 0 and 𝑥 = 𝐿. The general form of boundary conditions are: 

   𝛿1𝑢(0, 𝑡) + 𝛾1𝑢𝑥(0, 𝑡) = 𝑔1(𝑡), 0 ≤ 𝑡 ≤ 𝑇,                                                              (5.1.3) 

   𝛿2𝑢(𝐿, 𝑡) + 𝛾2𝑢𝑥(𝐿, 𝑡) = 𝑔2(𝑡), 0 ≤ 𝑡 ≤ 𝑇,                                                              (5.1.4) 

where ℎ(𝑥) and  𝑔𝑘(𝑡) (𝑘 = 1,2) are known continuous functions, while the function 𝑢(𝑥, 𝑡) 

is unknown. For this study, we have considered the aforementioned ADE model given in 

equation (5.1.1) for constant parameters (that is 𝛼 and 𝛽 are considered to be constant 

values). The solution of equation (5.1.1) with equations (5.1.2) - (5.1.4) is to find 𝑢(𝑥, 𝑡), 

satisfying the boundary conditions as follows: 

1) If 𝛿𝑛 ≠ 0 and 𝛾𝑚 = 0 (𝑛,𝑚 = 1,2),  then equations (5.1.3) and (5.1.4) gives 

Dirichlet boundary conditions. 

2) If 𝛿𝑛 = 0 and 𝛾𝑚 ≠ 0,then equations (5.1.3) and (5.1.4) gives Neumann boundary 

conditions. 

3) If 𝛿1 ≠ 0 and 𝛾1 = 0, and 𝛿2 = 0 and 𝛾2 ≠ 0 or If 𝛿1 = 0 and 𝛾1 ≠ 0 and 𝛿2 ≠ 0 

and 𝛾2 = 0 equations (5.1.3) and (5.1.4) gives Robin (mixed) boundary conditions. 

The presence of the source term in equation (5.1.1) does not modify the analysis given on 

the boundary conditions (Miyaoka et al., 2017). In the following sections, we present the 

numerical schemes used for solving equation (5.1.1) with both Dirichlet and Neumann 
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boundary conditions and additionally the stability and convergence analysis of the schemes 

have been investigated. The laborious tasks of the derivation of sixth order finite difference 

approximation was derived from Tayler series expansion. 

5.2. Numerical Approximation of ADE with a Source Term by Weighted 

Based Finite Difference Method  

In this section, we have proposed a numerical scheme based on simultaneously temporal and 

spatial weighted parameters for the numerical solutions of equation (5.1.1) – (5.1.4). These 

schemes are derived from the truncated Taylor’s series where a given ADE with source term 

and initial and boundary conditions are replaced by a set of algebraic equations that are then 

solved by several well-known numerical techniques. The domain of integration of the given 

equation (5.1.1) – (5.1.4) or its solution domain is 𝐷 = [0 ≤ 𝑥 ≤ 𝐿] × [0 ≤ 𝑡 ≤ 𝑇]. To use 

the FDM, first let us take into account 𝑥 − 𝑡 plane such that 𝑥 is represented by horizontal 

axis and time 𝑡 by vertical axis. A rectangular mesh is formed in domain 𝐷 by drawing lines 

parallel to the axes. We discretize the computational domain through selecting a step size 

ℎ = ∆𝑥 as the spatial step in 𝑥 and step size 𝑘 = ∆𝑡 as the temporal step in 𝑡 and divide the 

spatial domain [0, 𝐿] into 𝑀 sections, each of length ∆𝑥 =
𝐿

𝑀
, and divide the time domain 

[0, 𝑇] into 𝑁 segments, each of duration ∆𝑡 =
𝑇

𝑁
. Therefore, the solution of the problem is 

covered by a mesh of grid-lines: 

   𝑥𝑖 = 𝑖∆𝑥,        𝑖 = 0,1,2, … ,𝑀, 

   𝑡𝑗 = 𝑗∆𝑡,        𝑗 = 0,1,2,… , 𝑁, 

where 𝑀 and 𝑁 denote the total number of spatial and temporal grid-spacings, respectively. 

For illustrative motive, in the above discretizations of the computational domain, the FDM 

uses a topologically square network of lines to construct the discretization of the 

computational domain as shown in Figure 1. If we denote the numerical solution of 𝑢(𝑥, 𝑡) 

such that 𝑢(𝑖, 𝑗) = 𝑢(𝑥𝑖 , 𝑡𝑗).  Approximations 𝑢(𝑖, 𝑗) to 𝑢(𝑥𝑖, 𝑡𝑗) are calculated at the point 

of intersection of these lines which are called nodal points or grid points in step by step 

manner in 𝑡 − direction, and (𝑖∆𝑥, 𝑗∆𝑡) is referred to as the (𝑖, 𝑗) grid-point. The numerical 

solution to the given equation is an approximation to the exact solution that is obtained using 

a discrete representation to the given equation at the grid point 𝑥𝑖 in the discrete spatial mesh 

at every time level 𝑡𝑗 . 
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Figure 1: The finite difference grid in the solution region. 

When a scheme uses the nodal values on two time levels 𝑡𝑗 and 𝑡𝑗+1, then it is called a two-

level formula. When a scheme uses the nodal values on three time levels 𝑡𝑗−1, 𝑡𝑗 and 𝑡𝑗+1, as 

seen in Figure 1, then it is called a three-level formula. In this Thesis, all developed schemes 

that are used for solving the given problem are based on the two-level finite difference 

approximation. 

Consider the following approximations of the derivatives in the ADE which incorporate time 

and space weights 𝜙 and 𝜃 as follows (Mohammadi et al., 2011):  

   
𝜕𝑢

𝜕𝑡
=

𝑢(𝑖, 𝑗 + 1) − 𝑢(𝑖, 𝑗)

∆𝑡
,                                                                                                     (5.2.1) 

   𝛼 
𝜕𝑢

𝜕𝑥
= (1 − 𝜙) {

𝛼

∆𝑥
[(1 − 𝜃)𝑢(𝑖, 𝑗) + 𝜃𝑢(𝑖 + 1, 𝑗) − (1 − 𝜃)𝑢(𝑖 − 1, 𝑗) − 𝜃𝑢(𝑖, 𝑗)]}

+ 𝜙 {
𝛼

∆𝑥
[(1 − 𝜃)𝑢(𝑖, 𝑗 + 1) + 𝜃𝑢(𝑖 + 1, 𝑗 + 1) − (1 − 𝜃)𝑢(𝑖 − 1, 𝑗 + 1)

− 𝜃𝑢(𝑖, 𝑗 + 1)]},                                                                                              (5.2.2) 

and 

   𝛽
𝜕2𝑢

𝜕𝑥2
= (1 − 𝜙) {

𝛽

(∆𝑥)2
[𝑢(𝑖 − 1, 𝑗) − 2𝑢(𝑖, 𝑗) + 𝑢(𝑖 + 1, 𝑗)]}

+ 𝜙 {
𝛽

(∆𝑥)2
[𝑢(𝑖 − 1, 𝑗 + 1) − 2𝑢(𝑖, 𝑗 + 1) + 𝑢(𝑖 + 1, 𝑗 + 1)]},          (5.2.3) 
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where 𝜙 is a time weighting factor and 𝜃 is the spatial weighting factor. Substituting 

equations (5.2.1) - (5.2.3) into equation (5.1.1) and after discretizing the source term 

explicitly and implicitly as 

   𝑓 = (1 − 𝜙)𝑓(𝑖, 𝑗) + 𝜙𝑓(𝑖, 𝑗 + 1), 

then we obtain 

   
𝑢(𝑖, 𝑗 + 1) − 𝑢(𝑖, 𝑗)

∆𝑡

+ (1

− 𝜙) {
𝛼

∆𝑥
[(1 − 𝜃)𝑢(𝑖, 𝑗) + 𝜃𝑢(𝑖 + 1, 𝑗) − (1 − 𝜃)𝑢(𝑖 − 1, 𝑗) − 𝜃𝑢(𝑖, 𝑗)]}

+ 𝜙 {
𝛼

∆𝑥
[(1 − 𝜃)𝑢(𝑖, 𝑗 + 1) + 𝜃𝑢(𝑖 + 1, 𝑗 + 1) − (1 − 𝜃)𝑢(𝑖 − 1, 𝑗 + 1)

− 𝜃𝑢(𝑖, 𝑗 + 1)]}

= (1 − 𝜙) {
𝛽

(∆𝑥)2
[𝑢(𝑖 − 1, 𝑗) − 2𝑢(𝑖, 𝑗) + 𝑢(𝑖 + 1, 𝑗)]}

+ 𝜙 {
𝛽

(∆𝑥)2
[𝑢(𝑖 − 1, 𝑗 + 1) − 2𝑢(𝑖, 𝑗 + 1) + 𝑢(𝑖 + 1, 𝑗 + 1)]}

+ (1 − 𝜙)𝑓(𝑖, 𝑗) + 𝜙𝑓(𝑖, 𝑗 + 1), 

which is the same as saying 

   𝑢(𝑖, 𝑗 + 1) = −∆𝑡(1

− 𝜙) {
𝛼

∆𝑥
[(1 − 𝜃)𝑢(𝑖, 𝑗) + 𝜃𝑢(𝑖 + 1, 𝑗) − (1 − 𝜃)𝑢(𝑖 − 1, 𝑗) − 𝜃𝑢(𝑖, 𝑗)]}

+ 𝜙 {
𝛼

∆𝑥
[(1 − 𝜃)𝑢(𝑖, 𝑗 + 1) + 𝜃𝑢(𝑖 + 1, 𝑗 + 1) − (1 − 𝜃)𝑢(𝑖 − 1, 𝑗 + 1)

− 𝜃𝑢(𝑖, 𝑗 + 1)]} + ∆𝑡(1 − 𝜙) {
𝛽

(∆𝑥)2
[𝑢(𝑖 − 1, 𝑗) − 2𝑢(𝑖, 𝑗) + 𝑢(𝑖 + 1, 𝑗)]}

+ ∆𝑡𝜙 {
𝛽

(∆𝑥)2
[𝑢(𝑖 − 1, 𝑗 + 1) − 2𝑢(𝑖, 𝑗 + 1) + 𝑢(𝑖 + 1, 𝑗 + 1)]} + 𝑢(𝑖, 𝑗)

+ ∆𝑡(1 − 𝜙)𝑓(𝑖, 𝑗) + ∆𝑡𝜙𝑓(𝑖, 𝑗 + 1), 

which can be simplified as  
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   𝑢(𝑖, 𝑗 + 1) = −
∆𝑡(1 − 𝜙)𝛼(1 − 𝜃)𝑢(𝑖, 𝑗)

∆𝑥
−

∆𝑡(1 − 𝜙)𝛼𝜃𝑢(𝑖 + 1, 𝑗)

∆𝑥

+
∆𝑡(1 − 𝜙)𝛼(1 − 𝜃)𝑢(𝑖 − 1, 𝑗)

∆𝑥
+

∆𝑡(1 − 𝜙)𝛼𝜃𝑢(𝑖, 𝑗)

∆𝑥

−
∆𝑡𝜙𝛼(1 − 𝜃)𝑢(𝑖, 𝑗 + 1)

∆𝑥
−

∆𝑡𝜙𝛼𝜃𝑢(𝑖 + 1, 𝑗 + 1)

∆𝑥

+
∆𝑡𝜙𝛼(1 − 𝜃)𝑢(𝑖 − 1, 𝑗 + 1)

∆𝑥
+

∆𝑡𝜙𝛼𝜃𝑢(𝑖, 𝑗 + 1)

∆𝑥

+
∆𝑡(1 − 𝜙)𝛽𝑢(𝑖 − 1, 𝑗)

(∆𝑥)2
−

2∆𝑡(1 − 𝜙)𝛽𝑢(𝑖, 𝑗)

(∆𝑥)2
+

∆𝑡(1 − 𝜙)𝛽𝑢(𝑖 + 1, 𝑗)

(∆𝑥)2

+
∆𝑡𝜙𝛽𝑢(𝑖 − 1, 𝑗 + 1)

(∆𝑥)2
−

2∆𝑡𝜙𝛽𝑢(𝑖, 𝑗 + 1)

(∆𝑥)2
+

∆𝑡𝜙𝛽𝑢(𝑖 + 1, 𝑗 + 1)

(∆𝑥)2

+ 𝑢(𝑖, 𝑗) + ∆𝑡(1 − 𝜙)𝑓(𝑖, 𝑗) + ∆𝑡𝜙𝑓(𝑖, 𝑗 + 1), 

rearranging the above equation yields 

   (1 +
𝛼∆𝑡

∆𝑥
𝜙(1 − 𝜃) −

𝛼∆𝑡

∆𝑥
𝜙𝜃 + 2

𝛽∆𝑡

(∆𝑥)2
𝜙)𝑢(𝑖, 𝑗 + 1)

= (1 −
𝛼∆𝑡

∆𝑥
(1 − 𝜙)(1 − 𝜃) +

𝛼∆𝑡

∆𝑥
(1 − 𝜙)𝜃 − 2

𝛽∆𝑡

(∆𝑥)2
(1 − 𝜙))𝑢(𝑖, 𝑗)

+ (−
𝛼∆𝑡

∆𝑥
(1 − 𝜙)𝜃 +

𝛽∆𝑡

(∆𝑥)2
(1 − 𝜙))𝑢(𝑖 + 1, 𝑗)

+ (
𝛼∆𝑡

∆𝑥
(1 − 𝜙)(1 − 𝜃) +

𝛽∆𝑡

(∆𝑥)2
𝜙)𝑢(𝑖 + 1, 𝑗 + 1)

+ (
𝛼∆𝑡

∆𝑥
𝜙(1 − 𝜃) +

𝛽∆𝑡

(∆𝑥)2
𝜙) 𝑢(𝑖 − 1, 𝑗 + 1) + ∆𝑡(1 − 𝜙)𝑓(𝑖, 𝑗)

+ ∆𝑡𝜙𝑓(𝑖, 𝑗 + 1).                                                                                             (5.2.4) 

Letting 𝑐𝑟 =
𝛼∆𝑡

∆𝑥
 is the courant number and 𝑝𝑒 =

𝛼∆𝑥

𝛽
 is the peclet number, then equation 

(5.2.4) becomes  
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   (1 + 𝑐𝑟𝜙(1 − 𝜃) − 𝑐𝑟𝜙𝜃 + 2 (
𝑐𝑟

𝑝𝑒
)𝜙) 𝑢(𝑖, 𝑗 + 1)

= (1 − 𝑐𝑟(1 − 𝜙)(1 − 𝜃) + 𝑐𝑟(1 − 𝜙)𝜃 − 2 (
𝑐𝑟

𝑝𝑒
) (1 − 𝜙))𝑢(𝑖, 𝑗)

+ (−𝑐𝑟(1 − 𝜙)𝜃 + (
𝑐𝑟

𝑝𝑒
) (1 − 𝜙))𝑢(𝑖 + 1, 𝑗)

+ (𝑐𝑟(1 − 𝜙)(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
)𝜙) 𝑢(𝑖 + 1, 𝑗 + 1)

+ (𝑐𝑟𝜙(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
)𝜙) 𝑢(𝑖 − 1, 𝑗 + 1) + ∆𝑡(1 − 𝜙)𝑓(𝑖, 𝑗)

+ ∆𝑡𝜙𝑓(𝑖, 𝑗 + 1). 

After rearranging, we have that 

   (1 + 𝜙 (𝑐𝑟(1 − 2𝜃) + 2 (
𝑐𝑟

𝑝𝑒
)))𝑢(𝑖, 𝑗 + 1)

= (1 − (1 − 𝜙) (𝑐𝑟(1 − 2𝜃) + 2 (
𝑐𝑟

𝑝𝑒
)))𝑢(𝑖, 𝑗)

− (1 − 𝜙) (𝑐𝑟𝜃 − (
𝑐𝑟

𝑝𝑒
))𝑢(𝑖 + 1, 𝑗)

+ (1 − 𝜙) (𝑐𝑟(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
))𝑢(𝑖 − 1, 𝑗)

− 𝜙 (𝑐𝑟𝜃 − (
𝑐𝑟

𝑝𝑒
)) 𝑢(𝑖 + 1, 𝑗 + 1)

+ 𝜙 (𝑐𝑟(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
)) 𝑢(𝑖 − 1, 𝑗 + 1) + ∆𝑡(1 − 𝜙)𝑓(𝑖, 𝑗)

+ ∆𝑡𝜙𝑓(𝑖, 𝑗 + 1). 

Therefore, solving for the required time level the above equation can be abridged as  

   𝑢(𝑖, 𝑗 + 1) =
1

𝐴
[𝐵𝑢(𝑖, 𝑗) + 𝐶𝑢(𝑖 + 1, 𝑗) + 𝐷𝑢(𝑖 − 1, 𝑗) + 𝐸𝑢(𝑖 + 1, 𝑗 + 1)

+ 𝐹𝑢(𝑖 − 1, 𝑗 + 1) + ∆𝑡(1 − 𝜙)𝑓(𝑖, 𝑗) + ∆𝑡𝜙𝑓(𝑖, 𝑗 + 1)],                    (5.2.5) 

where 

   𝐴 = 1 + 𝜙 (𝑐𝑟(1 − 2𝜃) + 2 (
𝑐𝑟

𝑝𝑒
))                                                                  
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   𝐵 = 1 − (1 − 𝜙) (𝑐𝑟(1 − 2𝜃) + 2 (
𝑐𝑟

𝑝𝑒
))                                                   

   𝐶 = −(1 − 𝜙) (𝑐𝑟𝜃 − (
𝑐𝑟

𝑝𝑒
))                                                                        

   𝐷 = (1 − 𝜙)(𝑐𝑟(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
))                                                             

   𝐸 = −𝜙 (𝑐𝑟𝜃 − (
𝑐𝑟

𝑝𝑒
))                                                                                 

   𝐹 = 𝜙 (𝑐𝑟(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
))                                                                        

5.2.1. Explicit Finite Difference scheme 

Assuming  𝜙 = 0 in equation (5.2.5) yields the following explicit finite difference schemes 

   𝑢(𝑖, 𝑗 + 1) =
1

𝐴
[𝐵𝑢(𝑖, 𝑗) + 𝐶𝑢(𝑖 + 1, 𝑗) + 𝐷𝑢(𝑖 − 1, 𝑗) + 𝐸𝑢(𝑖 + 1, 𝑗 + 1)

+ 𝐹𝑢(𝑖 − 1, 𝑗 + 1) + ∆𝑡𝑓(𝑖, 𝑗)],                                                                (5.2.6) 

where 

   𝐴 = 1 

   𝐵 = 1 − (𝑐𝑟(1 − 2𝜃) + 2 (
𝑐𝑟

𝑝𝑒
)) 

   𝐶 = −(𝑐𝑟𝜃 − (
𝑐𝑟

𝑝𝑒
)) 

   𝐷 = 𝑐𝑟(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
) 

   𝐸 = 0 

   𝐹 = 0 

Substituting the values of 𝐴, 𝐵, 𝐶, 𝐷, 𝐸 and 𝐹 into equation (5.2.6) yields 

   𝑢(𝑖, 𝑗 + 1) = (𝑐𝑟(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
)) 𝑢(𝑖 − 1, 𝑗) + (1 − (𝑐𝑟(1 − 2𝜃) + 2 (

𝑐𝑟

𝑝𝑒
)))𝑢(𝑖, 𝑗)

− (𝑐𝑟𝜃 − (
𝑐𝑟

𝑝𝑒
)) 𝑢(𝑖 + 1, 𝑗) + ∆𝑡𝑓(𝑖, 𝑗).                                                   (5.2.7) 
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Equation (5.2.7) is called explicit finite difference approximations to the mathematical 

model given in equation (5.1.1). Assume that 𝜃 =
1

2
 in equation (5.2.7) and it could be written 

as the following forward in time centred in space (FTCS) explicit-type finite difference 

formula in solving the given equation:  

   𝑢(𝑖, 𝑗 + 1) = (
𝑐𝑟

2
+ (

𝑐𝑟

𝑝𝑒
))𝑢(𝑖 − 1, 𝑗) + (1 − 2 (

𝑐𝑟

𝑝𝑒
)) 𝑢(𝑖, 𝑗)

− (
𝑐𝑟

2
− (

𝑐𝑟

𝑝𝑒
)) 𝑢(𝑖 + 1, 𝑗) + ∆𝑡𝑓(𝑖, 𝑗).                                                      (5.2.8) 

This scheme used the forward difference form for the time derivative and centred difference 

form for the spatial derivatives in both advection and diffusion terms. For the ease of writing 

tri-diagonal matrix form of FTCS scheme obtained in equation (5.2.8) and for solving 

Dirichlet boundary conditions this equation can be written as:  

   𝑢(𝑖, 𝑗 + 1) = (𝜆 + 𝜇)𝑢(𝑖 − 1, 𝑗) + (1 − 2𝜇)𝑢(𝑖, 𝑗) − (𝜆 − 𝜇)𝑢(𝑖 + 1, 𝑗)

+ ∆𝑡𝑓(𝑖, 𝑗),                                                                                                        (5.2.9) 

where 𝑖 = 1, 2, 3, … ,𝑀 − 1, 𝑗 = 0, 1, 2, … ,𝑁 − 1, 𝜆 =
𝑐𝑟

2
 and 𝜇 =

𝑐𝑟

𝑝𝑒
.  

 

Figure 2: Represent point scheme for FTCS. 

Note that the values 𝑢(𝑖, 𝑗 + 1) at the node 𝑢(𝑥𝑖 , 𝑡𝑗+1) is being obtained explicitly using the 

values on the previous time level 𝑡𝑗. The nodes that are used in the computations are given 

in figure 2. It is a two level scheme. 
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Moreover we are able to rewrite equation (5.2.9) in tri-diagonal matrix system form as 

follows which is to be solved iteratively; 

  

[
 
 
 
 
 

𝑢(1, 𝑗 + 1)
𝑢(2, 𝑗 + 1)

.
⋮

𝑢(𝑀 − 2, 𝑗 + 1)
𝑢(𝑀 − 1, 𝑗 + 1)]

 
 
 
 
 

=  

[
 
 
 
 
 
1 − 2𝜇 −𝜆 + 𝜇 0 . . 0

𝜆 + 𝜇 1 − 2𝜇 −𝜆 + 𝜇

0 . . .
. . . 0

𝜆 + 𝜇 1 − 2𝜇 −𝜆 + 𝜇
0 . . 0 𝜆 + 𝜇 1 − 2𝜇]

 
 
 
 
 

[
 
 
 
 
 

𝑢(1, 𝑗)
𝑢(2, 𝑗)

.
⋮

𝑢(𝑀 − 2, 𝑗)
𝑢(𝑀 − 1, 𝑗)]

 
 
 
 
 

+

[
 
 
 
 
 

(𝜆 + 𝜇)𝑢(0, 𝑗) + ∆𝑡𝑓(1, 𝑗)

∆𝑡𝑓(2, 𝑗)
.
⋮

∆𝑡𝑓(𝑀 − 2, 𝑗)

−(𝜆 − 𝜇)𝑢(𝑀, 𝑗) + ∆𝑡𝑓(𝑀 − 1, 𝑗)]
 
 
 
 
 

.                                               (5.2.10) 

Computational procedure of explicit FDS: In the explicit scheme the values of 𝑢 at the 

level of time 𝑗 + 1 are given explicitly in terms of the values of 𝑢 at the previous level 𝑗. The 

initial condition 𝑢(𝑥, 0) = ℎ(𝑥) gives the solution at all the nodal points on the initial line 

(level 0). The boundary conditions 𝑢(0, 𝑥) = 𝑔1(𝑡), 𝑢(𝐿, 𝑥) = 𝑔2(𝑡), 0 ≤ 𝑡 ≤ 𝑇, give the 

solutions at all the nodal points on the boundary lines 𝑥 = 0 and 𝑥 = 𝐿, for all time levels. 

We choose a value for ∆𝑥 and ∆𝑡. The solutions at all nodal points that is at the interior points 

on level 1 are obtained using the explicit method. The computations are repeated for the 

required number of steps. If we perform 𝑛 steps of computation, then we have computed the 

solutions up to time 𝑡𝑛 = 𝑛∆𝑡.  

5.2.2. Implicit Finite Difference Scheme  

Putting the value of 𝜙 = 1 in equation (5.2.5) yields the following implicit FDS: 

   𝑢(𝑖, 𝑗 + 1) =
1

𝐴
[𝐵𝑢(𝑖, 𝑗) + 𝐶𝑢(𝑖 + 1, 𝑗) + 𝐷𝑢(𝑖 − 1, 𝑗) + 𝐸𝑢(𝑖 + 1, 𝑗 + 1)

+ 𝐹𝑢(𝑖 − 1, 𝑗 + 1) + ∆𝑡𝑓(𝑖, 𝑗 + 1)],                                                         (5.2.11) 

where 
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   𝐴 = 1 + (𝑐𝑟(1 − 2𝜃) + 2 (
𝑐𝑟

𝑝𝑒
)) 

   𝐵 = 1 

   𝐶 = 0 

   𝐷 = 0 

   𝐸 = −(𝑐𝑟𝜃 − (
𝑐𝑟

𝑝𝑒
)) 

   𝐹 = (𝑐𝑟(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
)). 

Substituting the values of 𝐴, 𝐵, 𝐶, 𝐷, 𝐸 and 𝐹 into equation (5.2.11) yields 

   𝑢(𝑖, 𝑗 + 1) =
1

(1 + (𝑐𝑟(1 − 2𝜃) + 2 (
𝑐𝑟
𝑝𝑒)))

[𝑢(𝑖, 𝑗) − (𝑐𝑟𝜃 − (
𝑐𝑟

𝑝𝑒
))𝑢(𝑖 + 1, 𝑗 + 1)

+ (𝑐𝑟(1 − 𝜃) + (
𝑐𝑟

𝑝𝑒
))𝑢(𝑖 − 1, 𝑗 + 1) + ∆𝑡𝑓(𝑖, 𝑗 + 1)].                   (5.2.12) 

Equation (5.2.12) is called implicit finite difference approximations to the mathematical 

model given in equation (5.1.1). Assuming 𝜃 =
1

2
 in equation (5.2.12) could be written as the 

following backward in time centred in space (BTCS)-type finite difference formula to solve 

the given equation: 

   𝑢(𝑖, 𝑗 + 1) =
1

(1 + 2 (
𝑐𝑟
𝑝𝑒))

[(
𝑐𝑟

2
+ (

𝑐𝑟

𝑝𝑒
)) 𝑢(𝑖 − 1, 𝑗 + 1) + 𝑢(𝑖, 𝑗)

− (
𝑐𝑟

2
− (

𝑐𝑟

𝑝𝑒
)) 𝑢(𝑖 + 1, 𝑗 + 1) + ∆𝑡𝑓(𝑖, 𝑗 + 1)].                                 (5.2.13) 

This scheme utilizes the backward difference form for the time derivatives and centred 

difference form for all spatial derivatives in both advection and diffusion terms. Rearranging 

equation (5.2.13) the unknowns are on the left hand side of the equation and they give us a 

tri-diagonal matrix system to solve equations (5.1.1) - (5.1.4). Putting the so far assigned 

values of 𝜆 and 𝜇 in the equation (5.2.13) for solving Dirichlet boundary conditions, it is 

known that 

   (𝜆 − 𝜇)𝑢(𝑖 + 1, 𝑗 + 1) + (1 + 2𝜇)𝑢(𝑖, 𝑗 + 1) − (𝜆 + 𝜇)𝑢(𝑖 − 1, 𝑗 + 1)

= 𝑢(𝑖, 𝑗) + Δ𝑡𝑓(𝑖, 𝑗 + 1)                                                                              (5.2.14) 
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Equation (5.2.14) gives us a set of linear equations at every spatial point 𝑢(𝑖 + 1, 𝑗 + 1), 

where 𝑖 = 1, 2, 3, … ,𝑀 − 1, 𝑗 = 0, 1, 2, … ,𝑁 − 1 and 𝑢(0, 𝑗 + 1)and 𝑢(𝑀, 𝑗 + 1) are fixed 

because they are boundary conditions.  

 

Figure 3: Represent point scheme for BTCS. 

The tri-diagonal matrix system representation of equation (5.2.14) can be written in a matrix 

vector form as 

   

[
 
 
 
 
 

1 + 2𝜇 𝜆 − 𝜇 0 . . 0
−(𝜆 + 𝜇) 1 + 2𝜇 𝜆 − 𝜇 . . .

0 . . . . .
. . . 0 0
. −(𝜆 + 𝜇) 1 + 2𝜇 𝜆 − 𝜇
0 . . 0 −(𝜆 + 𝜇) 1 + 2𝜇]

 
 
 
 
 

[
 
 
 
 
 

𝑢(1, 𝑗 + 1)
𝑢(2, 𝑗 + 1)

.
⋮

𝑢(𝑀 − 2, 𝑗 + 1)
𝑢(𝑀 − 1, 𝑗 + 1)]

 
 
 
 
 

=

[
 
 
 
 
 

𝑢(1, 𝑗) + (𝜆 + 𝜇)𝑢(0, 𝑗 + 1) + ∆𝑡𝑓(1, 𝑗 + 1)

𝑢(2, 𝑗) + ∆𝑡𝑓(2, 𝑗 + 1)
.
⋮

𝑢(𝑀 − 2, 𝑗) + ∆𝑡𝑓(𝑀 − 2, 𝑗 + 1)

𝑢(𝑀 − 1, 𝑗) − (𝜆 − 𝜇)𝑢(𝑀, 𝑗 + 1) + ∆𝑡𝑓(𝑀 − 1, 𝑗 + 1)]
 
 
 
 
 

.           (5.2.15) 

This system of equation is a tri-diagonal and strictly diagonally dominated which shows that 

it is non-singular. Non-singularity ensures that it is invertible and our equation will have a 

completely unique solution which we can obtain using Thomas algorithm 
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Computational procedure of implicit FDS: In implicit finite difference schemes, for 

evaluating one node in 𝑗 + 1 time level, we must know the value of grid-nodes that exist 

around it, in 𝑗 and 𝑗 + 1 time levels. The initial condition 𝑢(𝑥, 0) = ℎ(𝑥) gives the solution 

at all the nodal points on the initial line (level 0). The boundary conditions 𝑢(0, 𝑥) =

𝑔1(𝑡), 𝑢(𝐿, 𝑥) = 𝑔2(𝑡), 0 ≤ 𝑡 ≤ 𝑇, give the solutions at all the nodal points on the boundary 

lines 𝑥 = 0 and 𝑥 = 𝐿 for all time levels. We choose a value for ∆𝑥 and ∆𝑡. The difference 

equations at all nodal points on the first time level are written. This system of equations is 

solved to obtain the values at all the nodal points on this time level. The computations are 

repeated for the required number of steps. If we perform 𝑛 steps of computation, then we 

have computed the solutions up to time 𝑡𝑛 = 𝑛∆𝑡.  

5.3. Neumann Boundary Conditions 

In the previous section, we have presented numerical schemes used for solving the equation 

(5.1.1) with Dirichlet boundary conditions. Now we consider equation (5.1.1) with Neumann 

boundary conditions. 

From equations (5.1.3) and (5.1.4), if 𝛿𝑛 = 0 and 𝛾𝑚 ≠ 0, we have 

    𝑢𝑥(0, 𝑡) = 𝑔1(𝑡),         0 ≤ 𝑡 ≤ 𝑇,                                                                                        (5.3.1) 

    𝑢𝑥(𝐿, 𝑡) = 𝑔2(𝑡), 0 ≤ 𝑡 ≤ 𝑇,                                                                                        (5.3.2) 

which has Neumann conditions at 𝑥 = 0 and 𝑥 = 𝐿. 

It is possible to apply forward or backward difference to implement these boundary 

conditions at the left and right end of the domain, but it is generally most effective to apply 

the central difference formula via introducing the fictitious concentration 𝑢(𝑖 − 1, 𝑗) at the 

external grid point 𝑥 = (𝑖 − 1)∆𝑥 and as shown in Figure 4. The boundary condition at 𝑖 −

1 is represented by; 

   𝑢𝑥(0, 𝑗) =
𝑢(1, 𝑗) − 𝑢(−1, 𝑗)

2∆𝑥
. 

Also, introduce 𝑢(𝑖 + 1, 𝑗) at the end of the external grid point 𝑥 = (𝑖 + 1)∆𝑥. The boundary 

condition at 𝑖 + 1 can be represented by 

   𝑢𝑥(𝑖, 𝑗) =
𝑢(𝑖 + 1, 𝑗) − 𝑢(𝑖 − 1, 𝑗)

2∆𝑥
.                                                                                    (5.3.3) 
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Figure 4: Introducing fictitious concentration. 

The concentration 𝑢(−1, 𝑗) and 𝑢(𝑀 + 1, 𝑗) are unknown and this leads to more equations. 

It is possible to eliminate 𝑢(−1, 𝑗) and 𝑢(𝑀 + 1, 𝑗) between these equations. The above 

techniques are applied to find boundary conditions in the following schemes. 

5.3.1. Imposing Neumann Boundary Conditions in the FTCS Scheme 

Considering explicit FTCS scheme representation of equation (5.2.9), at 𝑥 = 0 gives us 

   𝑢(0, 𝑗 + 1) = (−𝜆 + 𝜇)𝑢(1, 𝑗) + (1 − 2𝜇)𝑢(0, 𝑗) + (𝜆 + 𝜇)𝑢(−1, 𝑗) + ∆𝑡𝑓(0, 𝑗). (5.3.4) 

Applying central difference for the boundary at 𝑥 = 0 at time level 𝑗, then we obtain 

   𝑢𝑥(0, 𝑗) =
𝑢(1, 𝑗) − 𝑢(−1, 𝑗)

2∆𝑥
.                                                                                              (5.3.5) 

Substituting equation (5.3.5) into equation (5.1.3), we get an approximation of the Neumann 

condition at (0, 𝑗∆𝑡) as 

   𝑢(−1, 𝑗) = 𝑢(1, 𝑗) − 2∆𝑥𝑔1(𝑗∆𝑡).                                                                                       (5.3.6) 

Using equation (5.3.6), then equation (5.3.4) yields 

   𝑢(0, 𝑗 + 1) = 2𝜇𝑢(1, 𝑗) + (1 − 2𝜇)𝑢(0, 𝑗) − 2(𝜆 + 𝜇)∆𝑥𝑔1(𝑗∆𝑡) + ∆𝑡𝑓(0, 𝑗).      (5.3.7) 

Now consider explicit scheme at 𝑥 = 𝐿 = 𝑀∆𝑥, then 

   𝑢(𝑀, 𝑗 + 1) = (−𝜆 + 𝜇)𝑢(𝑀 + 1, 𝑗) + (1 − 2𝜇)𝑢(𝑀, 𝑗) + (𝜆 + 𝜇)𝑢(𝑀 − 1, 𝑗)

+ ∆𝑡𝑓(𝑀, 𝑗).                                                                                                      (5.3.8) 
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We apply the following central difference formula for right boundary condition at 𝑥 = 𝐿, at 

time level 𝑗 

   𝑢𝑥(𝑀, 𝑗) =
𝑢(𝑀 + 1, 𝑗) − 𝑢(𝑀 − 1, 𝑗)

2∆𝑥
.                                                                             (5.3.9) 

Substituting equation (5.3.9) into equation (5.3.2), we obtain an approximation of the 

Neumann condition at ((𝑀 + 1) ∆𝑥, 𝑗∆𝑡) as 

   𝑢(𝑀 + 1, 𝑗) = 𝑢(𝑀 − 1, 𝑗) + 2∆𝑥𝑔2(𝑗∆𝑡).                                                                     (5.3.10) 

Using equation (5.3.10), then equation (5.3.8) yields 

   𝑢(𝑀, 𝑗 + 1) = (1 − 2𝜇)𝑢(𝑀, 𝑗) + 2𝜇𝑢(𝑀 − 1, 𝑗) + 2(−𝜆 + 𝜇)∆𝑥𝑔2(𝑗∆𝑡)

+ ∆𝑡𝑓(𝑀, 𝑗).                                                                                                   (5.3.11) 

We can write in tri-diagonal matrix system form as 

  

[
 
 
 
 
 

𝑢(0, 𝑗 + 1)
𝑢(1, 𝑗 + 1)

.
⋮

𝑢(𝑀 − 1, 𝑗 + 1)
𝑢(𝑀, 𝑗 + 1) ]

 
 
 
 
 

=  

[
 
 
 
 
 
1 − 2𝜇 2𝜇 0 . . 0

𝜆 + 𝜇 1 − 2𝜇 −𝜆 + 𝜇

0 . . .
. . . 0

𝜆 + 𝜇 1 − 2𝜇 −𝜆 + 𝜇
0 . . 0 2𝜇 1 − 2𝜇]

 
 
 
 
 

[
 
 
 
 
 

𝑢(0, 𝑗)
𝑢(1, 𝑗)

.
⋮

𝑢(𝑀 − 1, 𝑗)
𝑢(𝑀, 𝑗) ]

 
 
 
 
 

+

[
 
 
 
 
 
−2(𝜆 + 𝜇)∆𝑥𝑔1(𝑗∆𝑡) + ∆𝑡𝑓(0, 𝑗)

∆𝑡𝑓(1, 𝑗)
.
⋮

∆𝑡𝑓(𝑀 − 1, 𝑗)

2(−𝜆 + 𝜇)∆𝑥𝑔2(𝑗∆𝑡) + ∆𝑡𝑓(𝑀, 𝑗)]
 
 
 
 
 

.                                           (5.3.12) 

5.3.2. Imposing Neumann Boundary Conditions in the BTCS Scheme 

Considering the implicit BTCS scheme representation of equation (5.2.14), at 𝑥 = 0 gives 

us 
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   (𝜆 − 𝜇)𝑢(1, 𝑗 + 1) + (1 + 2𝜇)𝑢(0, 𝑗 + 1) − (𝜆 + 𝜇)𝑢(−1, 𝑗 + 1)

= 𝑢(0, 𝑗) + ∆𝑡𝑓(0, 𝑗 + 1).                                                                           (5.3.13) 

Applying central difference for the boundary at 𝑥 = 0 at time level 𝑗 + 1, then we get 

   𝑢𝑥(0, 𝑗 + 1) =
𝑢(1, 𝑗 + 1) − 𝑢(−1, 𝑗 + 1)

2∆𝑥
.                                                                    (5.3.14) 

Substituting equation (5.3.14) into equation (5.1.3), we get an approximation of the 

Neumann condition at (0, (𝑗 + 1)∆𝑡) as 

   𝑢(−1, 𝑗 + 1) = 𝑢(1, 𝑗 + 1) − 2∆𝑥𝑔1((𝑗 + 1)∆𝑡).                                                        (5.3.15) 

Using equation (5.3.15), then equation (5.3.13) yields 

  −2𝜇𝑢(1, 𝑗 + 1) + (1 + 2𝜇)𝑢(0, 𝑗 + 1)

= −2(𝜆 + 𝜇)∆𝑥𝑔1((𝑗 + 1)∆𝑡) + ∆𝑡𝑓(0, 𝑗 + 1).                                   (5.3.16) 

Now, consider explicit scheme at 𝑥 = 𝐿, 

   (𝜆 − 𝜇)𝑢(𝑀 + 1, 𝑗 + 1) + (1 + 2𝜇)𝑢(𝑀, 𝑗 + 1) − (𝜆 + 𝜇)𝑢(𝑀 − 1, 𝑗 + 1)

= 𝑢(0, 𝑗) + ∆𝑡𝑓(0, 𝑗 + 1).                                                                           (5.3.17) 

We apply the following central difference formula for right boundary condition at 𝑥 = 𝐿 at 

time level 𝑗 + 1, then we get 

   𝑢𝑥(𝑀, 𝑗 + 1) =
𝑢(𝑀 + 1, 𝑗 + 1) − 𝑢(𝑀 − 1, 𝑗 + 1)

2∆𝑥
.                                                   (5.3.18) 

Substituting equation (5.3.9) into equation (5.3.2), we obtain an approximation of the 

Neumann condition at ((𝑀 + 1) ∆𝑥, (𝑗 + 1)∆𝑡) as 

   𝑢(𝑀 + 1, 𝑗 + 1) = 𝑢(𝑀 − 1, 𝑗 + 1) + 2∆𝑥𝑔2(𝑗∆𝑡).                                                     (5.3.19) 

Using equation (5.3.19), then equation (5.3.17) yields 

   (1 + 2𝜇)𝑢(𝑀, 𝑗 + 1) − 2𝜇𝑢(𝑀 − 1, 𝑗 + 1)

= 𝑢(𝑀, 𝑗) + 2(𝜇 − 𝜆)∆𝑥𝑔2((𝑗 + 1)∆𝑡) + ∆𝑡𝑓(𝑀, 𝑗 + 1).                  (5.3.20) 

We can write in tri-diagonal matrix system form as 
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[
 
 
 
 
 

1 + 2𝜇 −2𝜇 0 . . 0
−(𝜆 + 𝜇) 1 + 2𝜇 𝜆 − 𝜇 . . .

0 . . . . .
. . . 0 0
. −(𝜆 + 𝜇) 1 + 2𝜇 𝜆 − 𝜇
0 . . 0 −2𝜇 1 + 2𝜇]

 
 
 
 
 

[
 
 
 
 
 

𝑢(0, 𝑗 + 1)

𝑢(1, 𝑗 + 1)
.
⋮

𝑢(𝑀 − 1, 𝑗 + 1)
𝑢(𝑀, 𝑗 + 1) ]

 
 
 
 
 

=

[
 
 
 
 
 
 
𝑢(0, 𝑗) − 2(𝜆 + 𝜇)∆𝑥𝑔1((𝑗 + 1)∆𝑡) + ∆𝑡𝑓(0, 𝑗 + 1)

𝑢(1, 𝑗) + ∆𝑡𝑓(1, 𝑗 + 1)
.
⋮

𝑢(𝑀 − 1, 𝑗) + ∆𝑡𝑓(𝑀 − 1, 𝑗 + 1)

𝑢(𝑀, 𝑗) + 2(𝜇 − 𝜆)∆𝑥𝑔2((𝑗 + 1)∆𝑡) + ∆𝑡𝑓(𝑀, 𝑗 + 1)]
 
 
 
 
 
 

.           (5.3.21) 

5.4. Convergence Analysis of the Finite Difference Schemes 

Lax Theorem allows the complicated approach required to prove convergence of the solution 

of the finite difference equation to the solution of PDE to be replaced by using the relatively 

easy approaches of proving the stability of a finite difference equation and its consistency 

within the PDE. Strictly speaking, Lax has proved that under appropriate conditions a 

consistent scheme is convergent if and only if it is stable. As a result, showing the 

consistency and stability of the FDS is sufficient for convergence. After surveying the 

relevant literature on the concern, we observed that no practical stability criterion or the rate 

of convergence exist for (5.2.6). This finding was unexpected, in view of the simplicity that 

this kind of scheme has due to the fact stability is usually independent of the source term (Li 

et al., 2017). 

5.4.1. Consistency and Stability Analysis of Explicit FTCS Scheme  

In this Thesis context, the idea of consistency illustrates how well the schemes approximate 

equation (5.1.1), usually in smooth regions of the solutions (i.e. the solution is continuously 

differentiable up to order four). In view that finite difference discretization converges at the 

rate of the Truncation errors if the exact solution is smooth enough, we expand the exact 

solution at the mesh points of the scheme with a Taylor series and insert the Taylor 

expansions in the scheme to calculate the Truncation error and determine its order in the 

approximation used. Then, we see that as the discrete step sizes approach to zero, their 

Truncation error also approaches to zero which suggests that the difference approximations 

are consistent or compatible with the given equation. 
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In the following, we illustrate how this will be carried out in terms of a Taylor series 

expansion. In the showing of the consistency of the provided schemes, we assume that the 

exact solution has continuous higher order partial derivatives in the computational domain. 

Substituting the previously assigned values of 𝑐𝑟 and 𝑝𝑒 into the scheme obtained in 

equation (5.2.8) and rearranging, we have the local truncation error which is given by: 

   𝑇(𝑥𝑖 , 𝑡𝑗) =
𝑢(𝑥𝑖 , 𝑡𝑗+1) − 𝑢(𝑥𝑖, 𝑡𝑗)

∆𝑡
+ 𝛼 (

𝑢(𝑥𝑖+1, 𝑡𝑗) − 𝑢(𝑥𝑖−1, 𝑡𝑗)

2∆𝑥
)

− 𝛽 (
𝑢(𝑥𝑖+1, 𝑡𝑗) − 2𝑢(𝑥𝑖, 𝑡𝑗) + 𝑢(𝑥𝑖−1, 𝑡𝑗)

(∆𝑥)2
) − 𝑓(𝑥𝑖 , 𝑡𝑗).                       (5.4.1) 

By using Taylor series expansion, we have: 

   𝑢(𝑥𝑖 , 𝑡𝑗+1) = 𝑢(𝑥𝑖 , 𝑡𝑗) + ∆𝑡
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡
+

(∆𝑡)2

2

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡2
+

(∆𝑡)3

6

𝜕3𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡3

+ ⋯                                                                                                                    (5.4.2) 

   𝑢(𝑥𝑖+1, 𝑡𝑗) = 𝑢(𝑥𝑖 , 𝑡𝑗) + ∆𝑥
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥
+

(∆𝑥)2

2

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2
+

(∆𝑥)3

6

𝜕3𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥3

+
(∆𝑥)4

24

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥4
+ ⋯                                                                               (5.4.3) 

   𝑢(𝑥𝑖−1, 𝑡𝑗) = 𝑢(𝑥𝑖 , 𝑡𝑗) − ∆𝑥
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥
+

(∆𝑥)2

2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2
−

(∆𝑥)3

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥3

+
(∆𝑥)4

24

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥4
+ ⋯                                                                               (5.4.4) 

From equation (5.4.2), we have that 

   𝑢(𝑥𝑖 , 𝑡𝑗+1) − 𝑢(𝑥𝑖 , 𝑡𝑗) = ∆𝑡
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡
+

(∆𝑡)2

2

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡2
+ ⋯,                                (5.4.5) 

Subtracting equation (5.4.4) from equation (5.4.3), we have 

   𝑢(𝑥𝑖+1, 𝑡𝑗) − 𝑢(𝑥𝑖−1, 𝑡𝑗) = 2∆𝑥
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥
+ 2

(∆𝑥)3

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥3
+ ⋯                      (5.4.6) 

Adding equation (5.4.3) and equation (5.4.4), we obtain 

   𝑢(𝑥𝑖+1, 𝑡𝑗) + 𝑢(𝑥𝑖−1, 𝑡𝑗)

= 2𝑢(𝑥𝑖, 𝑡𝑗) + (∆𝑥)2
𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2
+

(∆𝑥)4

12

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥4
+ ⋯                  (5.4.7) 

Again from equation (5.4.7), we have 



36 

  

 

   𝑢(𝑥𝑖+1, 𝑡𝑗) − 2𝑢(𝑥𝑖, 𝑡𝑗) + 𝑢(𝑥𝑖−1, 𝑡𝑗)

= (∆𝑥)2
𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2
+

(∆𝑥)4

12

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥4
+ ⋯                                         (5.4.8) 

Substituting equations (5.4.5), (5.4.6) and (5.4.8), yields 

   𝑇(𝑥𝑖, 𝑡𝑗) = (
𝜕𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡
+

∆𝑡

2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡2
+ ⋯)

+ 𝛼 (
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥
+

(∆𝑥)2

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥3
+ ⋯)

− 𝛽 (
𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2
+

(∆𝑥)2

12

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥4
+ ⋯) − 𝑓(𝑥𝑖 , 𝑡𝑗), 

               =
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡
+ 𝛼

𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥
− 𝛽

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2
− 𝑓(𝑥𝑖, 𝑡𝑗) +

∆𝑡

2

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡2

+ 𝛼
(∆𝑥)2

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥3
− 𝛽

(∆𝑥)2

12

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥4
,                                        (5.4.9) 

where 𝑢(𝑥𝑖 , 𝑡𝑗) is the solution of the ADE with source term. Then equation (5.4.9) becomes 

   𝑇(𝑥𝑖, 𝑡𝑗) =
∆𝑡

2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡2
+ 𝛼

(∆𝑥)2

6

𝜕3𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥3
− 𝛽

(∆𝑥)2

12

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥4
                 (5.4.10) 

Thus, 𝑇 → 0 as ∆𝑡 and ∆𝑥 → 0. So that, the scheme is consistent with the mathematical 

model given in equation (5.1.1) and the order of the scheme is 𝑂(∆𝑡 + (∆𝑥)2). Thus, the 

FTCS solution to equation (5.1.1) is 𝑂(∆𝑡) accurate in time and 𝑂((∆𝑥)2) accurate in space. 

Consistency is only a necessary but not a sufficient condition for convergence. In the above, 

we have proved that the explicit FTCS scheme is consistent with equation (5.1.1), so, to 

complete proving convergence of the solution we have to prove that explicit FTCS scheme 

is also stable. As a result, the stability of the explicit FTCS scheme obtained in equation 

(5.2.8) has been investigated by using the Von-Neumann stability analysis. To accomplish 

that, applying the procedures of Von-Neumann stability analysis to the equation (5.2.8) and 

after using the assigned values and then setting 𝜂 =
∆𝑡

(∆𝑥)2
 , we obtain (Note that the stability 

is usually independent of the source term thus set 𝑓 = 0.) 

   𝑔(𝜉)𝑒𝑖𝑗ℎ𝜉 = 𝑒𝑖𝑗ℎ𝜉 −
𝛼∆𝑥𝜂

2
(𝑒𝑖(𝑗+1)ℎ𝜉 − 𝑒𝑖(𝑗−1)ℎ𝜉) + 𝛽𝜂(𝑒𝑖(𝑗−1)ℎ𝜉 − 2𝑒𝑖𝑗ℎ𝜉 + 𝑒𝑖(𝑗+1)ℎ𝜉), 

   𝑔(𝜉)𝑒𝑖𝑗ℎ𝜉 = 𝑒𝑖𝑗ℎ𝜉 −
𝛼∆𝑥𝜂

2
𝑒𝑖𝑗ℎ𝜉(𝑒𝑖ℎ𝜉 − 𝑒−𝑖ℎ𝜉) + 𝛽𝜂𝑒𝑖𝑗ℎ𝜉(𝑒−𝑖ℎ𝜉 − 2𝑒𝑖𝑗ℎ𝜉 + 𝑒𝑖ℎ𝜉), 
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   𝑔(𝜉)𝑒𝑖𝑗ℎ𝜉 = 𝑒𝑖𝑗ℎ𝜉 (−
𝛼∆𝑥𝜂

2
(𝑒𝑖ℎ𝜉 − 𝑒−𝑖ℎ𝜉) + 𝛽𝜂(𝑒−𝑖ℎ𝜉 − 2𝑒𝑖𝑗ℎ𝜉 + 𝑒𝑖ℎ𝜉)).         (5.4.11) 

Removing the 𝑒𝑖𝑗ℎ𝜉  factor on both sides, then equation (5.4.11) becomes 

   𝑔(𝜉) = 1 −
𝛼∆𝑥𝜂

2
(𝑒𝑖ℎ𝜉 − 𝑒−𝑖ℎ𝜉) + 𝛽𝜂(𝑒−𝑖ℎ𝜉 − 2 + 𝑒𝑖ℎ𝜉).                                       (5.4.12) 

By Euler’s formula 

   
𝑒𝑖ℎ𝜉 = cos(ℎ𝜉) + 𝑖𝑠𝑖𝑛(ℎ𝜉)

𝑒−𝑖ℎ𝜉 = cos(ℎ𝜉) − 𝑖𝑠𝑖𝑛(ℎ𝜉)
}.                                                                                         (5.4.13) 

Using equation (5.4.13) on the equation (5.4.12) yields 

   𝑔(𝜉) = 1 −
𝛼∆𝑥𝜂

2
(2𝑖𝑠𝑖𝑛(ℎ𝜉)) + 𝛽𝜂(2 cos(ℎ𝜉) − 2), 

             = 1 − 2𝛽𝜂(1 − cos(ℎ𝜉)) − 𝛼∆𝑥𝜂𝑖𝑠𝑖𝑛(ℎ𝜉). 

Now, by taking the magnitude of 𝑔(𝜉) we obtain 

   |𝑔(𝜉)|2 = 1 − 4𝛽𝜂(1 − cos(ℎ𝜉)) + 4𝛽2𝜂2(1 − cos(ℎ𝜉))2 + 𝛼2ℎ2𝜂2𝑠𝑖𝑛2(ℎ𝜉). 

For (1 − cos(ℎ𝜉)) > 0 the condition |𝑔(𝜉)|2 ≤ 1 is equivalent to 

   −4𝛽𝜂(1 − cos(ℎ𝜉)) + 4𝛽2𝜂2(1 − cos(ℎ𝜉))2 + 𝛼2ℎ2𝜂2𝑠𝑖𝑛2(ℎ𝜉) ≤ 0, 

   −4𝛽𝜂(1 − cos(ℎ𝜉)) + 4𝛽2𝜂2(1 − cos(ℎ𝜉))2 ≤ −𝛼2ℎ2𝜂2𝑠𝑖𝑛2(ℎ𝜉), 

   4𝛽𝜂(1 − cos(ℎ𝜉))(−1 + 𝛽𝜂(1 − cos(ℎ𝜉))) ≤ −𝛼2ℎ2𝜂2𝑠𝑖𝑛2(ℎ𝜉).                        (5.4.14) 

Dividing equation (5.4.14) by 4𝛽𝜂(1 − cos(ℎ𝜉)) and using trigonometric identity 

𝑐𝑜𝑠2(ℎ𝜉) + 𝑠𝑖𝑛2(ℎ𝜉) = 1, we get 

   𝛽𝜂(1 − cos(ℎ𝜉)) − 1 ≤
−𝛼2ℎ2𝜂2(1 − 𝑐𝑜𝑠2(ℎ𝜉))

4𝛽𝜂(1 − cos(ℎ𝜉))
, 

   2𝛽𝜂 − 1 ≤ 0, 

   𝜂 ≤
1

2𝛽
. 

From which it follows that if the Von-Neumann criterion holds, that is if |𝑔(𝜉)| ≤ 1 for all 

ℎ and 𝜉 satisfying 1 − cos(ℎ𝜉) > 0, then |𝑔(𝜉)|2 ≤ 1. Therefore, the obtained stability of 

the scheme developed in equation (5.2.8) would guarantee that the scheme is stable when  

   ∆𝑡 ≤
(∆𝑥)2

2𝛽
.                                                                                                                               (5.4.15)  
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This implies that as we decrease the spatial interval ∆𝑥 for better accuracy, we must also 

decrease the time step ∆𝑡 at the cost of more computations in order not to lose the stability. 

Therefore, the explicit FTCS scheme is convergent by the result of Lax-Equivalence 

Theorem. 

5.4.1. Consistency and Stability Analysis of Implicit BTCS Scheme  

Local truncation error of the BTCS scheme is  

   𝑇(𝑥𝑖, 𝑡𝑗) =
𝑢(𝑥𝑖, 𝑡𝑗+1) − 𝑢(𝑥𝑖 , 𝑡𝑗)

∆𝑡
+ 𝛼 (

𝑢(𝑥𝑖+1, 𝑡𝑗+1) − 𝑢(𝑥𝑖−1, 𝑡𝑗+1)

2∆𝑥
)

− 𝛽 (
𝑢(𝑥𝑖+1, 𝑡𝑗+1) − 2𝑢(𝑥𝑖, 𝑡𝑗+1) + 𝑢(𝑥𝑖−1, 𝑡𝑗+1)

(∆𝑥)2
) − 𝑓(𝑥𝑖 , 𝑡𝑗+1).   (5.4.16) 

Use Taylor’s expansion for 𝑢(𝑥𝑖−1, 𝑡𝑗+1) and 𝑢(𝑥𝑖+1, 𝑡𝑗+1), we have the following 

   𝑢(𝑥𝑖+1, 𝑡𝑗+1) = 𝑢(𝑥𝑖 , 𝑡𝑗) + ∆𝑥
𝜕𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥
+ ∆𝑡

𝜕𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡
+

(∆𝑥)2

2

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2

+
(∆𝑡)2

2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡2
+ ∆𝑥∆𝑡

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥𝜕𝑡
+

(∆𝑥)3

6

𝜕3𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥3

+
(∆𝑡)3

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡3
+

(∆𝑥)2

2
∆𝑡

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2𝜕𝑡
+ ∆𝑥

(∆𝑡)2

2

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥𝜕𝑡2

+
(∆𝑥)4

24

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥4
+

(∆𝑡)4

24

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡4
+

(∆𝑥)2(∆𝑡)2

4

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2𝜕𝑡2

+
(∆𝑥)3

6
∆𝑡

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥3𝜕𝑡
+ ∆𝑥

(∆𝑡)3

6

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥𝜕𝑡3
+ ⋯,                            (5.4.17) 

   𝑢(𝑥𝑖−1, 𝑡𝑗+1) = 𝑢(𝑥𝑖 , 𝑡𝑗) − ∆𝑥
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥
+ ∆𝑡

𝜕𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡
+

(∆𝑥)2

2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2

+
(∆𝑡)2

2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡2
− ∆𝑥∆𝑡

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥𝜕𝑡
−

(∆𝑥)3

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥3

+
(∆𝑡)3

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡3
+

(∆𝑥)2

2
∆𝑡

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2𝜕𝑡
− ∆𝑥

(∆𝑡)2

2

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥𝜕𝑡2

+
(∆𝑥)4

24

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥4
+

(∆𝑡)4

24

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡4
+

(∆𝑥)2(∆𝑡)2

4

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2𝜕𝑡2

−
(∆𝑥)3

6
∆𝑡

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥3𝜕𝑡
− ∆𝑥

(∆𝑡)3

6

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥𝜕𝑡3
+ ⋯                            (5.4.18) 

Adding equation (5.4.17) and (5.4.18), we get 
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𝑢(𝑥𝑖+1, 𝑡𝑗+1) + 𝑢(𝑥𝑖−1, 𝑡𝑗+1)

= 2𝑢(𝑥𝑖, 𝑡𝑗) + 2∆𝑡
𝜕𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡
+ (∆𝑥)2

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2
+ (∆𝑡)2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡2

+
2(∆𝑡)3

6

𝜕3𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡3
+ (∆𝑥)2∆𝑡

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2𝜕𝑡
+

(∆𝑥)4

12

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥4

+
(∆𝑡)4

12

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡4
+

(∆𝑥)2(∆𝑡)2

2

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2𝜕𝑡2
+ ⋯                             (5.4.19) 

Using equation (5.4.19) and equation (5.4.2), we get 

   𝑢(𝑥𝑖+1, 𝑡𝑗+1) − 2𝑢(𝑥𝑖 , 𝑡𝑗+1) + 𝑢(𝑥𝑖−1, 𝑡𝑗+1)

= (∆𝑥)2
𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2
+

(∆𝑥)4

12

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥4
+ ⋯                                       (5.4.20) 

Subtracting equation (5.4.18) from equation (5.4.17), we have 

   𝑢(𝑥𝑖+1, 𝑡𝑗+1) − 𝑢(𝑥𝑖−1, 𝑡𝑗+1)

= 2∆𝑥
𝜕𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥
+ 2∆𝑥∆𝑡

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥𝜕𝑡
−

2(∆𝑥)3

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥3

+ ∆𝑥(∆𝑡)2
𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥𝜕𝑡2
+

2(∆𝑥)3

6
∆𝑡

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥3𝜕𝑡
+ 2∆𝑥

(∆𝑡)3

6

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥𝜕𝑡3

+ ⋯                                                                                                                  (5.4.21) 

Substituting equations (5.4.2), (5.4.21) and (5.4.20), we obtain 

   𝑇(𝑥𝑖, 𝑡𝑗) = (
𝜕𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡
+

∆𝑡

2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡2
+ ⋯)

+ 𝛼 (
𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥
+ ∆𝑡

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥𝜕𝑡
−

(∆𝑥)2

6

𝜕3𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥3
+ ⋯)

− 𝛽 (
𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥2
+

(∆𝑥)2

12

𝜕4𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥4
+ ⋯) − 𝑓(𝑥𝑖 , 𝑡𝑗), 

               =
𝜕𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡
+ 𝛼

𝜕𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥
− 𝛽

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥2
− 𝑓(𝑥𝑖 , 𝑡𝑗) +

∆𝑡

2

𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑡2

+ 𝛼∆𝑡
𝜕2𝑢(𝑥𝑖, 𝑡𝑗)

𝜕𝑥𝜕𝑡
− 𝛼

(∆𝑥)2

6

𝜕3𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥3
− 𝛽

(∆𝑥)2

12

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥4
,       5.4.22) 

where 𝑢(𝑥𝑖 , 𝑡𝑗) is the solution of the ADE with source term. Then equation (5.4.22) becomes 

   𝑇(𝑥𝑖, 𝑡𝑗) =
∆𝑡

2

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑡2
+ 𝛼∆𝑡

𝜕2𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥𝜕𝑡
− 𝛽

(∆𝑥)2

12

𝜕4𝑢(𝑥𝑖 , 𝑡𝑗)

𝜕𝑥4
+ ⋯                 5.4.23) 
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Thus, 𝑇 → 0 as ∆𝑡 and ∆𝑥 → 0. So that, the scheme is consistent with the mathematical 

model given in equation (5.1.1) and the order of the scheme is 𝑂(∆𝑡 + (∆𝑥)2). Thus, the 

BTCS solution to equation (5.1.1) is 𝑂(∆𝑡) accurate in time and 𝑂((∆𝑥)2) accurate in space. 

Applying the Von-Neumann stability analysis in the equation (5.2.13), we obtain  

   𝑔(𝜉)𝑒𝑖𝑗ℎ𝜉 +
𝑐𝑟

2
(𝑔(𝜉)𝑒𝑖(𝑗+1)ℎ𝜉 − 𝑔(𝜉)𝑒𝑖(𝑗−1)ℎ𝜉)

− (
𝑐𝑟

𝑝𝑒
) (𝑔(𝜉)𝑒𝑖(𝑗+1)ℎ𝜉 − 2𝑔(𝜉)𝑒𝑖𝑗ℎ𝜉 + 𝑔(𝜉)𝑒𝑖(𝑗−1)ℎ𝜉) = 𝑒𝑖𝑗ℎ𝜉 , 

   𝑔(𝜉)𝑒𝑖𝑗ℎ𝜉 (1 +
𝑐𝑟

2
(𝑒𝑖ℎ𝜉 − 𝑒−𝑖ℎ𝜉) − (

𝑐𝑟

𝑝𝑒
) (𝑒𝑖ℎ𝜉 − 2 + 𝑒−𝑖ℎ𝜉)) = 𝑒𝑖ℎ𝜉 . 

Removing the 𝑒𝑖𝑗ℎ𝜉  factor, we obtain 

   𝑔(𝜉) (1 +
𝑐𝑟

2
(𝑒𝑖ℎ𝜉 − 𝑒−𝑖ℎ𝜉) − (

𝑐𝑟

𝑝𝑒
) (𝑒𝑖ℎ𝜉 − 2 + 𝑒−𝑖ℎ𝜉)) = 1, 

   𝑔(𝜉) =
1

1 +
𝑐𝑟
2

(𝑒𝑖ℎ𝜉 − 𝑒−𝑖ℎ𝜉) − (
𝑐𝑟
𝑝𝑒)

(𝑒𝑖ℎ𝜉 − 2 + 𝑒−𝑖ℎ𝜉)
.                                        (5.4.24) 

Substituting Euler’s formula given in equation (5.4.13) into equation (5.4.24), we obtain 

   𝑔(𝜉) =
1

1 + 𝑐𝑟2𝑖𝑠𝑖𝑛(ℎ𝜉) − 2 (
𝑐𝑟
𝑝𝑒

) (cos(ℎ𝜉) − 1)
,                                                      (5.4.24) 

and having the equality  

   cos(ℎ𝜉) − 1 = −2𝑠𝑖𝑛2 (
ℎ𝜉

2
),                                                                                            (5.4.25) 

which is obtained from trigonometric identity. Using equation (5.4.25), then equation 

(5.4.24) becomes: 

   𝑔(𝜉) =
1

1 + 4 (
𝑐𝑟
𝑝𝑒) 𝑠𝑖𝑛2 (

ℎ𝜉
2 ) + 2𝑐𝑟𝑖𝑠𝑖𝑛(ℎ𝜉)

. 

Taking the modulus and using the property of complex numbers, it follows that: 

   |𝑔(𝜉)|2 =
1

(1 + 4 (
𝑐𝑟
𝑝𝑒) 𝑠𝑖𝑛2 (

ℎ𝜉
2 ))

2

+ (2𝑐𝑟𝑠𝑖𝑛(ℎ𝜉))
2

. 

Taking square root on both sides, we have that 

   |𝑔(𝜉)| =
√

1

(1 + 4 (
𝑐𝑟
𝑝𝑒) 𝑠𝑖𝑛2 (

ℎ𝜉
2 ))

2

+ 4𝑐𝑟2𝑠𝑖𝑛2(ℎ𝜉)

≤ 1. 
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Hence, it is obvious that the denominator is greater than or equal to 1 and so that the fraction 

under the square root is less than or equal to 1 thus the inequality of the |𝑔(𝜉)| ≤ 1 is exactly 

true. As a result, the Von-Neumann stability analysis implies that the scheme in equation 

(5.2.13) is unconditionally stable. Therefore, the implicit BTCS scheme is convergent. 

Remark: Stability analysis for finite difference approximations to time dependent PDEs is 

often tricky, tedious and difficult. For this reason, Gershgorin’s Theorem is used to check 

and confirm the accuracy of the above stability results. 

5.5. Derivation of sixth order Finite Difference Approximation 

In this section, we derive sixth order central finite difference approximations of first and 

second derivatives of advection and diffusion terms, respectively. However, deriving higher 

order FDM from Tayler series is cumbersome task. Now, we derive the first derivative by 

using a Taylor series expansion. We start the procedure by expressing the value of 

𝑢𝑖−3, 𝑢𝑖−2, 𝑢𝑖−1, 𝑢𝑖+1, 𝑢𝑖+2 and 𝑢𝑖+3 in terms of 𝑢𝑖 as follows: 

   𝑢𝑖−3 = 𝑢𝑖 − 3ℎ (
𝜕𝑢

𝜕𝑥
)
𝑖
+

(3ℎ)2

2
(
𝜕2𝑢

𝜕𝑥2
)

𝑖

−
(3ℎ)3

6
(
𝜕3𝑢

𝜕𝑥3
)

𝑖

+ 
(3ℎ)4

24
(
𝜕4𝑢

𝜕𝑥4
)

𝑖

−
(3ℎ)5

120
(
𝜕5𝑢

𝜕𝑥5
)

𝑖

+
(3ℎ)6

720
(
𝜕6𝑢

𝜕𝑥6
)

𝑖

−
(3ℎ)7

5040
(
𝜕7𝑢

𝜕𝑥7
)

𝑖

+ ⋯,                      (5.5.1) 

   𝑢𝑖−2 = 𝑢𝑖 − 2ℎ (
𝜕𝑢

𝜕𝑥
)
𝑖
+

(2ℎ)2

2
(
𝜕2𝑢

𝜕𝑥2
)

𝑖

−
(2ℎ)3

6
(
𝜕3𝑢

𝜕𝑥3
)

𝑖

+ 
(2ℎ)4

24
(
𝜕4𝑢

𝜕𝑥4
)

𝑖

−
(2ℎ)5

120
(
𝜕5𝑢

𝜕𝑥5
)

𝑖

+
(2ℎ)6

720
(
𝜕6𝑢

𝜕𝑥6
)

𝑖

−
(2ℎ)7

5040
(
𝜕7𝑢

𝜕𝑥7
)

𝑖

+ ⋯,                      (5.5.2) 

   𝑢𝑖−1 = 𝑢𝑖 − ℎ (
𝜕𝑢

𝜕𝑥
)
𝑖
 +

ℎ2

2
(
𝜕2𝑢

𝜕𝑥2
)

𝑖

−
ℎ3

6
(
𝜕3𝑢

𝜕𝑥3
)

𝑖

+
ℎ4

24
(
𝜕4𝑢

𝜕𝑥4
)

𝑖

−
ℎ5

120
(
𝜕5𝑢

𝜕𝑥5
)

𝑖

+
ℎ6

720
(
𝜕6𝑢

𝜕𝑥6
)

𝑖

−
ℎ7

5040
(
𝜕7𝑢

𝜕𝑥7
)

𝑖

+ ⋯,                                                         (5.5.3) 

   𝑢𝑖+1 = 𝑢𝑖 + ℎ (
𝜕𝑢

𝜕𝑥
)
𝑖
 +

ℎ2

2
(
𝜕2𝑢

𝜕𝑥2
)

𝑖

+
ℎ3

6
(
𝜕3𝑢

𝜕𝑥3
)

𝑖

+
ℎ4

24
(
𝜕4𝑢

𝜕𝑥4
)

𝑖

+
ℎ5

120
(
𝜕5𝑢

𝜕𝑥5
)

𝑖

+
ℎ6

720
(
𝜕6𝑢

𝜕𝑥6
)

𝑖

+
ℎ7

5040
(
𝜕7𝑢

𝜕𝑥7
)

𝑖

+ ⋯,                                                         (5.5.4) 
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   𝑢𝑖+2 = 𝑢𝑖 + (2ℎ) (
𝜕𝑢

𝜕𝑥
)
𝑖
+

(2ℎ)2

2
(
𝜕2𝑢

𝜕𝑥2
)

𝑖

+
(2ℎ)3

6
(
𝜕3𝑢

𝜕𝑥3
)

𝑖

+ 
(2ℎ)4

24
(
𝜕4𝑢

𝜕𝑥4
)

𝑖

+
(2ℎ)5

120
(
𝜕5𝑢

𝜕𝑥5
)

𝑖

+
(2ℎ)6

720
(
𝜕6𝑢

𝜕𝑥6
)

𝑖

+
(2ℎ)7

5040
(
𝜕7𝑢

𝜕𝑥7
)

𝑖

+ ⋯,                      (5.5.5) 

   𝑢𝑖+3 = 𝑢𝑖 + (3ℎ) (
𝜕𝑢

𝜕𝑥
)
𝑖
+

(3ℎ)2

2
(
𝜕2𝑢

𝜕𝑥2
)

𝑖

+
(3ℎ)3

6
(
𝜕3𝑢

𝜕𝑥3
)

𝑖

+ 
(3ℎ)4

24
(
𝜕4𝑢

𝜕𝑥4
)

𝑖

+
(3ℎ)5

120
(
𝜕5𝑢

𝜕𝑥5
)

𝑖

+
(3ℎ)6

720
(
𝜕6𝑢

𝜕𝑥6
)

𝑖

+
(3ℎ)7

5040
(
𝜕7𝑢

𝜕𝑥7
)

𝑖

…,                       (5.5.6) 

As such, we can express the first derivative by multiplying equations (5.5.1), (5.5.2), (5.5.3), 

(5.5.4), (5.5.5) and (5.5.6) by the coefficients 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 and 𝑎6 respectively. Then 

taking the summation of these six equations (5.5.1) – (5.5.6) and upon rearrangement of 

obtained equation and collecting like terms of factors and pulling out 

(
𝜕𝑢

𝜕𝑥
)
𝑖
, (

𝜕2𝑢

𝜕𝑥2)
𝑖
, (

𝜕3𝑢

𝜕𝑥3)
𝑖
, (

𝜕4𝑢

𝜕𝑥4)
𝑖
, (

𝜕5𝑢

𝜕𝑥5)
𝑖
, (

𝜕6𝑢

𝜕𝑥6)
𝑖
 and (

𝜕7𝑢

𝜕𝑥7)
𝑖
, one obtains the following abridged 

expression: 

   𝑎1𝑢𝑖−3 + 𝑎2𝑢𝑖−2 + 𝑎3𝑢𝑖−1 + 𝑎4𝑢𝑖+1 + 𝑎5𝑢𝑖+2 + 𝑎6𝑢𝑖+3    

= (𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6)𝑢𝑖

+ ℎ {(−3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6) (
𝜕𝑢

𝜕𝑥
)
𝑖

+
ℎ

2
(9𝑎1 + 4𝑎2 + 𝑎3 + 𝑎4 + 4𝑎5 + 9𝑎6) (

𝜕2𝑢

𝜕𝑥2
)

𝑖

+
ℎ2

6
(−27𝑎1 − 8𝑎2 − 𝑎3 + 𝑎4 + 8𝑎5 + 27𝑎6) (

𝜕3𝑢

𝜕𝑥3
)

𝑖

+
ℎ3

24
(81𝑎1 + 16𝑎2 + 𝑎3 + 𝑎4 + 16𝑎5 + 81𝑎6) (

𝜕4𝑢

𝜕𝑥4
)

𝑖

+
ℎ4

120
(−243𝑎1 − 32𝑎2 − 𝑎3 + 𝑎4 + 32𝑎5 + 243𝑎6) (

𝜕5𝑢

𝜕𝑥5
)

𝑖

+
ℎ5

720
(729𝑎1 + 64𝑎2 + 𝑎3 + 𝑎4 + 64𝑎5 + 729𝑎6) (

𝜕6𝑢

𝜕𝑥6
)

𝑖

+
ℎ6

5040
(−2187𝑎1 − 128𝑎2 − 𝑎3 + 𝑎4 + 128𝑎5

+ 2187𝑎6) (
𝜕7𝑢

𝜕𝑥7
)

𝑖

}.                                                                                      (5.5.7) 
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At this stage; in order to satisfy the accurate sixth order in equation (5.5.7), we need to find 

the values of the coefficients 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 and 𝑎6 such that the coefficient of (
𝜕𝑢

𝜕𝑥
)
𝑖
 must 

equal 1 and the coefficients of (
𝜕2𝑢

𝜕𝑥2
)
𝑖
, (

𝜕3𝑢

𝜕𝑥3
)
𝑖
, (

𝜕4𝑢

𝜕𝑥4
)
𝑖
, (

𝜕5𝑢

𝜕𝑥5
)
𝑖
 and  (

𝜕6𝑢

𝜕𝑥6
)
𝑖
 must be zeroes and 

the coefficient of (
𝜕7𝑢

𝜕𝑥7
)
𝑖
 should be not zero. We can call the coefficient of 𝑢𝑖 to be 𝑏 = 𝑎1 +

𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6, thus, one obtains the following linear equations to be solved:  

   𝐴1 :                             − 𝑏 + 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 = 0                                                     

   𝐴2 :                           − 3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6 = 1                                                   

   𝐴3:                              9𝑎1 + 4𝑎2 + 𝑎3 + 𝑎4 + 4𝑎5 + 9𝑎6 = 0                                         (5.5.8) 

   𝐴4 :                        − 27𝑎1 − 8𝑎2 − 𝑎3 + 𝑎4 + 8𝑎5 + 27𝑎6 = 0                                                  

   𝐴5:                                 81𝑎1 + 16𝑎2 + 𝑎3 + 𝑎4 + 16𝑎5 + 81𝑎6 = 0                                          

   𝐴6 :                           − 243𝑎1 − 32𝑎2 − 𝑎3 + 𝑎4 + 32𝑎5 + 243𝑎6 = 0                                     

   𝐴7:                               729𝑎1 + 64𝑎2 + 𝑎3 + 𝑎4 + 64𝑎5 + 729𝑎6 = 0,                          

where equation (5.5.7) has truncation error as: 

   𝜏𝑐
′ =

ℎ6

5040
(−2187𝑎1 − 128𝑎2 − 𝑎3 + 𝑎4 + 128𝑎5 + 2187𝑎6) (

𝜕7𝑢

𝜕𝑥7
)

𝑖

.                (5.5.9) 

The seven equation (5.5.8) are solved for the unknowns 𝑏, 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 and 𝑎6. The first 

step is to use equation 𝐴2 to eliminate the unknown 𝑎1 from 𝐴3, 𝐴4, 𝐴5, 𝐴6 and 𝐴7 by 

performing: 

   (𝐴3 + 3𝐴2) → 𝐴3, 

   (𝐴4 − 9𝐴2) → 𝐴4, 

   (𝐴5 + 27𝐴2) → 𝐴5, 

   (𝐴6 − 81𝐴2) → 𝐴6, 

   (𝐴7 + 243𝐴2) → 𝐴7. 

Resulting in the system 

   𝐴1 :                             − 𝑏 + 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 = 0                                             

   𝐴2 :                                   − 3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6 = 1                               

   𝐴3 :                                              − 2𝑎2 − 2𝑎3 + 4𝑎4 + 10𝑎5 + 18𝑎6 = 3                                   

   𝐴4:                                                10𝑎2 + 8𝑎3 − 8𝑎4 − 10𝑎5 = −9                                (5.5.10) 

   𝐴5 :                                             − 38𝑎2 − 26𝑎3 + 28𝑎4 + 70𝑎5 + 162𝑎6 = 27                     

   𝐴6:                                                130𝑎2 + 80𝑎3 − 80𝑎4 − 130𝑎5 = −81                
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   𝐴7 :                                             − 422𝑎2 − 242𝑎3 + 244𝑎4 + 550𝑎5 + 145𝑎6 = 243,        

where the new equations (5.5.10) are, for simplicity, again labelled 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, 𝐴6 and 

𝐴7. In the new system (5.5.10), 𝐴3 is used to eliminate 𝑎2 from 𝐴4, 𝐴5, 𝐴6 and 𝐴7 by the 

operation: 

   (𝐴4 + 5𝐴3) → 𝐴4, 

   (𝐴5 − 19𝐴3) → 𝐴5, 

   (𝐴6 + 65𝐴3) → 𝐴6, 

   (𝐴7 − 211𝐴3) → 𝐴7. 

Resulting in the system 

   𝐴1 :                             − 𝑏 + 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 = 0                                             

   𝐴2 :                                   − 3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6 = 1                               

   𝐴3 :                                              − 2𝑎2 − 2𝑎3 + 4𝑎4 + 10𝑎5 + 18𝑎6 = 3                                   

  𝐴4 :                                                           − 2𝑎3 + 12𝑎4 + 40𝑎5 + 90𝑎6 = 6                 (5.5.11) 

   𝐴5:                                                             12𝑎3 − 48𝑎4 − 120𝑎5 − 180𝑎6 = −30                     

   𝐴6 :                                                        − 50𝑎3 + 180𝑎4 + 520𝑎5 + 1170𝑎6 = 114                

   𝐴7:                                                           180𝑎3 − 600𝑎4 − 1560𝑎5 − 2340𝑎6 = −390,    

where the new equations (5.5.11) are, for simplicity, again labelled 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5 and 

𝐴6. In the new system (5.5.11), 𝐴4 is used to eliminate 𝑎3 from 𝐴5, 𝐴6 and 𝐴7 by the 

operation: 

   (𝐴4 − 6𝐴3) → 𝐴4, 

   (𝐴5 − 25𝐴3) → 𝐴5, 

   (𝐴6 − 90𝐴3) → 𝐴6, 

Resulting in the system: 

   𝐴1 :                             − 𝑏 + 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 = 0                                             

   𝐴2 :                                   − 3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6 = 1                               

   𝐴3 :                                              − 2𝑎2 − 2𝑎3 + 4𝑎4 + 10𝑎5 + 18𝑎6 = 3                                   

  𝐴4 :                                                           − 2𝑎3 + 12𝑎4 + 40𝑎5 + 90𝑎6 = 6                 (5.5.12) 

   𝐴5:                                                                           24𝑎4 + 120𝑎5 + 360𝑎6 = 6                    

   𝐴6 :                                                                     − 120𝑎4 − 480𝑎5 − 1080𝑎6 = −36 

   𝐴7:                                                                         480𝑎4 + 2040𝑎5 + 5760𝑎6 = 150,    

where the new equations (5.5.12) are, for simplicity, again labelled 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, 𝐴6 and 

𝐴7. In the new system (5.5.12), 𝐴5 is used to eliminate 𝑎4 from 𝐴6 and 𝐴7 by the operation: 

   (𝐴6 + 5𝐴5) → 𝐴6. 
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   (𝐴7 − 20𝐴5) → 𝐴7. 

Resulting in the system: 

   𝐴1 :                             − 𝑏 + 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 = 0                                             

   𝐴2 :                                   − 3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6 = 1                               

   𝐴3 :                                              − 2𝑎2 − 2𝑎3 + 4𝑎4 + 10𝑎5 + 18𝑎6 = 3                                   

  𝐴4 :                                                           − 2𝑎3 + 12𝑎4 + 40𝑎5 + 90𝑎6 = 6                 (5.5.13) 

   𝐴5:                                                                           24𝑎4 + 120𝑎5 + 360𝑎6 = 6                    

   𝐴6:                                                                                          120𝑎5 + 720𝑎6 = −6 

   𝐴7 :                                                                                     − 360𝑎5 − 1440𝑎6 = 30,    

where the new equations (5.5.13) are, for simplicity, again labelled 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, 𝐴6 and 

𝐴7. In the new system (5.5.13), 𝐴6 is used to eliminate 𝑎5 from 𝐴7 by the operation: 

   (𝐴7 + 3𝐴6) → 𝐴7. 

The resulting system is  

   𝐴1 :                             − 𝑏 + 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 = 0                                             

   𝐴2 :                                   − 3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6 = 1                               

   𝐴3 :                                              − 2𝑎2 − 2𝑎3 + 4𝑎4 + 10𝑎5 + 18𝑎6 = 3                                   

  𝐴4 :                                                           − 2𝑎3 + 12𝑎4 + 40𝑎5 + 90𝑎6 = 6                 (5.5.13) 

   𝐴5:                                                                           24𝑎4 + 120𝑎5 + 360𝑎6 = 6                    

   𝐴6:                                                                                          120𝑎5 + 720𝑎6 = −6 

   𝐴7:                                                                                                            720𝑎6 = 12.    

The system of equations (5.5.13) is now in reduced form and can easily be solved for the 

unknown by a backward-substitution process: 

   𝑎6 =
1

60
, 𝑎5 =

−9

60
, 𝑎4 =

45

60
, 𝑎3 =

−45

60
, 𝑎2 =

9

60
, 𝑎1 =

−1

60
𝑎𝑛𝑑 𝑏 = 0. 

It can be easily be verified that these values also satisfy the equations in (5.5.8). Substituting 

solutions into equations (5.5.7) give the six-order finite difference approximation of 
𝜕𝑢

𝜕𝑥
 as 

follows:  

   (
𝜕𝑢

𝜕𝑥
)
𝑖
=

− 𝑢𝑖−3 + 9𝑢𝑖−2 −  45𝑢𝑖−1 + 45𝑢𝑖+1 − 9𝑢𝑖+1 + 𝑢𝑖+3

60ℎ
,                               (5.5.14) 

and truncation error  

   𝜏𝑐
′ = 𝑂(ℎ6) =

ℎ6

5040
(−2187𝑎1 − 128𝑎2 − 𝑎3 + 𝑎4 + 128𝑎5 + 2187𝑎6) (

𝜕7𝑢

𝜕𝑥7
)

𝑖

, 
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   𝜏𝑐
′ =

ℎ6

5040
(−2187 (

−1

60
) − 128 (

9

60
) − (

−45

60
) + (

45

60
) + 128 (

−9

60
)

+ 2187 (
1

60
))(

𝜕7𝑢

𝜕𝑥7
)

𝑖

, 

   𝜏𝑐
′ =

ℎ6

140
(
𝜕7𝑢

𝜕𝑥7
)

𝑖

= 0.007143ℎ6 (
𝜕7𝑢

𝜕𝑥7
)

𝑖

. 

We can also perform similar approach to obtain six order finite difference approximation for 

second derivative of diffusion term. To achieve the six order finite difference approximation 

for second derivative, again start by substituting the value of 𝑢𝑖−3, 𝑢𝑖−2, 𝑢𝑖−1, 𝑢𝑖+1, 𝑢𝑖+2 and 

𝑢𝑖+3 interms of 𝑢𝑖 and multiplying them by 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 and 𝑎6 respectively and 

collocated the summation of these equation we obtain the following abridged expression: 

   𝑎1𝑢𝑖−3 + 𝑎2𝑢𝑖−2 + 𝑎3𝑢𝑖−1 + 𝑎4𝑢𝑖+1 + 𝑎5𝑢𝑖+2 + 𝑎6𝑢𝑖+3

= (𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6)𝑢𝑖

+ ℎ2 {
1

ℎ
(−3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6) (

𝜕𝑢

𝜕𝑥
)
𝑖

+
1

2
(9𝑎1 + 4𝑎2 + 𝑎3 + 𝑎4 + 4𝑎5 + 9𝑎6) (

𝜕2𝑢

𝜕𝑥2
)

𝑖

+
ℎ

6
(−27𝑎1 − 8𝑎2 − 𝑎3 + 𝑎4 + 8𝑎5 + 27𝑎6) (

𝜕3𝑢

𝜕𝑥3
)

𝑖

+
ℎ2

24
(81𝑎1 + 16𝑎2 + 𝑎3 + 𝑎4 + 16𝑎5 + 81𝑎6) (

𝜕4𝑢

𝜕𝑥4
)

𝑖

+
ℎ3

120
(−243𝑎1 − 32𝑎2 − 𝑎3 + 𝑎4 + 32𝑎5 + 243𝑎6) (

𝜕5𝑢

𝜕𝑥5
)

𝑖

+
ℎ4

720
(729𝑎1 + 64𝑎2 + 𝑎3 + 𝑎4 + 64𝑎5 + 729𝑎6) (

𝜕6𝑢

𝜕𝑥6
)

𝑖

+
ℎ5

5040
(−2187𝑎1 − 128𝑎2 − 𝑎3 + 𝑎4 + 128𝑎5

+ 2187𝑎6) (
𝜕7𝑢

𝜕𝑥7
)

𝑖

}.                                                                                   (5.5.15) 

At this stage; in order to satisfy the accurate sixth order in equation (5.5.15), we need to find 

the values of the coefficients 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 and 𝑎6 such that the coefficient of (
𝜕2𝑢

𝜕𝑥2)
𝑖
 must 

equal 1 and the coefficients of  (
𝜕𝑢

𝜕𝑥
)
𝑖
, (

𝜕3𝑢

𝜕𝑥3)
𝑖
, (

𝜕4𝑢

𝜕𝑥4)
𝑖
, (

𝜕5𝑢

𝜕𝑥5)
𝑖
 and  (

𝜕6𝑢

𝜕𝑥6)
𝑖
 must be zeroes and 
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the coefficient of (
𝜕7𝑢

𝜕𝑥7
)
𝑖
 should be not zero. We can call the coefficient of 𝑢𝑖 as 𝑏 such that 

𝑐 = 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6, thus we obtain the following linear equations to be 

solved: 

   𝐴1 :                           − 𝑐 + 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 = 0                                                    

   𝐴2 :                                 − 3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6 = 0                                            

   𝐴3:                                    9𝑎1 + 4𝑎2 + 𝑎3 + 𝑎4 + 4𝑎5 + 9𝑎6 = 2                                     

   𝐴4 :                              − 27𝑎1 − 8𝑎2 − 𝑎3 + 𝑎4 + 8𝑎5 + 27𝑎6 = 0                            (5.5.16) 

   𝐴5:                                   81𝑎1 + 16𝑎2 + 𝑎3 + 𝑎4 + 16𝑎5 + 81𝑎6 = 0                                     

   𝐴6 :                            − 243𝑎1 − 32𝑎2 − 𝑎3 + 𝑎4 + 32𝑎5 + 243𝑎6 = 0                              

   𝐴7:                               729𝑎1 + 64𝑎2 + 𝑎3 + 𝑎4 + 64𝑎5 + 729𝑎6 = 0 .                                     

Yielding, the truncation error 

   𝜏𝑐
′′ =

ℎ5

5040
(−2187𝑎1 − 128𝑎2 − 𝑎3 + 𝑎4 + 128𝑎5 + 2187𝑎6) (

𝜕7𝑢

𝜕𝑥7
)

𝑖

+
ℎ6

40320
(6561𝑎1 + 256𝑎2 + 𝑎3 + 𝑎4 + 256𝑎5 + 6561𝑎6) (

𝜕8𝑢

𝜕𝑥8
)

𝑖

. 

We follow the same procedure as above to solve the system of linear equations (5.5.16), 

reduced form and can easily be solved for the unknown by a backward substitution process: 

   𝐴1 :                       − 𝑏 + 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 = 0                                                

   𝐴2 :                               − 3𝑎1 − 2𝑎2 − 𝑎3 + 𝑎4 + 2𝑎5 + 3𝑎6 = 0                                        

   𝐴3 :                                            − 2𝑎2 − 2𝑎3 + 4𝑎4 + 10𝑎5 + 18𝑎6 = 2                     (5.5.17) 

   𝐴4 :                                                         − 2𝑎3 + 12𝑎4 + 40𝑎5 + 90𝑎6 = 10                           

   𝐴5:                                                                             24𝑎4 + 120𝑎5 + 360𝑎6 = 22                        

   𝐴6:                                                                                          120𝑎5 + 720𝑎6 = −10               

   𝐴7:                                                                                                           720𝑎6 = 8 .                           

Yielding, 

   𝑎6 =
1

90
, 𝑎5 =

−3

20
, 𝑎4 =

3

2
, 𝑎3 =

3

2
, 𝑎2 =

−3

20
, 𝑎1 =

1

90
 𝑎𝑛𝑑 𝑐 =

245

90
. 

When these values are substituted in equation (5.5.15) gives: 

The sixth-order finite difference approximation of 
𝜕2𝑢

𝜕𝑥2 as 

   (
𝜕2𝑢

𝜕𝑥2
)

𝑖

=
2𝑢𝑖−3−27𝑢𝑖−2 +  270𝑢𝑖−1 − 490𝑢𝑖 + 270𝑢𝑖+1−27𝑢𝑖+2 + 2𝑢𝑖+3

180ℎ2
.     (5.5.18) 

With the truncation error 
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   𝜏𝑐
′′ =

ℎ5

5040
(−2187𝑎1 − 128𝑎2 − 𝑎3 + 𝑎4 + 128𝑎5 + 2187𝑎6) (

𝜕7𝑢

𝜕𝑥7
)

𝑖

+
ℎ6

40320
(6561𝑎1 + 256𝑎2 + 𝑎3 + 𝑎4 + 256𝑎5 + 6561𝑎6) (

𝜕8𝑢

𝜕𝑥8
)

𝑖

, 

   𝜏𝑐
′′ =

ℎ6

560
(
𝜕8𝑢

𝜕𝑥8
)

𝑖

= 0.0017857ℎ6 (
𝜕8𝑢

𝜕𝑥8
)

𝑖

. 

 

For illustrative purpose, in the above calculation, we presented the derivation of six order 

central finite difference approximation for first and second derivatives. The similar 

procedure can be carried out for the other approximation of any order in a similar fashion. A 

numerical approximation to ADE with a source term of equation (5.1.1) can be obtained by 

replacing the derivatives by the following approximations 

   (
𝜕𝑢

𝜕𝑡
)
𝑖

𝑗

+ 𝛼 (
𝜕𝑢

𝜕𝑥
)
𝑖

𝑗

= 𝛽 (
𝜕2𝑢

𝜕𝑥2
)

𝑖

𝑗

+ 𝑓𝑖
𝑗
.                                                                                (5.5.19) 

Using forward difference approximation for time discretization and substituting the 

approximations obtained in equations (5.5.14) and (5.5.18) into equation (5.5.19) gives: 

   
𝑢𝑖

𝑗+1
− 𝑢𝑖

𝑗

𝑘
+ 𝛼

−𝑢𝑖−3
𝑗

+ 9𝑢𝑖−2
𝑗

− 45𝑢𝑖−1
𝑗

+ 45𝑢𝑖+1
𝑗

− 9𝑢𝑖+2
𝑗

+ 𝑢𝑖+3
𝑗

60ℎ

= 𝛽
2𝑢𝑖−3

𝑗
− 27𝑢𝑖−2

𝑗
+  270𝑢𝑖−1

𝑗
− 490𝑢𝑖

𝑗
+ 270𝑢𝑖+1

𝑗
− 27𝑢𝑖+2

𝑗
+ 2𝑢𝑖+3

𝑗

180ℎ2

+ 𝑓𝑖
𝑗
+ 𝑂(𝑘, ℎ6). 

Solving for the new value and ignoring the error terms yields  

   𝑢𝑖
𝑗+1

= 𝑢𝑖
𝑗
−

𝛼𝑘

60ℎ
(−𝑢𝑖−3

𝑗
+ 9𝑢𝑖−2

𝑗
− 45𝑢𝑖−1

𝑗
+ 45𝑢𝑖+1

𝑗
− 9𝑢𝑖+2

𝑗
+ 𝑢𝑖+3

𝑗
)

+
𝛽𝑘

180ℎ2
(2𝑢𝑖−3

𝑗
− 27𝑢𝑖−2

𝑗
+  270𝑢𝑖−1

𝑗
− 490𝑢𝑖

𝑗
+ 270𝑢𝑖+1

𝑗
− 27𝑢𝑖+2

𝑗

+ 2𝑢𝑖+3
𝑗

) + 𝑘𝑓𝑖
𝑗
. 

Letting 𝑃𝑒 =
𝛼ℎ

𝛽
 and 𝐶𝑟 =

𝛼𝑘

ℎ
, then it becomes 
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   𝑢𝑖
𝑗+1

= 𝑢𝑖
𝑗
−

𝐶𝑟

60
(−𝑢𝑖−3

𝑗
+ 9𝑢𝑖−2

𝑗
− 45𝑢𝑖−1

𝑗
+ 45𝑢𝑖+1

𝑗
− 9𝑢𝑖+2

𝑗
+ 𝑢𝑖+3

𝑗
)

+
𝐶𝑟

180𝑃𝑒
(2𝑢𝑖−3

𝑗
− 27𝑢𝑖−2

𝑗
+  270𝑢𝑖−1

𝑗
− 490𝑢𝑖

𝑗
+ 270𝑢𝑖+1

𝑗
− 27𝑢𝑖+2

𝑗

+ 2𝑢𝑖+3
𝑗

) + 𝑘𝑓𝑖
𝑗
. 

General difference approximation becomes in compact form as: 

   𝑢𝑖
𝑗+1

= (
𝐶𝑟

60
+

2𝐶𝑟

180𝑃𝑒
) 𝑢𝑖−3

𝑗
+ (

−9𝐶𝑟

60
−

27𝐶𝑟

180𝑃𝑒
) 𝑢𝑖−2

𝑗
+ (

−45𝐶𝑟

60
+

270𝐶𝑟

180𝑃𝑒
) 𝑢𝑖−1

𝑗

+ (1 −
490𝐶𝑟

180𝑃𝑒
) 𝑢𝑖

𝑗
+ (

45𝐶𝑟

60
+

270𝐶𝑟

180𝑃𝑒
) 𝑢𝑖+1

𝑗
+ (

9𝐶𝑟

60
−

27𝐶𝑟

180𝑃𝑒
) 𝑢𝑖+2

𝑗

+ (
−𝐶𝑟

60
+

2𝐶𝑟

180𝑃𝑒
) 𝑢𝑖+3

𝑗
+ 𝑘𝑓𝑖

𝑗
.                                                                 (5.5.24) 

5.6. Numerical Experiments 

Indeed, it is a very arduous task to perform the computation of the presented schemes 

analytically. So that MATLAB software has been used to make different numerical 

illustrations with the help of tables and graphs for each considered scheme. As it has been 

introduced in section (1.2), the numerical solution of ADE with source term has not been 

done analytically. So that throughout this section, the analysis has been drawn by writing 

new MATLAB code for each developed schemes of FDM. In order to check the accuracy of 

the numerical schemes that are developed for solving equation (5.1.1), four test problems 

have been considered and comparison made has been between the proposed schemes with 

an exact solution. Problems 1 and 2 are solved by FTCS and BTCS schemes and problems 

3 and 4 are solved by sixth order finite difference scheme. The problems of ADE are chosen 

such that their exact solutions are known. For Problems 1 and 2, maximum absolute errors 

are computed by the following formulas 

   Absolute Error = 𝐿∞  = max
1≤𝑖≤𝑀

|𝑢𝑖𝑗 − 𝑢̂𝑖𝑗|, 

where 𝑢𝑖𝑗 and 𝑢̂𝑖𝑗 denote the exact and numerical solution of the problem, respectively.  

Problem 1 (with Dirichlet boundary conditions) (Dehghan, 2004): A problem for which 

the exact solution is known is considered to test the accuracy of the proposed methods 

described for solving the ADE. In this example, we have considered the advection-diffusion 

equation (5.1.1) − (5.1.4) with initial condition,  
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    𝑢(𝑥, 0) = ℎ(𝑥) = exp [−
(𝑥 + 0.5)2

0.00125
] , 

and boundary conditions 

   𝑢(0, 𝑡) = 𝑔1(𝑡) =
0.025

√0.000625 + 0.02𝑡
exp [−

(0.5 − 𝑡)2

0.00125 + 0.04𝑡
], 

   𝑢(1, 𝑡) = 𝑔2(𝑡) =
0.025

√0.000625 + 0.02𝑡
exp [−

(1.5 − 𝑡)2

0.00125 + 0.04𝑡
]. 

In addition, we have considered 𝛼 = 1, 𝛽 = 0.01 and the right side function 𝑓(𝑥, 𝑡) = 0. The 

analytical solution of the given problem in a region bounded by 0 ≤ 𝑥 ≤ 1 and 0 ≤ 𝑡 ≤ 1 is 

given by 

   𝑢(𝑥, 𝑡) =
0.025

√0.000625 + 0.02𝑡
exp [−

(𝑥 + 0.5 − 𝑡)2

0.00125 + 0.04𝑡
]. 

In this example the values of various parameters are chosen  𝛽 = 0.01 𝑚2/𝑠, 𝛼 =

1 𝑚/𝑠, ∆𝑥 = 0.01 𝑚, ∆𝑡 = 0.0001 𝑠. The modelled problem has been solved for both FTCS 

and BTCS schemes and the results are shown in Table 1 and Figures 5 and 6 below. Table 1 

shows the maximum absolute errors (measured in 𝐿∞ norm). Figures 5 and 6 compare the 

exact and numerical solutions for different values of ∆𝑥 and ∆𝑡. As it can be seen from Table 

1, the maximum absolute errors for the FTCS scheme are smaller than that of BTCS scheme 

which signify that FTCS scheme performs a little bit better than BTCS scheme. Moreover, 

it can be observed from the recorded results that the numerical solutions for both schemes 

improve as the value of ∆𝑥 decreases. 

Table 1: Maximum absolute error of problem 1 for FTCS and BTCS schemes at different 

∆𝑥. 

∆𝑡 ∆𝑥 FTCS BTCS 

0.0001 0.02 0.003062 0.003232 

0.0001 0.01 7.699605× 10−4 9.807912× 10−4 

0.0001  0.005 2.833035× 10−4 4.643343× 10−4 

0.0001 0.0025 2.249207× 10−4 4.088092× 10−4 
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Figure 5: Comparison of analytical and numerical solutions of FTCS and BTCS schemes 

for problem 1 with ∆𝑥 = 0.02 𝑚, ∆𝑡 = 0.004 𝑠. 

Comparison of the exact solution and the numerical solution obtained with both FTCS and 

BTCS schemes for ∆𝑥 = 0.02 𝑚, ∆𝑡 = 0.004 𝑠 are depicted in Figure 5. Figure 5 showed 

that both schemes give very good results and closer to the exact solution. On the other hand, 

Figure 6 shows the simulation results for problem 1 with ∆𝑥 = 0.01𝑚, ∆𝑡 = 0.0001 𝑠. It is 

also obvious that a decrease in both ∆𝑥 and ∆𝑡 is accompanied by a decrease in the maximum 

absolute errors. In addition, the numerical solutions became very close to the exact solution 

which is indicated by the overlap between the numerical and exact solutions for both 

schemes. 

 

Figure 6: Comparison of analytical and numerical solutions of FTCS and BTCS schemes 

for problem 1 with ∆𝑥 = 0.01𝑚, ∆𝑡 = 0.0001 𝑠. 

Problem 2 (with Neumann boundary conditions) (Mittal and Jain 2012): In this 

problem, we have considered the following equation: 
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with  𝛼 = 0.1, 𝛽 = 0.02 , initial condition 

ℎ(𝑥) = exp(𝐷𝑥), 

and boundary conditions given by   

   
𝜕𝑢

𝜕𝑥
(0, 𝑡) = 𝑔1(𝑡) = 𝐷𝑒𝑥𝑝(−0.09𝑡),   

𝜕𝑢

𝜕𝑥
(1, 𝑡) = 𝑔2(𝑡) = 𝐷𝑒𝑥𝑝(𝐷 − 0.09𝑡). 

The right-hand side function is 𝑓(𝑥, 𝑡) = 0 and the exact solution is given by 𝑢(𝑥, 𝑡) =

𝑒𝑥𝑝(𝐷𝑥 − 0.09𝑡). 

In this problem we have considered the following parameters 𝛼 = 0.1, 𝛽 = 0.02, 𝐷 =

1.1771243446770, ∆𝑥 = 0.02 𝑚, and ∆𝑡 = 0.004 𝑠. The numerical results are presented 

in Table 2 and Figures 7 and 8. Table 2 shows the maximum absolute errors measured in 𝐿∞ 

norm. The figures depict the comparison between the exact and numerical solutions for 

different values of ∆𝑥 and ∆𝑡.  

Table 2: The Maximum absolute error of problem 2 for FTCS and BTCS schemes at 

different ∆𝑥. 

∆𝑡 ∆𝑥 FTCS BTCS 

0.0001 0.02 6.494970× 10−5 6.278485× 10−5 

0.0001 0.01 1.707386× 10−5 1.491189× 10−5 

0.0001 0.005 5.080476× 10−6 2.919231× 10−6 

0.0001 0.0025 2.080605× 10−6 6.181249× 10−7 

 

From Table 2 it can be seen that the maximum absolute error due to both schemes decrease 

with ∆𝑥. It is also worth noticing that BTCS scheme performs a little bit better than the FTCS 

scheme. From the recorded numerical results one can infer that the numerical solutions 

become highly accurate and approach the exact solution as the value of ∆𝑥 tends to zero.  



53 

  

 

 

Figure 7: Comparison of analytical and numerical solutions of FTCS and BTCS schemes 

for problem 2 with ∆𝑥 = 0.02 𝑚, ∆𝑡 = 0.004 𝑠. 

 

Figure 8: Comparison of exact with numerical solutions of FTCS and BTCS schemes for 

Problem 2 with ∆𝑥 = 0.02 𝑚, ∆𝑡 = 0.004 𝑠. 

In general, from the numerical error analysis presented in the above Tables and Figures one 

can observe that the proposed schemes provide highly accurate results.  

Rates of convergence of the schemes  

Theoretically, FTCS and BTCS schemes are known to have a second order rate of 

convergence in space.  In order to confirm this numerically, experiments have been 

conducted by varying the step sizes ∆𝑡 and ∆𝑥. The maximum absolute error and the 

convergence rates are computed and shown for a selected nodal point 𝑡𝑖 = 1. In the 
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experiments, the grid sizes are refined for the sake of investigating the impact on the 

accuracy of the solutions and rate of convergence of the schemes.  

The step size ∆𝑡 is set extremely small to reduce the effect from the temporal dimension, so 

that the discretization error in time ∆𝑡𝑛 =
(∆𝑥𝑛)2

2
, 𝑛 = 1,2,3,4 is negligible, to have a proper 

resolution expecting that the resulting error of the solution will tend to zero. The order of 

accuracy, denoted by 𝑞, determines convergence rate between errors and it is obtained by 

𝑞𝑛 =
log(𝑒𝑛/𝑒𝑛+1)

log(∆𝑥𝑛/∆𝑥𝑛+1)
=

log(𝑒𝑛/𝑒𝑛+1)

log(2)
, where 𝑒𝑛 and 𝑒𝑛+1 are errors with grid sizes ∆𝑥𝑛 and 

∆𝑥𝑛/2 respectively.  

Table 3: Convergence rate of FTCS and BTCS schemes for solving problem 1. 

∆𝑥𝑛 Max. error (𝑒𝑛) 

      FTCS 

Rate (𝑞𝑛) 

FTCS 

Max.  error (𝑒𝑛) 

    BTCS 

Rate (𝑞𝑛) 

BTCS 

0.02 0.00303995  0.00337843  

0.01 7.68951432× 10−4 1.98308270 8.77181757× 10−4 1.94539564 

0.005 1.92573740× 10−4 1.99748149 2.28429883× 10−4 1.94112441 

0.0025 4.81613603× 10−5 1.99946294 6.12743643× 10−5 1.89839588 

Table 4: Convergence rate of FTCS and BTCS schemes for solving problem 2. 

∆𝑥𝑛 Max. error (𝑒𝑛) 

      FTCS 

Rate (𝑞𝑛) 

FTCS 

Max.  error (𝑒𝑛) 

    BTCS 

Rate (𝑞𝑛) 

BTCS 

0.02 6.60321582× 10−5  6.17024517× 10−5  

0.01 1.65333636× 10−5 1.99778854 1.54523823× 10−5 1.99749854 

0.005 4.13492412× 10−6 1.99944750 3.86476425× 10−6 1.99937696 

0.0025 1.03384077× 10−6 1.99984685 9.66307288× 10−7 1.99982647 

Tables 3 and 4 above present the maximum absolute errors and convergence rates for solving 

problem 1 and 2, respectively. From the above Tables, it can be observed that, both schemes 

are second order accurate in the spatial dimension as expected, since the obtained 

convergence rates are approximately 2.  
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Problem 3 (ADE with source term and Dirichlet Boundary conditions): In this example, 

we consider the ADE with source term given in equation (5.1.1) − (5.1.4) in [0,10] with 

𝛼 = −1, 𝛽 = 1 with boundary conditions: 

  𝑢(0, 𝑡) =  𝑔1(𝑡) = 0, 𝑢(1, 𝑡) =  𝑔2(𝑡) = 0.  

The right hand side function is 𝑓(𝑥, 𝑡) = [sin(𝜋𝑥) − 𝜋𝑡𝑐𝑜𝑠(𝜋𝑡)] exp(−𝜋2𝑡). The exact 

solution of the problem is given by 𝑢(𝑥, 𝑡) = 𝑡𝑠𝑖𝑛(𝜋𝑥) exp(−𝜋2𝑡) and the initial condition 

can be extracted from the exact solution which is given by 

   𝑢(𝑥, 0) = ℎ(𝑥) = 0. 

 

Figure 9: Comparison of analytical solution and numerical solution of sixth order FDS for 

problem 3 with ∆𝑥 = 0.1𝑚, ∆𝑡 = 0.001𝑠. 

 

Figure 10: Comparison of analytical solution and numerical solution of sixth order FDS for 

problem 3 with ∆𝑥 = 0.05𝑚, ∆𝑡 = 0.001𝑠. 
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Figure 11: Space-time graph of numerical solution of sixth order FDS and exact solution 

for problem 3. 

Problem 4 (ADE with source term and Dirichlet Boundary conditions): In this example, 

the considered ADE is the one which is given in equation (5.1.1) − (5.1.4) in [0,10] with 

𝛼 = 𝛽 = 1 with the boundary conditions: 

   𝑔1(𝑡) = 0, 𝑔2(𝑡) = exp(−𝑡) , 𝑡 > 0.  

The right hand side functions 𝑓(𝑥, 𝑡) = (𝑥2 + 2𝑥 − 2) exp(−𝑡). The exact solution of the 

problem is given by 𝑢(𝑥, 𝑡) = 𝑥2 exp(−𝑡) and the initial condition was obtained from the 

exact solution 

   𝑢(𝑥, 0) = ℎ(𝑥) = 𝑥2. 

 

Figure 12: Comparison of analytical solution and numerical solution of sixth order FDS for 

problem 4 with ∆𝑥 = 0.1𝑚, ∆𝑡 = 0.001𝑠. 
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Figure 13: Comparison of analytical solution and numerical solution of sixth order FDS for 

problem 4 with ∆𝑥 = 0.05𝑚, ∆𝑡 = 0.001𝑠. 

 

Figure 14: Space-time graph of numerical solution of sixth order FDS and exact solution 

for problem 4. 

Figure 9, Figure 10, Figure 12 and Figure 13 present the numerical results at a selected nodal 

point 𝑡𝑖  =  1. It can be observed from the numerical results depicted in these figures that the 

accuracy and efficiency of the proposed sixth order finite difference scheme is very high and 

the numerical solutions coincide with the exact solutions.  

Figure 11 and Figure 14 illustrate numerical solution of sixth order FDS and exact solution 

for whole domain (3D version of the numerical results). It is observed that, the numerical 

solution of sixth order and exact solution are very close to each other to the extent that the 

two cannot be distinguished. An excellent agreement between the numerical and exact 

solutions indicates that the sixth order FDS is very promising and could be used for solving 

related problems. 
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6. SUMMARY, CONCLUSION AND RECOMMENDATIONS  

6.1. Summary 

This Thesis is devoted to developing new numerical schemes for the solution of one-

dimensional ADEs with and without a source term which incorporate Dirichlet and Neumann 

boundary conditions. The schemes are derived based on weighted finite difference and 

higher order finite difference approximations. First, explicit FTCS and implicit BTCS 

schemes were developed using weighted finite difference approximation. Discretization of 

the ADEs resulted in tri-diagonal system of linear algebraic equations, which are solved by 

Thomas algorithm. Using Lax-Equivalence Theorem, the convergence of the schemes was 

analysed. The stability of the aforementioned schemes were analysed by using Von-

Neumann stability analysis and shown that BTCS scheme is unconditionally stable. Whereas 

the FTCS scheme is conditionally stable, i.e., stable when 
𝑐𝑟

𝑝𝑒
≤

1

2
, and this relation restricts, 

the values of the increments of time and space.  

The stabilities that have been made in the present work had also been verified by the 

Gershgorin’s Theorem which ensures the obtained stabilities are accurate. Both of the above 

schemes worked well according to the stability criteria and produced reasonable results when 

tested on ADEs without a source term. The performance of the schemes for the considered 

problems was measured by calculating the 𝐿∞ error and rate of convergence.  

Secondly, a new sixth order finite difference scheme was derived by using Taylor series 

expansion and applied to solve one-dimensional ADEs with a source term. In developing 

this scheme, a sixth order central difference in space and a first order forward difference in 

time were employed.  

6.2. Conclusion 

In order to investigate the performance of the proposed schemes four test problems which 

have exact solutions were considered. FTCS and BTCS schemes were tested on ADEs 

without source terms. As a result, it is concluded that the FTCS scheme is slightly better than 

BTCS on ADE with Dirichlet boundary conditions. On the other hand, BTCS scheme is a 

little bit better than FTCS on ADE with Neumann boundary conditions. The accuracy and 

stability of both schemes have been investigated and it is concluded that the numerical results 

coincide with the analytical ones. Most importantly the analyses presented in this Thesis 
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show that, both schemes are second order accurate in the spatial dimension. The developed 

sixth order scheme was also tested on two ADEs with a source term. According to the 

numerical results, we came to the conclusion that the numerical solution of the said scheme 

is in excellent agreement with the exact solution.  

6.3. Recommendation 

In this Thesis new numerical schemes for solving ADEs with constant coefficients have been 

developed. For future work we recommend the following directions:  

 Modify the present schemes for solving ADEs with general boundary conditions 

 Change the parameters in the developed weighted finite difference schemes to obtain 

new schemes, for instance Crank-Nicolson 

 Use higher order time discretization technique in the developed sixth order scheme  

 Develop new schemes for solving ADEs with variable coefficients  
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